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A BANACH ALGEBRA STRUCTURE FOR H”

BY
NEIL M. WIGLEY

The Hardy space H?=H?(U), where 1<p< o and U is the unit disc |z] <1, is
shown to be an algebra under the product

(f+ 9 = di f a0y dt,  f geH".
Z Jo

Moreover for each p, 1<p< oo, there exists a constant C, such that || f* g, <
C, I fl, ligll,. The above product is also known to be commutative and associative
and has the identity f(z)=1. Thus by embedding H? into % (H?), the Banach algebra
of bounded linear operators on H?, with the mapping

[>T T(Q) =f+g for fgek?,
the Banach space H? becomes a commutative Banach algebra with identity. An
operator T, is shown to be invertible if and only if f(0)70. It follows that there is
only one maximal ideal, the set of functions which vanish at the origin, and the
spectrum of each T, is the singleton { f(0)}.

1. Introduction. We shall use the notation of Duren [1]. U is the open unit
disc of the complex plane, H(U) is the space of functions holomorphic on U and
H?=H?(U) (1< p< o) is the space of functions f € H(U) with finite integral means

£l = liffll M,(r,f) < +oo

where
M = (5 [ ireer do)”’.

H® is the space of bounded analytic functions on U with the supremum norm.
We define a product on functions in H(U):

(f+ 2)@) = ;i‘i f Fa—1g(t) dt = f Fz—1)g) di+f 0)g(2).
ZJo 0

This product is known to be commutative and associative and has no zero divisors
[3]. The function f(z)=1 is the identity.
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H(U) clearly becomes an algebra with the above product. If X is a linear sub-
space of H(U) which is multiplicatively closed under the above product, we shall
denote the resulting algebra by (X, ). The algebra (H, *) can be embedded into
the formal power series ring € [[Z]] as follows. If f(z)=z" and g(z)=z" an easy
induction shows that

mln! ..
(m+n)!
Let f € H(U) have the Taylor series  a,z"/n! and define B: H(U)—C[[Z]] by
(Bf)(Z) = X a.Z".
In general this series does not converge; in fact it has a positive radius of con-

vergence p if and only if fis an entire function of finite type 1/p ([2], p. 73). If
g(2)=2b,,z™/m! then

(f*g)(2) =

(fro)e) =3 SUlrton
n=0x=0 n!

the series converging because it is majorized by the usual Cauchy product series
representing f(z)g(z). It follows that B(f * g)(Z)=B(f)(Z)B(g)(Z), the product on
the right being the usual Cauchy product in C[[Z]]. Thus B is an algebra iso-
morphism of H(U) onto a subalgebra of C[[Z]].

With a different product, though also of convolution type, H? has another
Banach algebra structure which is very different from the one presented here;
see, for instance [5].

2. Main Theorems. We now turn to the H? spaces and state a theorem which
will be proved later.

THEOREM 1. Let 1<p< oo and let f, g € H?. Then f* g € H? and there exists a
constant C,, depending only on p such that

If*gll, < Cp 115 18l

Moreover given fe€ H” there exists g € H? such that (f+g)(z)=1 if and only if
(0)%0.

It follows that H” becomes a Banach algebra if we identify elements fe H?
with T, € Z(HP?). For details see [4], p. 860. Each operator 7,50 is 1 —1 because
(H(U), ) is an integral domain. T, is invertible if and only if f is invertible in
(H?, *) and this happens if and only if f{0)0. It follows that the operators T,
with f(0)=0 form a maximal ideal and this is the only maximal ideal since it is
exactly the set of singular elements.

In the algebra (H?, ) there are many ideals which are not maximal. If f(0)=0
it follows quickly from the definition of the *-product that (f*g)'=f'*g for
/> g€ HU).Let 1<g<p< o and consider the set I;={f € H?:f(0)=0andf’ € HY}.
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We claim /2 is an ideal in H”. For let fe I; and g € H?. Then (f* g)(0)=0 and
(f+g)=f"+g. Since f' € H? and g € H*'< H* we get (f * g)’ € H? and thus I is
an ideal in H”. It is not closed as the following example shows. Let f,(z)=
(1—=z)a/m-Wa+t »=1,2,. ... It is easy to show that f, € H?, f, € H?, lim f,=
feH?, yet f'¢ He. If we set g,=f,—1 then g, €I, yet g=limg, ¢ I. Other
ideals can be gotten by considering functions f for which f(0)=f"(0)=0 and
f" € HY, etc.

Let 1<p< o and f'e€ H?. Then f *(e“’)=lim,_,l f(rew) exists almost everywhere
and is in L?(T). Let

27 1/p
w,(t, f*) = sup { f If*(e"“’*’”)—f*(e"")l“’dB} .
0<h<t 0

Let H?A7 be the set of /'€ H? for which (1/f)w, (¢, f*) is bounded as #—0. A theorem
of Hardy and Littlewood states that f€ H?A7 if and only if f’ € H?. In addition
f’ € H' if and only if f€ C(U) and f* is absolutely continuous, so H?A7< C(0).
Let HA, denote the set of f € C(U) for which f* satisfies a Lipschitz condition, i.e.
there exists K such that | f*(e")—f*(¢)| <K |0—¢|. Then fe HA, if and only if
f' € H”. From these facts we get the following theorems.

THEOREM 2. Let 1<p< o0, fe€ H?, f" € H? and f(0)=0. Then T, maps H? into
the subspace of HPA] of functions which vanish at the origin. Moreover T, is onto if
and only if f*(0)#0.

Proof. Let g € H?. Since f belongs to the ideal I of H?, so does T,(g)=f*g.
Let f'(0)#0 and & € H?A7, h(0)=0. Let g be the function in H” such that " x g=
K. Then f* g=hso is T, onto. If f'(0)=0 then f * g has a zero of order at least two
at the origin, so 7', cannot be onto.

