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Abstract. We prove that the horospherical foliations of two compact manifolds of
constant negative curvature are measurably isomorphic if and only if the two
manifolds are isometric.

0. Introduction
The aim of this note is to give an extension of M. Ratner’s theorem [Ra] on the
rigidity of horocycle flows.

M. Ratner’s theorem says that if I'; and I', are two co-compact (more generally
co-finite volume) discrete subgroups of SL,(R) and ¢ : [ \SL,(R) > T',\SLy(R) is a
bi-measurable map which preserves the Haar-measure and is equivariant for the
action on the right of the horocycle group then there exists a g € SL,(R) such that

‘;(le) =gl xh =T,gxh,
where  coincides a.e. with ¢ and h is an element of the horocycle group. One can
replace SL,(R) with PSL, (R) ~ SO (1, 2) in which case the equivalent geometrical
formulation of the theorem states that if M; and M, are two oriented surfaces of
constant negative curvature —1 and ¢:T'M,> T'M, is a measure theoretical
isomorphism of the horocycle flow (here T'M; indicates the unit tangent bundle to
M;) then ¢, up to a constant translation along the flow, is the lift to unit tangent
bundles of an isometry d; ‘M, > M,.
In this paper we will prove the following generalization of Ratner’s theorem:

THEOREM 1. Let n be an integer >2,T',, T, discrete co-compact subgroups of isometries
of H" - the hyperbolic n-dimensional space - and define M, = T \H"; let s : T'M, >
T'M, be a bi-measurable isomorphism of the expanding horospherical foliation; then
Y is the differential of an isometry ¥ M, > M,.
We shall specify later exactly what we mean by bi-measurable isomorphism of the
expanding horospherical foliation.

The proof of the above theorem exploits the main ideas of Ratner’s paper [Ra),
that is the technique of bootstrapping, via the ‘polynomial rigidity’ of horospheres,
from expanding horospheres to geodesics and then to contracting horospheres.

1. Notations and preliminaries
(1.1) Hyperbolic space. For the sake of completeness, and for notational purposes
as well, we shall start by recalling well known facts about hyperbolic space.

https://doi.org/10.1017/50143385700003813 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700003813

74 L. Flaminio

We shall write SO, (1, n) for the connected component of the identity of the
group of (n+1) by (n+1) real matrices preserving the bilinear form

(X, ¥)=XoYo— ¥ Xy
i=1

SO, (1, n) acts on R in the standard way and the orbit of the point .$ =9
(1,0,...,0) consists of the sheet of hyperboloid

def
3 = {xeR"™|x,>0,(x,x)=1};
SO, (1, n) acts transitively and effectively on X, and the restriction of —(-, -) to the
tangent bundle of 3 defines a positive definite metric on X, which is of course
invariant under the action of SO, (1, n).
The stability group of .# is given by the matrices of the type

1|0...0
0

: K eSO (n).
0

Therefore there is an identification

3 ~804(1, n}/SO (n)

which associates at every pe X the cosets of matrices gSO (n) where g is some
matrix for which g(#)=p.

The action of SO (n) on the two dimensional planes tangent at .# is transitive
and therefore X has a constant (sectional) curvature; it can be computed (see for
example [Ko-No]) that the curvature equals —1. X endowed with this metric will
be denoted by H". It is well known [Ko-No] that all complete simply connected
spaces of the same dimension whose curvature is a given constant are isometric,
and therefore we are authorized to call H" the space of negative curvature —1.

(1.2) The geodesic flow. The metric of H" determines the geodesic flow on T'H":
g:(v,)e T"TH"XR—gve T'H".
T'H" can be identified with the homogeneous space SO(1, n)/SO (n—1), where
SO (n—1) embeds in SO, (1, n) by
1 0 0
0 1 o --- 0
KeSO(n-1)=]0

K

0 0
In fact the above copy of SO (n—1) in SO, (1, n) is immediately seen to be the
group of isometries of H” fixing the vector £ =<7 (0, 1,0, ..., 0) tangent at the point
#; then, for every v tangent vector to H", there is a unique coset g SO (n—1) of
elements in SO, (1, n) sending ¢ to v.
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With this identification, the geodesic flow is easily seen to be given by the projection
to SO, (1, n)/SO (n—1) of the right action on SO, (1, n) of the one parameter
subgroup of SO, (1, n) given by

cosht sinht O --- 0
sinh ¢ cosh t o - 0
def
G = 0 0 where te R.
Do 1d,-,
0 0

The fact that the right action of this group, which we will call henceforth the geodesic
group, projects from SO, (1, n) down to T'H" is a consequence of the commutation

rules:
G,K = KG, VKeSO(n—1)and VG,.

Multiplication on the right by the one-parameter subgroup (G,),.s defines a flow
on SO, (1, n) which, with abuse of language, we shall call the geodesic flow on
SO, (1, n).
(1.3) The orthogonal frame bundle. We will indicate with pr, pr, the projection maps
pr:SO, (1, n)>S0O, (1, n)/SO (n)~H"
pr::S0, (1, n) > SO, (1, n)/SO (n—1)~ T'H";
they are given in the coordinates that we have chosen for H" and T'H" by

8oo
8=(gij)2j=o'—->pr(g)= .
8no
and
8oo 8ot
g=(g)h—o>pn(=| = |;
8no 8m

SO, (1, n) itself can be considered as the orthogonal frame bundle to T'H", which
we will indicate with FH"; in fact for every matrix g€ SO, (1, n), the first column
gives the coordinates of a point p e H" and the remaining »n columns the coordinates
of n orthogonal vectors tangent to H” at p. Thus we have dual languages

algebraic geometrical
SO, (1, n) FH"
SO, (1,n)/SO(n—1) T'H"
SO, (1, n)/SO (n) H"

