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Abstract

A two-term Edgeworth expansion for the distribution of an M-estimator of a simple linear regression
parameter is obtained without assuming any Cramér-type conditions. As an application, it is shown
that certain modification of the naive bootstrap procedure is second order correct even when the error
variables have a lattice distribution. This is in marked contrast with the results of Singh on the sample
mean of independent and identically distributed random variables.
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1. Introduction

The following simple regression model will be considered throughout this paper
(11) szx]ﬂ+€], j=1,2,...,n,

where €|, €, ... , €, are independent and identically distributed (i.i.d.) random vari-
ables (r.v. ’s) with a common distribution function (d.f.) F, g is the unknown regres-
sion parameter to be estimated, and x1, x;, ... , X, are known non-random constants.
In the sequel some restrictions will be imposed on these constants in order to obtain the
results of this paper. Let ¢ be a nondecreasing function on the real line R, satisfying
the assumption

(1.2) Ey(e)=0.
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An M-estimator B, of B corresponding to v is defined to be a solution of the
equation (cf. Huber [8])

Y Xy (¥ —xt) =0.
j=1

In particular, ¥ (x) = x yields the least square estimator (LSE) of 8. Consistency
and asymptotic normality of B, has been established by Huber [8] in a more general
setting. More accurate approximations for the distribution of 8, can be obtained
using Edgeworth expansions. In recent years, there have been a number of studies on
Edgeworth expansion for 8,, viz. Ringland [13], Navidi [11], Qumsiyeh [12], Tiro
[16] and Lahiri [10]. In all these works excepting Navidi [11], it is assumed that the
distribution of v (¢,) satisfies some variant of the following smoothness condition,
known as the Cramér condition:

For every § > 0, there exists a0 < g < 1 such that |E exp(ityr(e1))| < g
for all |¢| > 8.

Navidi [11] uses a weaker condition, requiring only that v (¢;) be non-lattice. (A
r.v. W is called non-lattice if |E exp(itW)| # 1 for all t # 0; otherwise, it is called a
lattice r.v. See Feller [5] for more details.) Note that the non-lattice and the Cramér
conditions both hold when the distribution of ¥ (¢,) has a density. However, there are
many important discrete error distributions for which v (¢,) fails to satisfy either of
the two smoothness conditions. In this paper, we provide appropriate conditions on
the design points x;’s such that two-term Edgeworth expansions hold for standardized
M-estimators irrespective of such smoothness of ¥ (¢,). Consequently, one can use
our result to obtain a more accurate approximation to the distribution of standardized
M-estimators (including the LSE) without having to add separate continuity correction
terms when v (¢,) is a lattice r.v.

Next, we consider bootstrapping B8, under model (1.1). Let €f, ..., € denote a
random sample from the residuals

’gj.:Yj—ijn, j=12,...,n.

Then, the ‘naive’ bootstrap estimator 8? of B,, is defined as a solution to the equation
(cf. Efron [4])

(1.3) Y Xy —xt)=0
j=1

where Y’s denote the bootstrap observations, defined by Y = xB,+ €, 1<j=<n
This naive approach of bootstrapping M-estimators poses a serious problem under
model (1.1), which has been detected by Freedman [6] for the LSE, and by Shorack
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[14] and Lahiri [10] for general M-estimators. Unless the bootstrap resamples are
selected appropriately to ensure the bootstrap analogue of (1.2), viz.,

(1.4) E¥(e}) =0,
the limit distribution of a,(8: — B,) incorporates a random bias term and fails to
approximate the distribution of a,(B, — B). (Here, a2 = Y 7_, x?, and E, denotes
the conditional expectation given V), ... , ¥,.) Since (1.4) does not hold for the naive
bootstrap approach described above, it fails under model (1.1). Two modifications of
the naive bootstrap for M-estimators have been suggested by Shorack [14] and Lahiri
[10]; these can be described as ‘centering the score function ¥’ and ‘changing the

resampling distribution’ respectively. Here, we will employ the second one where one

drawsi.i.d. bootstrap observations €}, . . . , €; from the weighted empirical distribution
(L5) F.) =p;' Y Ixlie < y),
putting mass |x;|/p, at€; j =1,2,3,...,n, where p, = E;'zl |x;|. Note that when

this weighted empirical distribution has been employed and x;’s are all positive or all
negative, then the required assumption (1.4) is met.