THEOREM 3. Let fe H”, f' € H” and f(0)=0. Then T, maps H® into the sub-
space of HA, of functions which vanish at the origin. Moreover T is onto if and only

if f'(©)70.
Proof. Same as for theorem 2 with p=co.

3. Proof of Theorem 1. We begin with some lemmas:

LemMA 1. If f€ H? and |21<} then | f(2)| <227 | f|,- If in addition f(0)=0 then
[f@)IL2@H 2] || £l

Proof. From [1] p. 36 we get

@I L2V [fll, A=ry™

for fe H? and z € U. The first part of the lemma follows immediately. For the
second part observe that f(2)/z is bounded and analytic for |z| <3. Its supremum is
taken on the circle [z|=1.
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LemMMA 2. Let fe H(U) and r<p<1. Then

M ) < ﬁ(p,f)

Proof. With |z|=r and |{|=p we have

_ Q
F'e = 2mL|_p(c zZ)? L
Then

o < L [ Lf@lpds
If'(2) < 2'n'J; p2+r2_2pr COS(H""}S)

10 2_r2
) p?+r*—2pr cos(0—¢) a$

2

2—-7*
f If(P z(t+0)| dt.

—2prcost

27r(p

An application of Jensen’s inequality with respect to the measure (p®>—r?) dt/
27 (p®+r2—2pr cost) yields

27 2_ .2 1/p
g < MLD(L (gt ) o)
p—r \2mJo p°4r°—2prcost p—r

LeMMA 3. Let h € H? have a zero at the origin of order at least n. Then there
exists g € H? such that h(z)=z"g(z), |hll,=lgll, and M (r, H)=r"M(r, g).

Proof. This is clear from the definitions.

Proof of Theorem 1. We first consider the case p=c. Let f,ge H”. We
must show f'* g € H”. For the moment assume that f(0)=g(0)=0. Then

(f* () = f Fz—g(t) dt = f F—Dg@) dt = f F(r—)e g (e dr.

By Schwarz’s lemma | f(z—1)|<| f]lo(r—7) and by Cauchy’s estimate |g'(f)| <
llgllo (1 —7)~* where 7=|¢|. Hence

1 * 9@ < 171 gl f

$O [/ % glloo SIS lleo If oo
For arbitrary f, g € H® set f(z)=f(2)+£(0), g(z)=§(z)+g(0). Then

(f* 9)@) = (f* D@D+, (0)4(2)+g(0)f(2)

Tdr < [ fllo gl
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and

1% glo < 1Sl 181t 1Sl 1€l lgleo 1f e < T 1Sl 8l eor

Assume next that f€ H® and f(0)=0. We shall show there exists g € H* such
that g * (1—f)=1. From the power series of f* f we see that f* f has a zero of
order >2 at the origin. Thus (f* f)(2)/z? is analytic and bounded for |z] <1 and

If*N@/ZN 0 = 1% fle < 1%
I(f* NI L 1 fI1%.

Hence

Assume for n>2 that

[n] r" ”f ll%
eI < T
where " denotes the n-fold *-product of f with itself. This is indeed the case for

=2. Then

[ fin (7)) = l ‘sz["](z—t)f'(t) dt l

1A% [fr=—n)" , < Ilfll"+1 1 If ll”*‘
S(n-——l)!_[) 1—7 d = (n— 1)'1(1 T dr ST

But f{"+1](z) has a zero of order >n+1 at the origin, and hence

[n1] ) fInt1] i1 1F15
RN < M e < 7 s
which completes the inductive step. Consequently, the series

8@ =3 1)

is majorized by the series

e
+1§1 (n—1)!

which is convergent for any r. Thus g € H® and g * (1—f)=1.

We now consider the case 1<p< 0. Let f, g € H?. We must show that f* g € H?.
As in the H” case it is sufficient to assume f(0)=g(0) and to show | f*g[,<
C, IIfll, lgl, where C, depends only on p. Then we have

(f* 9)(2) = f Fa—0g/(t) di

1/2

= |, 1@=DeY e dr | 1e=reNg ree dr

for r>1. To estimate the derivative g'(re'’) in the first integral on the right we use

9
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Cauchy’s integral theorem followed by the integral form of Minkowski’s inequality:

g'('rew) —_ __1__ Jv g(g) dC

2 Jlel=s/a ({—7e'%)?

lg/(re)] < % f g3 du

) ; 27 ; 1 1/p
2o < 12 [ 8P s- du) < 12 Il

which is valid for 7<}. Then from lemma 1 we obtain

I(f* )2 <12 gl fo |f((r=m)e")| dr 4222 | f]], Lz(r—T)W P g (ze”) dr
Using Minkowski’s inequality again and lemma 2 we get

My(f*gr) <12 fll, gl

+208 g, [ =)0, =) dr < C, 111, gl

Assume now that f'e H? and f(0)=0. We shall show as in the H case that the
series > f ] converges and belongs to H?. Assume for n>2 that

C
[n] D
<

This is true for n=2. We write f["1(z)=z"g(z) as in lemma 3 and obtain through
lemma 2 the inequality

115

|/ = f X (r—)e) f(re®) dr| < f (=) g((r—7)e"| My(r, f) dr

An application of Minkowski’s inequality yields
M, 1) < [ =M (=7, M (r. 1) dr
0

< gl 111, f r—aytdr =T gl 151,

Letting r—1 and using the inductive hypothesis we find

Ly < 2y g, g, < S pppe
n n:

We conclude that the series Y f"1 is majorized in the H?-norm by the series

Til;
LHIfL+C X oo

which converges for any [ |, <+ co. This completes the proof.
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