(1.4) The horospherical group. The subgroup of SO, (1, n) that interests us the most
is the ‘(expanding) horospherical group’; it can be defined as the group whose
elements leave fixed the (projective) point at —o© of the geodesic issued from £ and
have no other fixed point on the boundary of H". The geodesic issued from ¢ is
given in our coordinates by the map '

teR — (cosh t,sinh £,0,...,0),
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and therefore its projective point at — is the point (1, —1,0, ..., 0); the Lie-algebra
of the expanding horospherical group must have this vector as an eigenvector and
therefore its elements have the form:

a 0 a - a,

0 a |-a -+ -a,

a, a, KeSO(n—-1).
. . K

a, a,

But elements of the type

a 010 0

0O a|(0 --- 0

0 0 KeSO(n-1)
Do K

0 0

also leave invariant the point (1,1,0..., 0) and, by our definition must, be excluded
from the horospherical Lie-algebra; one is then left with elements

0 0 a - a,
0 0 |-a -+ -—a,
a a

: 0

a’l an

which generate the group of matrices

1+all/2  Ja}/2 | a2 -+ a,
—[lall/2 1-ja||/2|-a, -+ -a,
def
n, = a, a s
: : Idn—l
a, a,
where we have set a=(a,,..., a,) and |a]| ="V a}. Notice that
nnnb= Na+b

and therefore the horospherical group is isomorphic to the additive group R" . Its
one-parameter subgroups are therefore given by

ng, seR,

where a is some element in R"™'. We will denote the expanding horospherical group
with the letter W.

Similarly one can define the contracting horospherical group .# as the sub-group
of isometries which have, as their unique fixed point, the point at +0 of the geodesic
issued from & to the additive group R" and one can easily verify that ( is given

https://doi.org/10.1017/50143385700003813 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700003813

An extension of Ratner’s rigidity theorem 77

by the matrices

1+||all/2 —[al/2 | @&z -+ aa
lal/2  1-lall/2] @z -+ a,
def
my, = a, —a, ’
: : Idn—l
a, —a,

wherea=(a,,..., a,)is some element in R**. One can also see that ./ is isomorphic
to R"~! because

myMmp = My 1p.
The reason for calling these groups expanding and contracting lies in their commuta-
tion properties with the geodesic flow:

n,G,=Gn,, Vn, e W,
m, G =Gm,~, Vm,eAM.
Also it is important for us to notice the commutation relations of the horospherical
groups with the group SO(n—1):
nK=Kn,x Vn,e N,,VK eSO (n—1), (%)
mK=Km,x Vm,eM,VKeSO(n—-1), (*+)
where by aK it is meant the ordinary matrix multiplication on the right; the orbit

under /() of a point g€ SO, (1, n) is called the expanding (contracting) horos-
phere through g.

(1.5) Horospheres in T'H". The relations (*) and (#*) show that, unlike the action
of the geodesic group, the actions of the horospherical groups do not project from
SO, (1, n) to SO, (1, n)/SO (n—1) ~ T'H"; nevertheless the same relations also show
that if two orbits of the horospherical group have projections in T'H" that intersect
at a point then these projections are identical: in fact, in the case of ¥, one has that
if pr, (gn,) = pr, (g'n,) for some a and b then gn, = g’'n, K and therefore
gn.=g mKn._o=g'nmy(c-ax' K
= pr; (gne) =pr; (8 Mpse—ayx 1K)
= (pr; (gnc))cer = (P11 (8'Nc))cer.

Similar computations hold for /. Then we have that the projections of the expanding
(contracting) horospheres in SO, (1, n) are the leaves of a foliation in T'H"; such
a foliation is called the expanding (contracting) horospherical foliation of T'H";
in the language of Anosov systems this foliation is also called the unstable (stable)
foliation determined by the geodesic flow. The leaves of the horospherical foliation
of T'H" will be called horospheres, and this may create some confusion since we
used the same name for the orbits of the horospherical group acting on SO, (1, n).
But whenever confusion may arise we shall specify which space we are considering;
this will avoid having to expand the vocabulary unnecessarily.

It is also important for us to notice that given a point ve T'H" and a g€ SO, (1, n)
that projects to v, for every other point w belonging to the expanding horosphere
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of v one can find a unique horospherical element n, such that

pri (gn,) = w;
in other words the restriction of the projection map pr, to a expanding horosphere
in SO, (1, n) is a one-to-one map onto a horosphere in T'H”; in fact if
pr; (gn.) = w=pr, (gny)
then one has
gn,=gn,K, forsome K €SO (n—1)
which implies n, = n,. A similar statement is true for contracting horospheres.

We will consider on T'H" a metric invariant under the left action of O (1, n).
For every such metric, contracting horospheres, expanding horospheres and
geodesics are mutually orthogonal; therefore the metric is uniquely defined by
assigning the length of a vector tangent to a horosphere and of a vector tangent to
a geodesic. The simplest possible choice is that in which:

(a) geodesics in T'H" have the same length as their projections in H"

(b) points u and v on an expanding (contracting) horosphere in T'H" have
distance equal to |a| where n,(m,), with ac R"™", is a horospherical element that
maps u to v. We will denote the distance induced by this metric by d(-, ).

Other foliations that we will consider are the weakly unstable (weakly stable)
foliations. Let O be an expanding (contracting) horosphere; then a leaf of the weakly
unstable (stable) foliation is given by |U,.r 0. It can be seen that two points x, y
in T'H" belong to the same weakly unstable (stable) leaf if and only if d(gx, g.y)
is bounded for all ¢ >0 (for all ¢t <0).

(1.6) Horocycles and horolines

Definition. An expanding horocycle in SO, (1, n) is an orbit of some one-parameter
subgroup of N
teR — gng,,

where g is some point in SO, (1, n) and a€R" is normalized so that [a] =1.