Asymptotic validity of the modified bootstrap procedures have been established by
Freedman [6] and Shorack [14], and the issue of second order superiority have been
investigated by Navidi [11], Qumsiyeh [12], Tiro [16] and Lahiri [10] under different
sets of regularity conditions on the design constants x;’s, the score function ¢ and
the unknown error distribution F. As in the case of deriving Edgeworth expansions,
all these works on the second order accuracy of the bootstrap require the ‘non-lattice’
condition on the 1.v. ¥ (¢;). From the seminal work of Singh [15] it is well known that
for the sample mean of iid r.v. s, (which is a special case of our model with x; = 1
and ¥ (x) = x), the bootstrap approximation is second order correct if and only if
the underlying distribution F is non-lattice. In contrast, we show that this is not a
necessary condition for the second order correctness of the bootstrap under the full
generality of model (1.1). This is particularly important from an application point of
view, since most of the standard discrete distributions are lattice distributions.

The rest of the paper is organized as follows. In Section 2, we state the assumptions
and the main results. In Section 3, we give the proofs.

2. Assumptions and results

Before stating the results, we set up the notation. Define a; = }7_ x7, and

M, =max{|x;| : 1 < j <n}. Forx € R, write u(x) = E¥(€,—x), V(x) = o%(x) =
Var(y (e, — x)), u3(x) = E(Y (e, —x) — p(x))*, and p3(x) = E|¥ (e —x) — u(x)[*.
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The first three derivatives of a function g defined on R will be denoted by g’, g”,
and g”, respectively. Furthermore, define A = —u'(0)/5(0), d\, = Y_;_, x}/a;,
dy, = Z;'zl Ix;1*/a3, dy, = Z;’zl x}/a} and let b, = loga,, whenever it is defined.
For the moment deferring the specification of the r,’s, let C, be the set of integers
given by

Cn = {1 < .] <n: |xj| =< d3nan/rn} .

We are now ready to list the assumptions in addition to the ones given heretofore.
We have two groups of assumptions. The first group of assumptions are required
for both Edgeworth expansion and bootstrap approximation. They are labelled (A.1)
through (A.4). The second group of assumptions are labelled as (R.1) and (R.2). The
assumption (R.2) is used in Theorem 2.2, in the context of the bootstrap approxima-
tion.

(A.l) a, > c0asn — 0Q.

(A.2) There exist a sequence {r,} such that r, — o0 as n — oo and
Y e, 52/ d2ya2) — oo.

(A.3) A > 0 whenever it exists.

(A4) M,b, = o(a,) asn — oo.

REMARK 2.1. Conditions (A.1) and (A.3) are required for the asymptotic normality
of the M-estimator 8, (cf. Huber [8])). Typically a, is of the order /n. Condition
(A.4) is used here to express the Edgeworth expansion for 8, in a simple form
(cf. Theorem 2.1). Note that under (A.4), M,/a, = o(1) as n — o0. In this
study, Condition (A.2) has a distinctive position and, it is this assumption that makes
possible the Edgeworth expansion and the bootstrap approximation without requiring
any Cramér-type conditions. Note that, since ). x}/(d;,a}) — coasn — oo, any
choice of r, must satisfy r,/|C,|M, — 0 as n — oo, where |C,| denotes the number
of elements in the set C,. For instance, if x; are given by x; = j, then the assumption
is viable. For this example, r, may be taken as n'/4,

Next we list the other assumptions.

