
adding to each "Stichwort" the corresponding word in English, French, 

Italian, Russian. 

H. S c h w e r d t f e g e r , McGi l l U n i v e r s i t y 

Inf ini t is t ic m e t h o d s , P r o c e e d i n g s of the s y m p o s i u m on foundat ions 
of m a t h e m a t i c s , W a r s a w 1959. P e r g a m o n P r e s s . 362 p a g e s . L 5 ne t . 

Under the inf luence of H i l b e r t ' s p r o g r a m to p rov ide a sound b a s i s 
for m a t h e m a t i c s by pu re ly f in i t a ry c o n s i s t e n c y p r o o f s , l og ic i ans have 
worked in m e t a m a t h e m a t i c s for m a n y y e a r s wi th one hand t ied behind 
t he i r b a c k s . To m a r k the r ecogn i t ion of a new e r a , we have h e r e the 
p r o c e e d i n g s of a s y m p o s i u m on the foundat ions of m a t h e m a t i c s with no 
holds b a r r e d : E v e r y t h i n g g o e s , f r o m Zorn 1 s l e m m a to f o r m u l a s of 
infinite length. The r e s u l t s a r e t r e m e n d o u s l y i n t e r e s t i n g and i l l umina t e 
m a n y different b r a n c h e s of m a t h e m a t i c s . 

The vo lume under r ev i ew con ta in s r e s e a r c h p a p e r s that w e r e 
p r e s e n t e d at the 1959 W a r s a w Sympos ium by the following a u t h o r s : 

J . Los , S. Mac Lane , R. Montague , C. Spec to r , G. K r e i s e l , 
A. Mos towsk i , L. Henkin, A. Heyt ing, Dana Scot t , A. Robinson , 
R. L. Vaught , L. K a l m a r , a l l in Eng l i sh . 

P . B e r n a y s , G. H. MÛller , P . L o r e n z e n , R. MacDowel l and 
E. Specker., R. P é t e r , a l l in G e r m a n . 

A. S. E s é n i n e - V o l p i n e , L. R i e g e r , R. F r a i s s é , Gr . C. M o i s i l , 
a l l in F r e n c h . 

P . S. Novikov, in R u s s i a n . 

It is c l e a r l y i m p r a c t i c a l to r e v i e w a l l t h e s e p a p e r s or even to 
l i s t t h e i r t i t l e s . Ins tead , I sha l l m a k e some r e m a r k s about t h r e e of 
the p a p e r s that caught m y fancy on f i r s t b r o w s i n g t h r o u g h the v o l u m e . 

(1) S. M a c L a n e , Loca l ly s m a l l c a t e g o r i e s and the foundat ions 
of set t h e o r y . T h e r e a r e s e v e r a l t en ta t ive p r o p o s a l s , for avoiding the 
p a r a d o x e s of set t h e o r y , the one accep t ed by m o s t m a t h e m a t i c i a n s being 
due to Godel. One d i s t i n g u i s h e s be tween s e t s and c l a s s e s , a l l s e t s a r e 
c l a s s e s , but only s e t s can be m e m b e r s of c l a s s e s . Many r e c e n t con­
s t r u c t i o n s in homolog ica l a l g e b r a have v io la ted th i s p r i n c i p l e ; for 
e x a m p l e , people have c o n s i d e r e d the c a t e g o r y of a l l c a t e g o r i e s , in 
spite of the fact tha t c a t e g o r i e s a r e usua l ly too l a r g e to be s e t s . 
M a c L a n e p r o p o s e s a un i fo rm method for o v e r c o m i n g t h e s e d i f f icu l t ies , 
and inc identa l ly gives a v e r y r e a d a b l e and c o n c i s e accoun t of the m a j o r 
concep t s and r e c e n t d e v e l o p m e n t s in h o m o l o g i c a l a l g e b r a . 

