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A CHARACTERIZATION OF COMPLETE

RIEMANNIAN MANIFOLDS MINIMALLY

IMMERSED IN THE UNIT SPHERE*

QING-MING CHENG

§1. Introduction

Let Mn be an n-dimensional Riemannian manifold minimally immersed in the

unit sphere Sn+ (1) of dimension n + p. When Mn is compact, Chern, do Carmo

and Kobayashi [1] proved that if the square || h || of length of the second

fundamental form h in Mn is not more than r, _ -. /, , then either Mn is totally

geodesic, or Mn is the Veronese surface in S (1) or Mn is the Clifford torus

Sk(yfk7n) x S*"^V7iFΠ5Γ7w) in SW+1(1)(O <k<n).

In this paper, we generalize the results due to Chern, do Carmo and

Kobayashi [1] to complete Riemannian manifolds.

Acknowledgement. The author would like to express his gratitude to Profes-

sors K. Shiohama and H. Nakagawa for their valuable suggestions.

§2. Preliminaries

Let M be an n-dimensional Riemannian manifold which is minimally

immersed in the unit sphere S (1) of dimension n + p. Then the second

fundamental form h of the immersion is given by h(X, Y) = VXY — VXY and it

satisfies h(X, Y) = h(Y, X), where V and V denote the covariant differentia-

tions on S (1) and M respectively, X and Y are vector fields on M . We

choose a local field of orthonormal frames ev . . . ,en+p in S (1) such that, res-

tricted to Mn, the vectors elt. . . ,en are tangent to Mn. We use the following con-

vention on the range of indices unless otherwised stated: A,B,C, = 1,2,. . .,

n + p; i, j , k, ' ' = 1,2,3,. . . ,n a, β, = n + 1, . . . ,n + p. We agree the
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repeated indices under a summation sign without indication are summed over the

respective range. With respect to the frame field of S (1) chosen above, let

ω : , . . >>ωn+p be the dual frame. Then the structure equations of Sn+P(l) are given

by

(2.1) dωA = Σ ωAB A ωB, ωAB + ωBA = 0,

(2.2) dωAB = ΣωAC A ωCB - ωA A ωB.

Restricting these forms to M , we have the structure equations of the immersion:

(2.3) ωa = 0,

(2.4) ωia = Σ h°fi)if h,, = hH,

(2.5) da)j = Σ ωu A ωjt ωu + ωu = 0,

(2.6) dωu = Σ ωik A ωkj - Ωφ Ωϋ = ^ Σ Rmιωk Λ ω,,

(2.7) Rim = (δikδn - δtlδ,k) + Σ {ha

ikh
a

n - haχk),

(2.8) dωaS = Σ ωar Λ ωrS - Ωaβ, Ωa$ = -^ Σ RaB^t A ωjt

(2.9) RaSii=Σ{ha

ikh%-ha

ikh
β

k).

Then, the second fundamental form h can be written as

(2.10) h(ei9 ej) = Σ hlea.

||We denote the square of the length of h by || h || . Then || h || is intrinsic and given

by II h || = n{n ~ 1) ~ R, where R is the scalar curvature. If we define h^jk by

(2.11) Σ ti*ijkωk = dh% + Σ h%ωki + Σ ti*kωkj + Σ hβ

uωβa9

then, from (2.2), (2.3) and (2.4), we have h"m = h%.

In this paper, we denote the image of the immersion by Mn for simplicity.

LEMMA 1 (cf. [2]). Let M be a Riemannian manifold minimally immersed in

Sn+P(l). Then for any unit vector v on Mn,

(2.12) Rick;, υ) > ~^~ (n-\\h | | 2),

where Ric(f, υ) denotes the Ricci curvature in the υ direction.
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LEMMA 2 (cf. [3]). Let Mn be a complete Riemannian manifold with Ricci curva-

ture bounded from below. Let f be a C -function bounded from above on M , then for

all ε > 0, there exists a point x in M such that at x,

(2.13) fix) > sup/- ε,

(2.14) l |F/ | |<ε,

(2.15) Δf<ε.

§3. Main results

THEOREM 1. Let M be an n-dimensional complete Riemannian manifold mini-

mally immersed in the unit sphere Sn+ (1) of dimension n + p. Then either Mn is

totally geodesic and M is globally isometric to S (1), or inf R < n(n — 1) •—

n
2-l/p

Proof. Following the computation in [1], we have

(3.1) \ A\ h f = Σ (ha

m)2 -KN-LN + n\\h |f.

Because

(3.2) Σ (Σ (ftX - * X ) ) 2 < 2 Σ OO2 Σ φ2,
ij k ij ij

we get

(3.3) KN = Σ (Σ ( * X - *X,)) 2

k

< 2 Σ Σ (hi)2 Σ φ2 = 21| A If - 2 Σ (Σ φ2 Ϋ.
αΦ/3 ij ij ij

(3.1) and (3.3) imply

(3.4) ±Δ\\h\f>\\h\\2[n-(2-±)\\hή.

Λ Λ

1) If inf/? < n(n — 1) — 2 _ -. , then Theorem 1 is true.