(R.1) (1) The function w,;(x) has 3 — i continuous derivatives in a neighbor-
hood N of zero, i = 0,1,2, and pu3 is continuously differentiable in
the neighborhood N.
(ii) There exists an a > O such that E|y¥ (¢, + a)}* < oo.
(R.2) ¥ has uniformly continuous bounded derivatives ¥ fork =0, 1, 2.

The results of this paper are given below.
THEOREM 2.1. Assume that Conditions (A.1) — (A.4) and (R.1) are satisfied. Then,

sup | P (@, A(B, — B) < ¥) — &(»)| = 0(dx).

yeR
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Here &,,(y), the Edgeworth expansion for the distribution function of a,A(B, — B) is
given by
po0 WOV, y ©3(0)

) =00 ~dulCer = =56 242 T 6or0)

H,(N]e(y),

where Hy(y) = y? — 1 is the second order Hermite polynomial, and ®, ¢ denote the
standard normal distribution function and density function, respectively.

Next we state the result on bootstrapping B, under model (1.1). Assume that
X1, ... ,Xx, are all positive or all negative. As indicated above, we will denote the
bootstrap version of 8, by 8. Also, we will write P, and E, respectively for the
conditional probability and the conditional expectation, given the data ¥, ... , ¥,.

THEOREM 2.2. Assume that the Conditions (A.1) — (A.4) and (R.2) hold and that for
every ¢ > 0,3 > exp(—cp?/a?) < oco. If the bootstrapped estimator B is defined
by (1.3) and F, by (1.5), then

(i) sup,cq |Pa(anAn(B: — B,) < ¥) —En(3)| = 0(ds,) as.
and
(ii) sup,eg |Pu(asAn(B; — B,) <y) — P(a,A(B, — B) <) =o(ds) as.

where é’;,, (y) is given by

O mOVI©), Y mu©)

E3.(¥) = D(y) — dil( 5.(0) 52(0) 242 653(0)

H(y)1o(y),

with m,(x) = E,¥(ef — x), V*(x) = s2(x) = E, (Y (e — x) — m,(x))%, A, =
—m. (0)/5,(0), and m;,(x) = E,(Y (€] — x) —m,(x))}, x € R.

3. Proofs

Some more notation will be introduced first. For x, y, and ¢ in R, let

(1) =Y _ ¥ (Y, — x;0),
i=1

ua(y) = E[S,(B + =],
a, A
V,(y) = t2(y) = Var (Sn(ﬂ + -2 )) ,
a, A
p3(y) = E|¥ (e — y) — u(P,
3
in(y) = E (sn(ﬂ +2 - u,.(y)) ,
a, A
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H3n ()’)
672 (y)

Msn(}’) . \3 2
61’?0)) ) ]CXP(~t /2),
y

0.y, t/t(y)) = Eexp (it(Sn(ﬂ + p A) ~ Un (y))/rn(y)) ,

Vo (y, 1/, () = log @, (y, t/T.(y)) + £2/2,
w;i(y, 1) = Eexp(itx;(¥ (e — y) — u(y)).

K3 (y, x) = ®(x) — (

YHy(x)¢(x),

Vsn()’»t) = [1 + (

PROOF OF THEOREM 2.1. Notice that by the non-decreasing property of ¥ and the
definition of §,,,

P(S,(t) <0) < P(B, <1) < P(S,(t) < 0),
(3.1 P(S.(t) > 0) < P(B, = 1) < P(S,(t) > 0).