An arc of a horocycle is a finite segment of the orbit of such a subgroup. Contracting
horocycles are defined similarly.

Definition. A horoline (an arc of a horoline) in T'H" is the projection to T'H" of a
horocycle (of an arc of horocycle).

Note that horolines are well defined; in other words if one considers a horocyle on
some horosphere in SO, (1, n), projects it down to T'H" and finally lifts it back to
a different covering horosphere in SO, (1, n), the curve one obtains is still a horocycle.
Definition. Two horolines (arcs of horoline) are parallel if they are the projection
to T'H" of horocycles in SO, (1, n) given by the action of the same one-parameter
subgroup of W on points on the same horosphere in SO, (1, n).

Once again, parallelicity is well defined because it is independent of the lift that
one considers. Note that in particular parallel arcs of horolines lie in the same
horosphere. To denote a horoline we shall use the notation

(Ug)ser for I an interval in R and u, € T'H"
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and with this it is meant that there exists a g € SO, (1, n) and a n, € W, with |al| =1,
such that

Us = prl (gnsa) VS € I

It is interesting to notice that horolines are geodesic lines on horospheres in T'H"
with respect to the induced metric.

LeMMA. Let (1), (v,)§ be two arcs of horolines in T'H" such that

sup d(u,, v,) <+00.
0<s<<00
Then (u,)y and (v,)q belong to the same horosphere and are parallel; in particular
this implies d(u,, v,) = constant.

The proof is immediate: by the hypothesis the two horolines have the same point
at +00 and therefore belong to the same weakly unstable leaf; this easily implies
that they are actually on the same horosphere. On the other hand the geometry of
a horosphere with the metric we are considering is euclidean and the distance of
two horolines on a horosphere is bounded if and only if their distance is bounded
in the metric of the horosphere; and this ends the proof.

(1.7) Compact quotients. Now let I' be a discrete co-compact group of isometries
of H", i.e. a discrete subgroup of SO, (1, n) such that '\H" is compact; to keep the
notation short we write M for the n-dimensional manifold I'\H" and we will call
manifolds obtained in this way compact quotients of H". Then I'\SO, (1, n)/
SO (n —1) is the unit tangent bundle T'M of M, and I'\SO, (1,n) is the orthonormal
frame bundle FM of M. Since I" acts on H" on the left, the action of the geodesic
group on T'M and FM still makes sense, and so does the action of the horospherical
group and its one-parameter groups on FM; if f is a frame of FM we will denote
the action of the geodesic group, of the horospherical groups, and of SO (n—1), by

&(f), nm(f), m(f), K.

On T'M we can still consider the horospherical foliation whose leaves are the
projection from FM to T'M of the orbits under the horospherical group of frames
of FM; similarly one defines horolines and parallel horolines in T'M as we did
for T'H". Notice also that since the metric on T'H" that we are considering is left
invariant, it also determines a metric on T'M which has the property that arcs of
geodesics and horolines have lengths equal to their parametrization.

Now, if M, and M, are two compact quotients of H", it is clear what we mean
for a bi-measurable map ¢ : T'M, > T'M, to be an isomorphism of the expanding
horospherical foliation: we mean that ¢ maps almost every expanding horosphere
in T'M, to an expanding horosphere preserving the induced metric.

(1.8) Measure on T'M and FM. The geodesic flow has a canonical smooth
measure associated with it, the so-called Liouville measure. In the case that we are
considering, this measure also has a group theoretical interpretation. In fact FH" ~
SO, (1, n) is a unimodular group, that is to say, has a measure invariant under both
left and right translations; such a measure, by pullback of the projection map from
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SO, (1, n) to SO, (1, n)/ G', determines a measure on every coset space SO, (1, n)/ G’
(here G’ stands for any subgroup of SO, (1, n)) which will be invariant under the
left-action on SO, (1, n)/ G’ of SO, (1, n) and by the right-action on SO, (1, n)/ G’
of those elements in SO, (1, n) that commute with G'. In particular in this way we
can construct a measure on T'H” which will be invariant under the action of
SO, (1, n) and will also be preserved by the geodesic flow: such a measure coincides
with the Liouville measure. Now let I' be a discrete group of isometries of H" and
M the smooth manifold I"'\H"; the left invariance of the Liouville measure on T'H"
allows us to project it on the quotient space I'\T'H" ~ T'M to obtain the Liouville
measure on T'M; henceforth when we will talk about the measure of any compact
quotient of T'H" we will refer to the above measure normalized to have total mass
1. It is well known [Mo] that the Haar measure on compact quotients of SO, (1, n)
is an ergodic measure for the action of any element of the horospherical group; in
particular this implies that the action of the full (expanding) horospherical group
on compact quotients of SO, (1, n) is ergodic which in turn implies that the horo-
spherical foliation of a compact quotient of T'H" is ergodic.

We also will use the fact that the geodesic flow on any compact quotient of

SO, (1, n)/SO (n—1) and SO, (1, n) is ergodic which is again a consequence of
Moore’s theorem [Mo].
(1.9) Sets of full measure in T' M. Here we present an argument that we will consider
often in the sequel. Let A be some subset in T'M and /~\=pr,_1(A) its lift to the
frame bundle of M. Given a horospherical element n, we have that the set of frames
f for which

: f Xa(na( ) ds > (R) = w(A)

is a set /~\typ of full measure; therefore the set of ve T'M for which pr, ({v}) N ;\,yp)
is a set of full measure in pr, ({v}) is also a set of full measure in T' M. This amounts
to saying that, for any A = T'M, the set of ve T'M having the property that almost
every horoline through v visits the set A with frequency eventually equal to u(A)
is a set of full measure in T'M.

