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By the celebrated theorem of Jordan [3] and Holder [2], 
there is associated with each finite group G a family of dist inct 
simple groups H. such that every composition se r i e s of G has 

n. factor groups isomorphic to H. and no o the r s . We denote 
l l 

the collection of pa i rs (H.,n.) by CF(G). Conversely, given k 
l i 

pai rs (H., n.), we may construct by an easy direct product p ro 

cedure a group G with CF(G) = { (H., n. ) |i = 1, . . . , k} . The 
composition factors , of course, do not in general determine the 
group. The purpose of this note is to give a necessa ry and 
sufficient condition in the case k = 1 where H = H is non-

1 
abelian that there should be only one isomorphism class of groups 
G with CF(G) = {(H, n)} . We require a very weak form of the 
well known conjecture of Schreier [4] that the outer automorphism 
group of a finite simple group is solvable. 

THEOREM. Let H be a non-abelian finite simple group 
such that no subgroup of the outer automorphism group of H is 
isomorphic to H. Let m be the smal les t degree of a faithful 

permutat ion representa t ion of H. Let H be the d i rec t product 

of n copies of H. Then there exists G not isomorphic to 

with CF(G) = CF(Hn) if and only if n > m. 

Proof. If n > m holds, H has a faithful permutat ion 
representa t ion H on n-1 le t ters (not necessar i ly moving all 
l e t t e r s ) . It is easily seen that the wreath product G of H with 

itself [ l , p . 8 l ] satisfies CF(G) = CF(Hn) and is of larger ex

ponent than H . 
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We now choose n smal les t such that G not isomorphic to 

H exists with CF(G) = CF(H ). Let M be a maximal normal 
subgroup of G. By the minimali ty of n, we have M = M x. . . xM . 

1 n-1 
where M. is isomorphic to H for i = 1, . . . , n- 1. For y € G, 
we denote by a(y) the automorphism of M which maps z € M 

-1 
to y z y. Since an automorphism of a direct product of 
finitely many non-abelian simple groups permutes the factors 

[ l , p . l 3 5 ] , a(y) induces a permutat ion on the M. which we de

note by y. Let G = {y |y € G} . 

We claim that no M. is fixed by all y € G. Suppose the 

contrary . Let L = M. be fixed by G and let C be the product 

of the M., j 4- i. Then L is normal in G and for y € G there 

is an automorphism y* of L which maps z ç L to y" z y. 
Let K, the centra l izer of L in G, be the kernel of the map 

y -*• y^ . Since M = L X C we have C contained in K. Since 
L is isomorphic to H, it has t r ivial center; thus KD L = 1. 
If K were larger than C, KL would be larger than the maximal 
normal subgroup M. We would then have G = K X L, K i somor
phic to M by the minimality of n, and G isomorphic to H n 

contrary to hypothesis. Thus K = C, and G = {y^ jy e G} has 

normal subgroup L = {y |y € L} with factor group isomorphic 
.JU 

to H. Since L is the inner automorphism group of L, the 
outer automorphism group of L, hence of H, has a subgroup 
isomorphic to H, contrary to hypothesis. 

G is therefore non-tr ivia l of degree n - 1 . Since the M are 

normal in M, the kernel of the map from G to G contains M. 
Since G is non-tr ivial , it follows from the maximali ty of M 
that G is isomorphic to G/M; hence to H. Thus H has a 
faithful permutat ion representa t ion of degree n - 1 . We con
clude that n - 1 2L m and n > m . 

We now i l lustra te our resu l t by applying the theorem in its 
s implest case . 

COROLLARY. There exists a group G with n compo
sition factors , each isomorphic to A , the alternating group on 
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k > 5 l e t t e r s , such that G is not the direct product of n sub
groups isomorphic to A, if and only if n > k. 

Proof. The Schreier conjecture is valid for A, [5, p . 314]. 

A has a natural faithful representat ion of degree k but none of 

smal ler degree since the symmetr ic group on k - 1 le t te rs has 
fewer elements than the alternating group on k l e t t e r s . 
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