(2) L. Henkin, Some r e m a r k s on infini tely long f o r m u l a s . The 
p a p e r dea l s with t h r e e w a y s of c r e a t i n g f o r m u l a s of infini te length: 
F i r s t by al lowing inf in i tary p r e d i c a t e s , secondly by a l lowing infinite 
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conjunct ions and d i s junc t ions , and th i rd ly by al lowing infinite s e q u e n c e s 
of quan t i f i e r s . Conce rn ing th i s l a s t p r o b l e m , it t u r n s out that one need 
not r e s t r i c t onesel f to s e q u e n c e s , o ther p a r t i a l o r d e r i n g s of the 
quan t i f i e r s a l s o m a k e s e n s e . F o r e x a m p l e , Henkin c o n s i d e r s the 
following p s e u d o - f o r m u l a : 

R(x, y ; v, w) , 

the idea be ing that v depends on x but not on y and w depends on y 
but not on x . Th is m a k e s s e n s e , for it i s obviously equiva len t to the 
second o r d e r fo rmula 

( 3 g ) ( 3 h ) ( V x ) ( V y ) R (x ,y ;g(x) , h (y» . 

Howeve r , it i s not equiva len t to an o r d i n a r y l i nea r fo rmula in the f i r s t 
o r d e r p r e d i c a t e c a l c u l u s , ' a s w a s shown by A. Ehrenfeuch t . One might 
be t e m p t e d to th ink that such a p s e u d o - f o r m u l a is excluded f rom the 
u sua l p r e d i c a t e ca l cu lu s for t ypograph ica l r e a s o n s only, but ac tua l ly 
Ehrenfeuch t showed that if it w e r e admi t t ed into the p r e d i c a t e c a l c u l u s , 
the e n r i c h e d ca lcu lus would no longer be a x i o m a t i z a b l e . 

(3) Dana Scott , On cons t ruc t i ng m o d e s 1 for a r i t h m e t i c . This 
pape r con ta ins some fasc ina t ing app l i ca t ions of logic to a l g e b r a , but it 
can be r e a d without any knowledge of f o r m a l logic. If Û is the field 
of r a t i o n a l s , I an infinite index set , M a n o n - p r i n c i p a l m a x i m a l 
idea l of Q , then it follows f rom the w o r k of S. Kochen that Q*/M 
is a field which is not i s o m o r p h i c to Q , but which is e l e m e n t a r i l y 
equiva len t to Q , in the sense that e v e r y e l e m e n t a r y ( f i rs t o r d e r ) 
s t a t e m e n t val id for the l a t t e r i s va l id for the f o r m e r . The p r e s e n t 
au thor shows that if Z is the domain of i n t e g e r s , P a n o n - p r i n c i p a l 

T T 

m i n i m a l p r i m e idea l in Z , then Z / P is an i n t e g r a l domain which 
is not i s o m o r p h i c to Z , but which is e l e m e n t a r i l y equivalent to Z . 
In fact Z V P i s r e l a t e d to Skolem' s o r ig ina l n o n - s t a n d a r d mode l of 
a r i t h m e t i c . It can be d e s c r i b e d as an o r d e r e d i n t e g r a l domain which 
i s induct ive (in a c e r t a i n t echn ica l sense) and n o n - A r c h i m e d e a n . 
(The r e a d e r wil l e a s i l y convince h imse l f that the A r c h i m e d e a n p r o p e r t y 
of a r ing i s not an e l e m e n t a r y s t a t e m e n t ; one m u s t quantify over s o m e ­
thing e l s e than the e l e m e n t s of the r ing . ) The pape r a l s o conta ins 
s e v e r a l pu re ly a l g e b r a i c r e s u l t s of c o n s i d e r a b l e i n t e r e s t . 

Let it be e m p h a s i z e d again that the se lec t ion of the t h r e e p a p e r s 
r ev i ewed h e r e is not intended to re f lec t in any way on the quali ty or 
i m p o r t a n c e of the r e m a i n i n g p a p e r s . 

J . Lambek , McGil l U n i v e r s i t y 

( V x ) ( 3 v ) 

( V y ) ( 3 w ) 
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