2. A lemma on the average distance of horolines

LemMma 2.1. Let (u,), (v,) - seR - be continuous curves in a metric space (X, d)
and suppose that for every interval (a, B) =R in which d(u,, v;)=<R there exists a
polynomial P, of degree at most d for which

y ' Py(s) = d(us, v;) =< yPa(s)
for all se(a, B); then Yt> 0 either

1 R
- | d(ug, v,)ds>—5—,
t Jo ( ) y*C,

C, being a constant depending only on d - or

d(u,, v,) <R Vse(0, ).
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Proof. The set A=%"{5€(0, t)|d(u,, v,) <R} is an open set and hence union of
open intervals (a;, B;); on the complement of A the average of d(u;, v,) is certainly
greater than R/y*C,, so we need to worry only about the intervals («;, 8;). But on
each such an interval the average of d(u,, v,) is bounded from below by the average
of a polynomial y~'P,(s) and the average of a polynomial is bounded from below
by its sup norm divided by a constant C,; which depends only upon its degree. But

Pd(s) 1
su =-——max (P;{(a;), P;(B:)) = .
uissgB, ‘ch ‘yCd 4 4 B ‘yzcd
Therefore the average of d(u,, v,) can be smaller than R/y’C, only if it never
reaches R.

Lemma 2.2. Let (u,), (vs) be horolines in T'M,; there exists an R smaller than the
radius of injectivity of T'M, such that if d(u,, v;) <R,Vse[a, B, then in the same
interval one has

@«i(ux, 5,) < yP(s),

where P is some polynomial of degree at most 4, and 'y some universal constant.

Proof. d{u,, v,) being always less than R, u; and v, can be lifted to points @, and
o, in T'H" so that d(u,, v,) = d{d,, ,) for all se[ea, B]. (i4,), (,) are projections to
T'H" of the orbits of two points g;, g€ G under two one-parameter subgroups
Ny, N, of the horospherical group &' = G. By the invariance of d under isometries
of H" the distance between u, and v, equals the distance of the projection of the
identity of G from the projection of n_,,g7"'g,n,, and the entries of the latter matrix
are polynomials of degree at most 4 in s. If R is small enough one has that this
distance is well approximated by the ordinary euclidean distance between the first
two columns of the matrices id and n_,.g;"'g,n,,, which proves the statement.

LemmMma 2.3. Let (u,), (v,) be horolines in T'M,, D the diameter of T'M, and R, y
as in the above lemma. Suppose that on a set of density greater than (1—§¢) of s €0, t]
one has d(u,, v,) <. Then if §< R/2y*DC, and 7 < R/2vy*C, one also has
d(u,,v,)<R Vse[o,t].
Proof. From the hypotheses one has
1 J’ ‘ R R R

d(u,,v,)ds<n+éD< + D= .
, A v ds<m+ D<o s+ be, PTG,

Then the two previous lemmas imply the conclusion.

It should be pointed out that, although the above lemmas require the compactness
of M,, with a subtler argument (see [Ra]) rigidity can be proved for finite volume
manifolds.

3. In which it is shown that the geodesic flow commutes with s

Henceforth M, and M, will indicate two compact quotients of H"; their unit tangent
bundle will be endowed with a left invariant metric as in § 1.7 and ¢ will be a
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bi-measurable map that maps isometrically almost every expanding horosphere to
an expanding horosphere.

For every 6> 0 there exists a set A, <= T'M, on which ¢ is uniformly continuous
(cf. lemma 3.1 in [Ra]) and such that u,Ay>1—6.

As we have shown in § 1.9, by the ergodicity of the action of one-parameter
subgroups of the horospherical group on FM,, there exists a set A, < T'M, of full
u;-measure such that ¥x € A, almost every horoline through x intersects A, - the
set of continuity of ¢ - with frequency eventually larger than 1 — 6: such horolines
will be said to be ‘typical’ for A4. Define

def
Q = {xe T'M,|almost every point of the horosphere of x belongs to As}.
Q is a set of full measure in T' M, entirely made of horospheres. Let us also introduce
the notation 7, to denote the horosphere to which the point x belongs.

PROPOSITION 3.1. For every 8> 0 there exists an >0 such that if |t| <7 and x, gx
belong to ), we have that:

(a) g(¥(my))=t(m,y);
(b) if (u,) is a horoline in m, then g,(¥(u,)) and yg,(u,) are parallel horolines.

(c) d(ygy, ghy) <28, Vyem,.
Proof. For all 6> 0 there exists an >0 such that
x,y€A, and d(x,y)<n = d(¢¥x ¢y)<8é.
We can assume 7 < 8, and t < 7. Since x and g.x both belong to () there is a point
z € m, such that z and g,z both belong to A,; thus we can then assume without loss

of generality that x and g,x actually belong to A,.
Let (u,) be a horoline through x and consider the horolines

def def
Wy = gt(l//ue"s) and Uy = d/(gtue_':);

one has
d(vS, M)S)S d(vS, wueﬂs)"*_d('l’ue_'s, wS)
= d(d’(grueﬂs)a l1’(“8_%)) + t;

since the distance between g,u.-:, and u,- is less than 7, if both these points belong
to Ay, one also has d(¢(gu.-), ¢(u.—)) <8 and therefore

d(u,, w,)<26.

But almost every horoline (u,) through x has the property that both (u,) and (g.u,)
are typical horolines for Ay, so both g, and u.-;; will be in A, with frequency
eventually larger than 1—24. For such a horoline (u,), if 6 and & are chosen smali
enough, by lemma 2.3 one has that

d(v,, wy) <R VseR.

But then lemma 1.6 implies that (v,) and (w,) are parallel horolines; in particular
they lie on the same horosphere; so we have proved that

Ty(gor) = Y (Tgx)-
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In fact more is true: since we have that for a set of full measure of horolines (u,),
the corresponding horolines (v,) and (w,) are parallel, and since the map ¢ is
assumed to be an isometry on horospheres, the same conclusion will actually hold
for every horoline (u,) in m, and for a set of full measure of x, which is what (b)
states. Finally, (c) follows from (a), (b}, the fact that ¢ is an isometry on horospheres
and the fact that it holds on a dense set of y € .. The proof of proposition 3.1 is
now complete.