2) If inf R > n(n - 1) - y z ^ y X , then I? > n(n - 1) - 2 _ ^ 7 . . We

have
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(3.5) || h |f = n(n~l)-R< 2_\/p^

Hence, || h || is bounded. According to Lemma 1, we know that the Ricci curvature

of M is bounded from below. In fact, from (2.12) and (3.5), we have, for any unit

vector υ,

We define / = || h || , F — (f + a) (where a > 0 is any positive constant

number). F is bounded because || h || is bounded.

dF=\{f+aYι/2df,

= \[- \{f+ ar/2\\dff + (/+ aΓ1/2Δf]

= \ [- 2 || dFf + Δf] (/ + a)~ι/2 = jp [- 2 || dFf + Δf].

Hence, F4F = - || dFf + γΔf, namely,

(3.6) ±Δf=FΔF+\\dFf.

Applying the Lemma 2 to F, we have for all ε > 0, there exists a point x in Mn

such that at x,

(3.7) || dF{x) || < ε,

(3.8) ΔF(x) < ε,

(3.9) Fix) > supF- ε.

(3.6), (3.7) and (3.8) imply

(3.10) ^Δf<ε2 + Fε = ε(ε + F) (byF>0).

We take a sequence ίεw} such that εw—»0 (m—• °°) and for all m, there exists a

point xm in Mn such that (3.7), (3.8) and (3.9) hold good. Hence, ε m (ε w +

F(xm)} -• 0 0»—• °°) because F is bounded.

On the other hand, from (3.9),
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F(xJ > s u p F - εm.

Since F is bounded, {F(xm)} is a bounded sequence, and we get

F(xJ -> Fo,

if necessary, we can choose subsequence. Hence,

F o > sup F.

According to the definition of supremum, we have

(3.11)

From the definition of F, we get

(3.12) / C r m ) - > / 0

From (3.4) and (3.10), we obtain

f[n ~ (2 - l/p)f] <\άf<ε2 + εF,
2

f(xj [n - (2 - l/p)f(xj] < ε2

m + εmF(xJ < εm + εmF0.

Let m—» °o, w e have εw—• 0, /(xm) ~^/0. Hence,

fo[n — (2 - l//>)/0] ^ 0.

1) If /0 = 0, we have / = || Λ || = 0 . Hence Mn is totally geodesic, and we

know that M is globally isometric to S (1).

2) If/0 > 0, we have

n-(2-l/p)fo<O, fo> o * ,

ii ι ι2 Ύl

that is, sup \h\ > 2 — Λ /+>• F r o m (2.15),

infi?< «(w- 1) - w

2 - 1 /p'

This completes the proof of Theorem 1.

THEOREM 2. Let Mn be an n-dimensional complete Riemannian manifold mini-

mally immersed in the unit sphere Sn (1) of dimension n + p. If n > 1, p > 1, ί/ι̂ n

either M is totally geodesic and M is globally isometric to S (1), or M is the
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Veronese surface in S (1) or inf R < n (n — 1) — o — i //>•

Proof According to the proof of Theorem 1, we know

I i l|2 r\ II 7 ||2 \ Yl

I h II = 0 or sup \\h\\ > -FΓZZ2 - 1 /p *

1) If II h II = 0, then Mn is totally geodesic and Mn is globally isometric to

S (1) from Theorem 1.

ιι ιι2 Ή
2) If s u p || A || > 9 _ - , / , , t h e n w e h a v e

& -L / Ό

inf R — n(n — 1) — sup || h |

n
When inf i? < n(n — 1) — ^ _ -. , we know that Theorem 2 holds.

When inf R = n(n — 1) — ^ _ - . , , , we have

s u p II h IP
2 - 1//Γ

Hence,

\hf<
2-l/p'

According to Lemma 1, we get, for any unit vector v in M",

> ( n - l ) [ l - 2 - \ / p ] > 0 ^ y P > 1 > n > !)•

From Myers' Theorem, we know that M is compact. Main theorem, Corollary and

theorem 3 in [1] yield p — n — 2 and Mn is the Veronese surface in S (1). This

completes the proof of Theorem 2.

THEOREM 3. Let M be an n-dimensional connected complete Riemannian

manifold immersed in the unit sphere S (1) of dimension n + 1. If there is a point

p in Mn and a unit vector v such that Ric(#, υ) (p) = 0, then either Mn is totally

geodesic and Mn is globally isometric to S (1), or Mn is locally the Clifford torus

Sk(y/¥7n) x Sn~kW(n- k)/n) in S w + I ( l ) (0 <k<ή), orinίR < n(n - 2).
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Proof. According to Theorem 1, we know that either Mn is totally geodesic

and Mn is globally isometric to S w ( l) , or inf R < n(n — 1) — n — n(n — 2)

(ίromp = 1).

1) If M is totally geodesic or inf R < n(n — 2), then Theorem 3 is true.

2) If inf R = n(n - 2), then sup || h f = n. Hence, || h f < n. When || h f get

its maximum in Mn, that is, there is a point p in M w such that || h(p) || = sup || h ||
ii ιι2

we have \\h\\ —n from E. Hopf's Theorem. Theorem 2 of [1] implies that

Theorem 3 is true. When \h\ < n, we will show that it is impossible. In fact, if

|| A II < n, we have

Ric(ι>, v) > (n — '.

This is a contradiction.
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