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PESIN, Y. B. Dimension theory in dynamical systems: contemporary views and applications,
(University of Chicago Press, Chicago, 1998), xi + 304 pp., (cloth) 0 226 66221 7, £44.75
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As the title suggests, the topic of this book is a modern (and innovative) treatment of
dimension theory in dynamical systems. The past dozen years have seen significant advances in
the interplay between dimension theory and dynamical systems - for example, L.-S. Young's
beautiful result from 1982 relating the dynamical parameters of an ergodic measure to its
dimensional properties [15]:

Theorem. Iff : M —*• M is a C1+f" map on a compact 2-dimensional manifold M and n is an
ergodic f-invariant probability measure, then

l : logMB(x,r))_/l 1

r\o logr \k, k2)

where klt k2 are the Liapunov exponents with A, < k^ and h^ is the entropy offi.

The righthand side of (*) contains the dynamical parameters associated with \i, whereas the
lefthand side describes a measure-theoretical dimension property of \i. The book under review,
written by one of the world's leading experts in the field, is the first book to address the
interplay between dimension theory and dynamical systems. However, what really makes this
book unique is the author's use of a general and unifying approach to dimensions, which he
refers to as the general Caratheodory construction. This approach was developed by the author
in a series of papers in the late 1980s [11, 12]. The classical notion of measure-theoretical
dimension theory goes back to Constantin Caratheodory [2] in 1914 and, in particular, Felix
Hausdorff [7] in 1919. This construction forms the basis of fractal dimension theory and has
been studied in detail from a purely measure-theoretical point of view in the classical text by
Federer [6] and in the excellent (and recently republished) gem by Rogers [14], and more
recently in textbooks by Edgar [3], Falconer [4, 5] and Mattila [9]. Following the approach of
Caratheodory and Hausdorff the author defines dimensions as follows. Let X be a set and let
F be a collection of subsets of X. Let n, ty, (,: F -»• [0, oo] be three set functions (and assume
that t\ and \\i satisfy some mild technical conditions). For each a e R the author defines an
outer measure Mc(-,a) by

MC(Z, a) = lim inf I ̂ T <*(l/,)»;(I/,)" | Z c Q Uh U, e T for all i, tl/(U,) < e for all i \

for Z c X. It is easily seen that there exists a unique value, dimc(Z), of a such that

[ oo for a < dimc(Z);
Mc(Z,a) =

\ 0 for dimc(Z) < a.

The number dimc(Z) is called the (n, ip, <•;) Caratheodory dimension of the set Z. This
construction provides a very general and natural framework for dimension theory and includes
many dimension indices that have been studied in the literature.

(1) Hausdorff dimension. Let X = W. If T is the family of open subsets of R" and
n{TJ) = }p{U) = diam(l/) and £(1/) = 1, then dimc(Z) equals the Hausdorff dimension of Z.

(2) Renyi dimensions. Let X = R" and let / i bea probability measure on R" and y > 0. If T
is the family of open balls of R" and rj(B(x, r)) = \j/(B(x, r)) = r and ^(B(x, r)) = n(B(x, yr))q, then
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T(Z, q, r) := dimc(Z) equals the (q, y) Renyi dimension used in multifractal analysis. Putting Z
equal to the support of // and taking the supremum over all y > 1, one obtains the Renyi
dimension function t(q) = supr>, T(Z, q, y).

(3) Topological entropy. Let (X, d) be a compact metric space and / : X -*• X a continuous
map. For d > 0, n e N and x e X write Bn(x, <5) = {y\d(f(x), f(y)) < 5 for 0 < i < n). If
T = {Bn(x, <5)|x e X, n e N} and t]{Bn{x, 5)) = e~\ ^(B,(x, <5)) = i and £(Bn(x, 5)) = 1, then dimc(Z)
equals the <5-topological entropy of/ on Z. The limit superior as d tends to zero gives the
topological entropy.

The book is divided into two parts. Part 1, consisting of Chapters 1-4, develops the general
theory of Caratheodory dimensions and Part 2, consisting of Chapters 5-8, applies the general
theory to various constructions in dynamical systems.

Chapter 1 develops the theory of general Caratheodory dimensions in abstract spaces, i.e.
spaces without any metric structure. In Chapters 2, 3 and 4 the author studies in detail the
Caratheodory dimensions associated with the choices of T and (ri,ij/,^) in (1), (2) and (3)
respectively.

Part 2 of the book treats in detail a number of interesting and well-chosen examples. In
Chapter 5 the author considers fractal sets that appear naturally in dynamics, for example limit
sets of self-similar iterated function systems, Moran constructions and self-conformal iterated
function systems. The major part of Part 2 of the book, namely Chapters 6 and 7, is devoted to
a mathematically rigorous treatment of the multifractal structure of Gibbs states and self-
conformal measures. Multifractal analysis, which has become one of the most fashionable topics
in geometric measure theory and dynamical systems in the 1990s, studies the local structure of
measures with "widely varying intensity". Let fi be a (locally finite) Borel measure on R". For
x e R" we define the local dimension of n at X by d^x) = linv^OogMBCx, r)))/logr). For a
measure fi with "widely varying intensity" we might expect that the sets {x|<?,,(x) = a} of points
with a given local dimension a display a fractal character for a range of values of a. If this is the
case, then the measure is called a multifractal measure and it is natural to study the sizes of
the sets {xld^x) = a) as a varies. Typically these sets have zero n measure except for a few
exceptional values of a and we therefore study the Hausdorff dimension of the sets (xld^x) = a}
as a function of a:/,(*) = dim{x|i;i(x) = a}. This and similar functions are generically known as
the multifractal spectrum of \i. The celebrated "Multifractal Formalism" asserts that for good
measures we have /^(a) = t*(a), where x* denotes the Legendre transform of the Renyi dimension
function in (2). The author gives a detailed discussion of these concepts and verifies the
"Multifractal Formalism" for Gibbs measures and equilibrium measures of Axiom A
diffeomorphisms. Similar multifractal frameworks based on general Caratheodory constructions
have also been developed and studied independently by Peyriere [1, 13] and the reviewer [10].
The final chapter discusses the Eckmann-Ruelle conjecture (a higher dimensional version of the
above theorem of Young).

The book is well written; the exposition is self-contained, intelligent and well paced; misprints
are extremely few. The book is at the graduate level, but not specifically intended as a textbook
(for example, the book does not contain any exercises). There are, as mentioned earlier, a
number of good texts on dimension theory, for example [3, 4, 5, 9, 14], and dynamical systems
and ergodic theory, for example [8, 16]. However, the strength of the present book is due to the
author's general and unifying approach to dimension theory and dynamical systems based on
general Caratheodory constructions. This book is therefore useful both to people working in
dynamical systems and to people working in geometric measure theory (in particular, those
interested in multifractal analysis). The reviewer is convinced that the general Caratheodory
dimension construction which the book describes and develops will become a standard approach
to the study of dimensions in, and also outside, the field of dynamical systems. This book is
highly recommended to anybody interested in a modern and unifying approach to dimension
theory in dynamical systems and geometric measure theory.

L. OLSEN
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