Now let

0, {x e T'M, the weakly unstable leaf of x };

intersects () on a set of full measure

), is then the set of points whose geodesics visit {} with frequency 1 and is a set
of full measure completely made of weakly unstable leaves.

If xe1n ), and we denote its weakly unstable leaf by W(x), we have that ¢
maps W(x)nQ, which is dense in W(x), to points in the weakly unstable leaf of
Y(x); by proposition 3.1 this mapping is uniformly continuous on W(x)Q and
therefore there is a unique continuous extension ¢ of i to the whole W(x) that
coincides a.e. with ¢ and maps the weakly unstable leaves of points in }, to weakly
unstable leaves. Thus we can assume without loss of generality that ¢ is continuous
on the weakly unstable leaves in ;.

Now let x € £),; by proposition 3.1 for every t € R there is a unique point Tr [x; ¢]
on the horosphere of x which has the following properties:

(1) (g (Tr[x; ¢])) = g(¢(x));

(2) d(x, Tr[x;t])<é(t) and lim,,,8(t)=0.

Our aim now is to show that for almost all x and for all ¢, one has Tr[x; t]=x, in
other words

g (x)) =g (y(x)).

To this purpose let us first note that
Tr[x; t+17=g (Tr [g(Tr [x; 1]); 1'])

and therefore the continuity in ¢ of Tr [ x; ¢] at t = 0 implies that Tr [ x; #]is continuous
in the variable ¢ for all ¢ and all x € 2,. Thus we need only to prove that Tr[x; t]=x
for rational ¢’s and for a subset of full measure of x’s in €1,: henceforth the reader
may assume that ¢ is a rational number.

Let us consider a frame fe FM, such that f belongs to pr;' (Q,); for such an f
let us define A,(f)eR" " in such a way that na,n(f) is the point on the horosphere
of f that projects in T'M, to Tr [pr,(f); t].

Notice that if x€ ()}, and X is another point on the same horosphere of x, the
horoline from X to Tr[X; ¢] will be parallel to and will have the same length as the
horoline from x to Tr[x; t] (this is in fact a consequence of the proposition 3.1
and the fact that ¢ is an isometry on horospheres). Thus the map f — A,(f) is a
bounded measurable map which is constant along the horospheres of FM,. By the
ergodicity of the horospherical foliation of FM,, we have that there exists a subset
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Q, of pry' (Q,) entirely made of horospheres such that A,(f) equals a constant A,
for all feQ1,.

Let K be a rotation in SO (n—1) and K(f) be the frame obtained by rotating f
by K; one has that

A(K(MN=A,("K;
K (f) belongs to , for almost every feQ, and for almost every K € SO (n—1),
and therefore
A=A, K for almost every K,

which obviously implies A, =0.

This is true for all rational ¢, hence there is a set of full measure of points x in
Q, such that Tr[x; ¢t]=x for all rational ¢ - and therefore for all real . We have
therefore proved the following proposition:

ProOPOSITION 3.2. Let ¢: T'M, — T'M, be a bi-measurable isomorphism of the
expanding horospherical foliation. Then ¢ coincides on a set of full measure with a
map ¢ : T'M, — T'M, with the property that

g(d(x)) = ¢(g.(x))
for all t and almost all xe T'M,.

4. Investigation of the effect of ¢ on contracting horospheres
Thanks to proposition 3.2 we are now in a situation in which we can assume that
we have a bi-measurable map

y:Qc T'M,» T'M,,
which is defined on a set {} of measure 1 of weakly unstable leaves, with the property
that:

(1) ¢g(x)=gu(x), VieR,Vxel,

(2) ¢ maps expanding horospheres to expanding horospheres isometrically.

To investigate further the properties of this map we need to define the notion of
conjugacy of contracting and expanding horospheres.

Let (u,);cr be a possibly infinite arc of expanding horoline and assume that 0 I;
then, if f, is a frame that projects down to u,, the horoline (u,),., lifts to a horocycle
(Nsafo)scr for some (a,, ..., a,) € S" 2, where S" 2 is the unit sphere in R"'; the
contracting horoline through u, conjugate to (u,) will be defined to be the projection
to T' M, of the contracting horocycle (m,, fy),cr) With the same (a,, ..., a,)€S" 2

Notice that conjugate horolines through a point u, and the geodesic through u,
lie in a three-dimensional manifold which can be thought of as the unit tangent
bundle of a two-dimensional hyperbolic surface sitting in M,.

The notion of conjugacy of horolines also introduces a correspondence among
points of the expanding and contracting horospheres of a point use T'M,: in fact
if v is a point on the expanding (contracting) horosphere of u, we can define its
conjugate to be the point & on the contracting (expanding) horosphere of u, such
that the horoline from u, to v is conjugate to and has the same length as the horoline
from u, to ©.
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As usual when we say ‘almost every point on a horosphere’ we will refer implicitly
to the euclidean measure on the horosphere.

LEMMA 4.1. Assume that ¢ satisfies, besides the properties (1) and (2), the following
property.

(3) there exists a set ), < Q of measure 1 such that for all u,€ Q,; and almost every
point w on the contracting horosphere of u, one has that: (a) w is mapped to a point
which lies on the contracting horosphere of ¥ (uy); (b) Y(w) is conjugate to the point
Y (v), v being the point conjugate to w on the expanding horosphere of u,.

Then we can conclude that:
(a) e >0 such that Yuc(,, where (), is defined by

def { the weakly unstable leaf of v }
92 =30 ’

intersects ), on a set of full measure
one has that the restriction of ¢ to the ball of radius € around u coincides almost
everywhere with a continuous map.
This implies that:
(b) ¢ coincides a.e. on Q with a continuous map lZ: T'M, > T'M, which satisfies

the following properties:

(1) § commutes with the geodesic flow;

(2) ¥ maps contracting as well as expanding horospheres to contracting and
expanding horospheres isometrically;

(3) conjugate points on the horospheres of any point ue T'M, are mapped to
conjugate points on the horospheres of {(u).

Proof. By the compactness of T'M, there exist constants ¢ and C such that, if two
points u, ve T'M, have distance smaller than ¢, then the disc of radius C about u
in the weakly unstable leaf of u intersects the disc of radius C about v in the
contracting horosphere of v in a unique point [u, v].

Let uye (), and fix a system of rectangular coordinates on the expanding horo-
sphere of u,. Every point w in the weakly unstable leaf of 4, can be given coordinates
(t, w,, ..., w,)eR", where t is the number such that g,(w) belongs to the expanding
horosphere of u; and (w;,, ..., w,) are the coordinates of g,(w) on such horosphere.

Then every point z in an &-ball around u, can be given coordinates

(t’z2,'-"zn,£2""’zn)

in the following way: (¢, 2, ..., z,) will be the coordinates of [u,, z]and (2,, ..., Z,)
will be the coordinates of z in the contracting horosphere of [u,, z] with respect to
the rectangular system of goordinates conjugate to the system of coordinates on the
horosphere of u,.

In this way we have defined a (real analytic) one-to-one map from a neighbourhood
of 0 in R*"~! onto the ball of radius £ around u,. The hypotheses (1) and (2) on
the map ¢ imply that whenever u, belongs to (), ¢ maps the rectangular system of
coordinates on the expanding horosphere of u, to a rectangular system of coordinates
on the expanding horosphere of ¢(u,): points which have the given coordinates on
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the weakly unstable leaf of u, are mapped to points which have the same coordinates
in the weakly unstable leaf of u,.

The hypothesis (3) allows us to say that for all u,e{), and for almost every
(t,uy,...,u,,0,...,0), the point with such coordinates in the B.(u,) belongs to
Q, and therefore for almost every (w,,...,w,) the point of coordinates
(t,up,..., u,, wy,..., w,) is mapped to the point with the same coordinates in
B.(y{(uy)). Thus ¢ coincides a.e. with the map which sends points in B, (u,) to
points with the same coordinates in B,(y(u,)). This completes the proof of (a).

The proof of (b) is trivial because we can cover T' M, with balls B; around points
u; in ), and in each of these balls ¢ coincides with a continuous map y; defined
on B;; but ,|B;n B, = ¢;| B,n B; whenever B, n B; # J; so the collection of maps
Y; define a unique continuous function ;/7 on T'M, which satisfies the conditions
(1), (2), (3) on a dense set of points and therefore at every point.

Now we will proceed to construct a set (3, for which condition (3) of the above
lemma holds.

Let A, be a subset of 1 on which ¢ is uniformly continuous; A, can be chosen
of measure larger than 1 — £ for every £ > 0; we assume & <g. Let Ao be the pre-image
of Ay in FM, under the projection map

FM, L T'M,;
by the ergodicity of the horocycle flow h,(f) = %" Riio...0(f) we have that 3L, and
A, < pri(Q) such that:
(a) the measure of /~\, is greater than 1—¢;
(b) Vfe A, VYA> Lo, (1/1) meas {0, A]|h(f) € Ao} >1-2&
Now let 1~\2 be the subset of pr;'(Q) defined by the condition

t

~ ! - o
fe AZ = k)rg-;J’ X;\or\/-\‘(gsf) dS=/.L(A0ﬁA1)Zl—2§>§

0

The set A, by ergodicity has measure 1 in FM,. Define

.....

def
Q, =Qn{ve T'M,|pr;*({v}) N A, is a set of full measure in pr;'({v})}.
We claim that, if £ is chosen sufficiently small, (), is a set that enjoys the property
(3) of lemma 4.1.

In fact if v belongs to ), then for almost every direction on the contracting
horosphere of v, the contracting horoline through v with that direction has the
property that for almost every point w on that horoline the following statements
are true:

(%) if (v,)2_o, (W,)2_, are arcs of expanding horolines through v=1v, and w=w,
which are conjugate to the contracting horoline from v to w, then for infinitely many
times ¢ (in fact with frequency at least 3) one has that:
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(1) the images under the geodesic flow g, of the arcs (v,)%_, and (w,)%_, are arcs
of expanding horolines, of length greater than L,, which visit the set Ay, on which
¢ is uniformly continuous, with frequency greater than 1—2¢;

(2) g.(vy) and g,(w,) belong to the continuity set A,.

Note also that, by our definition, v and w belong to Q) and therefore s maps their
weakly unstable leaves ‘nicely’ in T'M,.

PROPOSITION 4.2. If v and w are points satisfying the conditions of paragraph () we
can say that:

(a) ¢(v) and y(w) are points in T' M, belonging to the same contracting horosphere;
and moreover

(b) the arcs of expanding horolines (v,)?_,, (w;)?_, are mapped exactly to the arcs
of expanding horolines through y(v) and (w) which are conjugate to the contracting
horoline from ¢(v) to Y(w).

(c) the length of the contracting horoline from v to w equals the length of the
contracting horoline from yi(v) to y(w).

Now it is easy to understand that the conclusions of the above proposition together
with the facts established before, are merely a more symmetric rephrasing of the
condition (3) of lemma 4.1; in fact we have seen that for all v Q, (and £, is a set
of measure (1) and for almost every point w on the contracting horosphere of v the
conditions of paragraph () are true; then proposition 4.2 says that, by (a), ¢(w)
lies on the horosphere of ¢(v), and, by (b), ¢(w) is conjugate to the point ¢(v,)
on the horoline (¢(v,)),cg that extends the horoline (y(v,))%_,. But, by (c), w is
conjugate to v, and therefore we have that ¢(w) is conjugate to the image under
¢ of the point to which w is conjugate. So, if the above proposition is true, we see
that (), is a subset of  that satisfies the condition (3) of lemma 4.1.

We shall postpone the proof of the above proposition to next section; for now
let us notice that from proposition 3.2, proposition 4.2 and lemma 4.1 we have the
following

ProPOSITION 4.3. Let y: T'M, > T' M, be a measurable map which maps expanding
horospheres to expanding horospheres isometrically. Then ¢ coincides a.e. with a
continuous map ¢ : T'M, > T'M, which commutes with the geodesic flow, maps expand-
ing and contracting horospheres isometrically to expanding and contracting horospheres
and sends conjugate horolines to conjugate horolines.

We can now prove the following theorem:

THEOREM 1. Let M; = “T\SO, (1, n)/SO (n) and let ¢ : T'M, > T' M, be a measur-
able map which sends expanding horospheres to expanding horospheres isometrically,
then = d¢ almost everywhere, ¢ being an isometry from M, to M,.

Proof. We claim that a continuous map (/7: T'M, > T'M, satisfying the conclusion
of proposition 4.3 is the lift to the unit tangent bundles of an isometry ¢ : M; > M,.
The proof of this claim is trivial: we want to prove that if u, v are vectors in T' M,
at the same point pe M, , then ¢(u) and ¢(v) are vectors at the same point in M,;
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if this is the case then there is a unique map ¢ : M, » M, such that the diagram

™, 3 T'M,

M, 3 M

commutes; ¢ will be an isometry because if p,, p, belong to M, and v(p,, p,) is
the shortest geodesic connecting p, to p,, by lifting the geodesic to T'M,, mapping
over in T'M, and projecting down in M,, we see that ¢(p,) and ¢(p,) have the
same distance as p, and p,.

To prove the claim that vectors above the same point in M, are mapped to vectors
above the same point in M, it is enough to prove it locally. Assume that u, v are
vectors in T'M, that project to the same point pe M, and d(u, v) < §; let U be a
disc of radius ¢ in the surface containing p, tangent to u and v and locally isometric
to a subset of H’; then u, v can be uniquely connected by a path in T'U<= T'M,
made of three arcs vy,, v,, v3, Where

(a) v, is an arc of expanding horoline from u = u, to u,;

(b) v, is a (conjugate) arc of contracting horoline from u, to u,;

(c) v, is an arc of geodesic from u, to u;=v.

The corresponding arcs in T'M, to which ¢ maps vy, v», v; will also lie in the
tangent bundle to some two-dimensional surface locally isometric to hyperbolic
two-space H” and will have the same lengths; therefore their projections in M, will
give a path which closes up in M,; and this completes the proof of our claim.

The above theorem can be rephrased in the following way:

THEOREM 1. Under the hypotheses of theorem 1, one can conclude that there exists
g€ O (1, n) such that

I,=glg™!
and the map ¢ is given by
d(I'1x)=T,gx =gl x

Proof. An isometry ¢: M, > M, induces an isometry of the universal covers of M,
and M, and such an isometry is given by a map

xeH" — gxeH",

where g€ O (1, n). But the diagram

LIS ¥

|

&
CAH" = T\H"
commutes if and only if I',=gI,g~".

Now we turn to the proof of proposition 4.2.
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5. Proof of proposition 4.2

The ideas of the proof of proposition 4.2 follow the lines of [Ra]; we need to
estimate the distance between starting points of horolines which stay close for
time L.

LeEMmMaA 5.1. Let (u,), (v,) be horolines in T'H" such that d(u,, v,)<eforall 0=s=<1L
and ¢ sufficiently small; then v, can be connected to u, by a path made of three arcs
Y15 Y2, ¥3, Where: '

(a) v, is an arc of expanding horoline of length less than Ce,

(b) v, is an arc of contracting horoline of length less than C € L™,

(c) v is an arc of geodesic of length less than Ce.

Proof. By the left invariance of the metric d we can assume that u, is the vector e
of coordinates
1 0
0 1
e=10 0
0 0
and v, is some vector such that d(e, v,) <e. Then by the transversality of the
horospherical foliations and the geodesic flow we can find a unique path y,, v,, v;

of arcs as in the statement of the lemma such that each of these arcs has length less
than Ce, where C is some positive constant. Let f;, be the frame

then a frame covering v, is given by
Nyagp G,

where |a| < Ce, |B| < Ct, |y| < Ce. Horolines of length L from € and v, will be given
by the projection in T'H" of the orbits

("sc);;o (("aampry)"sd)i;o-
By the left invariance under SO, (1, ) of metric d on T'H" we have:
d(pr, (n), pry ((naameGy)nsd)) =d(e, pry (n—scnalmeGynsd));
after tedious computations one can show that the entries of the first two columns
of the matrix
n—sc(naamBhGy)nsd
are polynomials in s whose common leading term is given by
2e77B%s*,
Since such entries must be less than a constant times ¢ for all 0= s < L one has that
B <Const g/ L
And this concludes the proof of lemma 5.1.

https://doi.org/10.1017/50143385700003813 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700003813

90 L. Flaminio

For the convenience of the reader, let us now restate proposition 4.2.

PrROPOSITION 4.2. Let v, and w, be points in ) that belong to the same horosphere
and let (v,)?L, and (w,)?2, be arcs of expanding horolines through v, and w, which
are conjugate to the contracting horoline from v, to w,. Assume that there are infinitely
many t’s such that:

(1) the images under the map g, of the arcs (v,)%., and (w,)?2, are arcs of expanding
horolines, of length greater than L, which visit the set A, (on which ¢ is uniformly
continuous) with frequency greater than 1—-2¢,

(2) the points g,v, and g,w, belong to the continuity set A,.

Then we can say that:

(a) ¥(vo) and Y(w,) are points in T'M, belonging to the same contracting horo-
sphere; and moreover

(b) the arcs of expanding horolines (v,)?_o, (w,)?_, are mapped exactly to the arcs
of expanding horolines through y(v,) and y(w,) which are conjugate to the contracting
horoline from i(vy) to Y(wy);

(c) the length of the contracting horoline from v, to w, equals the length of the
contracting horoline from §i(v,) to (wy).

Proof. Without loss of generality we can assume that the distance between v, and
w, is as small as we like. Let w,,, be the point where the weakly stable leaf through
v, intersects the horoline (w,); g(s) is a function which depends only upon s and
the distance between v, and w,, since the horolines (v;) and (w;,) are conjugate to
the same contracting horoline. Moreover we have

sup |g(s)—s|->0  asd(v,y, vy)>0

O=s=1

sup

O=s=1

dq
——1(->0 as d(vg, vy}~ 0.
ds

Fix an ¢ > 0; corresponding to this £ there is a n such that
d(x,y)<n and x,yeA, = d(¥(x),¢(y))<e.

Let the distance between v, and w, be so small that for all t>0

(a) supo=s=<1 d(8(v,), 8 (Wy5))) <m;

(b) supo=s=1q(s)~s|<a;

(€) supo=s=1|(dg/ds)—1|<a, where a = a(¢) is a number to be defined later.
Then the horolines

(grus);=0 (gtws)‘sl(=l(;

have lengths greater than e’ min (1, g(1)) > e’(1 — a) which for large ¢ will be greater
than L,. By our assumptions there are infinitely many ¢ for which these horolines
will visit the continuity set A, with frequency greater than 1—2¢. This implies

1

1
J Xa(8Vs) ds>1-2¢ and j Xa,(&W,) dT>1-2¢

0 0
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But then

! 1 (! dq
. Xao(8Wa(o) dazm . XAo(gtwq(cr)) g do

— |-

q(1)
— J Xa{gw:) dr
1+« 0

‘= (l-1)

(1-2¢-a).

- +
R

> —
1+a

So if we choose a small enough we have

1
J‘ XAo(gtwq(s)) dS > 1 _3§s

0
and therefore for at least a fraction (1 —5¢) of s’s one has simultaneously

gtvs € AO gtwq(s) € AO'
Therefore for these s’s, since d(g,(v;), g&(wy(s))) <7, one has

d((2:(05)), ¥(8(wo(s))) = d (g (¥(1y)), &(¥(wy())) <&

Let w, be the point on the contracting horoline of (v,) conjugate to the horoline
W(v,)!_o, whose distance from (v,) equals the distance of w, from v,. Let (W,) be
the expanding horoline through w, conjugate to the horoline from ¢(v,) to w,. We
have

d(gtwq(s)’ gl‘//(vs)) < n

for all >0 and 0=s=<1; therefore

d(gtwq(s)s gt(‘/j(wq(s)))) <g+ n,
whenever g,v;, and g,w,(,, belong to A,. But then

1

q(1) d
J d(gWw,, g(¥(w,))) da=J d(gWy(o) g'(‘”(‘”“"))”d_zd"

V] 0
1

< (1 + a) J d(gtwq(a)y gl((/l(wq(o)))) dU

V]

<(1+a)(e+n+5£D),

where D is the radius of injectivity of T'M,. By lemma 2.1 if £ and a are chosen
small enough, this implies that

d(gws, g(¥(w,)))<Ce  forall0=s=gq(1);

the horolines (gw,)?%3 and (g,(¥(w,)))?% have length greater than e’q(1)>1/2e"
and therefore by the lemma 5.1 we have that g,w, and g,(¥(w,)) can be connected
by a path vy, v,, ys where ¥, and vy, are arcs respectively of expanding horoline
and of geodesic both of length less than C, ¢, and v, is an arc of contracting horoline
of length less than C,e/e~>". This implies that w, and ¢(w,) can be connected by
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a path vy, v5, v5, where:
(1) v} is an arc of expanding horoline of length less than C,g/e” ',
(2) v5 is an arc of contracting horoline of length less than C,s/e™";
(3) vj4 is an arc of geodesic length less than Ce.
Since this holds for infinitely many positive values of ¢ we must have y;=0, y,=0
and w, and (w,) must lie on the same geodesic. We claim wy = ¢s(w,); in fact, by
the assumption (2), for some subsequence of t’s we have that:

d(gw,, gwo) >0 = d(Y(gwo), Y(gwo))~>0;

on the other hand, since w, and (w,) are on the same geodesic, d{(W,, Y(w,)) =
d(gWo, gah(wy)) for all ¢ and

d(gWo, gab(wo)) = d(gWo, gib(vo)) + d(gab(vo), ga¥(wo)) > 0;
therefore wy,= y(w,). And this concludes the proof.

Added in proof. After this work was completed we have learned that D. Witte [Wi]
has proved results similar to ours concerning the rigidity of the action of horos-
pherical elements. More exactly his results imply the rigidity of the horospherical
foliation of the frame bundle: let ¢ :I';,\SO, (1, n)>T,\SO, (1, n) be a measure
preserving map that is an isometry when restricted to expanding horospheres. For
each xeI')\SOy (1, n) there is a ¢, €SO (n—1) with Y(n,x) = n, .,P(x); since
¢, = ¢, whenever x and y are on the same horosphere ¢, is independent of x. In
Witte’s terminology, this means that ¢ is affine for the horospherical group. Hence
Witte’s theorem implies that ¢ is an affine map.
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