Consequently, for any y € R,

P(a,AlB, — Bl > y) < P(Sn(ﬂ+ Y )20)+P(Sn(ﬂ- Y )50)-
a,A a,A
Next note that by (R.1) and (A.3), there exist constants ¢, > 0, n; > 0 such that
|(x)| = c1]x| for all |x]| < ;.
Now using Lemma 4.2 of Fuk and Nagaev [7], one can show that for all n with
M,b, < na,, and for any ¢ > 0,

(3.2) P (a,AlB, — Bl > cb,) < Dd,b;*

where D is a constant depending only on ¢. By (3.1) and (3.2), it follows that
an Edgeworth expansion for P(a,A(B8, — B) < y) can be obtained by finding an
expansion for P(S,(8 + y/a,A) <0), |y| < cb,, and then appraising

sup {P(S,(B + y/a,A) =0) : |y| = cb,},

for some ¢ > (. To that end, we use Esséen’s lemma. By (R.1), for a given
constant n > 0, there exists a constant b > 0, such that for all n > b and |y| < b,,
24|K;,(y, x)| < bn. Fix y € R with |y| < b,. Then, by Esséen’s Lemma (cf. [5,
Lemma 16.3.2]) witha = b/d,,,

‘P«Sn(ﬂ + ay = 1 ON/TO) = X) = Kan(3, %)
(3.3) < f 10,0y, ;%) — an O\t dt + .
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The integral on the right hand side will be estimated in two parts; one ranging over
|t| < éa,/M, and the other ranging over da, /M, < |t| < a, where the constant § > 0
will be specified later. We claim that over the region |t| < 8a,/M,, the integral on the
right hand side of (3.3) can be bounded by

(3.4) / D((|tPdyal /T ) + 1t (dinad /T2 (0) e Pdt = 0(ds,)
|t|<dan/M,

where D is a positive constant.

To prove this, note that by Conditions (R.1) and (A.4), and by inequality 26.4 of
Billingsley [3], we can find § > O and n, > 1 such thatfor alln > n,, x;y/(a,A) € N
and

sup{|w;(x;y/(anA), t/T,(y)) — 1] : [t] < da,/M,} < 1,

uniformlyin j€{l, ... , n}. Therefore, Taylor’s expansion of log w;(x;y/a, A, t /t,(y))
around ¢+ = 0, inequality 16.2.8 of Feller [8], and the facts d}, = 0(d},) and
d} = o(d2) yield (3.4) after some simplifications.

Next we estimate the integral (3.3) over 8a,/M, < |t| < a. Obviously the integral
on the right hand side is smaller than

f 10u (5, /TNt + / yon (s 111211
da, /M, <|t|<a

da, /M, <|t|<a

Using [2, Theorem 8.9], and the fact that for » large, 7,(y) > czaf for some ¢ > 0
uniformly in |y| < b,, we get

(3.5) 10.(y, t/Ta(y))| < 773
for all |¢t| < D/ds,, where D > 0 is a constant, not depending on y and #n.
Next define
Xy Xy .
7z = — — _ , = l, A (B
=0 (y) ('ﬁ( j ,,A) u(anA)) J n

Then as in the proof of [2, Theorem 8.9], we have

iZ; 2 [tx;] 2, %Y ltx;] Xy
(3.6) |Ee™| 5exp< 2(y)[ (a,,A) t"(y)P ])

for all + € R. Since Q,(y,t/t,(¥)) = ]_[;'=l E exp(itZ;), applying Condition (A.2)
together with the bound (3.6) over the region D/d;, < |t| < b/d,, and using (3.5)
over da,/M, < |t| < D/ds,, we get

/ 1Qn (¥, t/Tu(Y)t] ™ dt = 0(dsy).
ba, /M, <Iit|<b/d3n

https://doi.org/10.1017/51446788700001063 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001063

368 I. Karabulut and S. N. Lahiri [8]

Also, note that by the Mill's ratio, f
we have shown that

w, [V (Vs D||t|~'dt = o(ds,). Therefore,

ti>8a,/

sup sup | P((S, (B + —
[y<b, xeR a,A

) = U ()/T(y) < x) — Kan(y, X)| = 0(d5n).

Now replacing x by —u,(y)/t.(y), we get

sup |P(a,A(B, — B) < ¥) — Kan(y, =10 (3) /T ()| = 0(di)-

I¥l<bn

Next using Taylor’s expansion, together with the inequality: for k > 0, D > 0,
|| < D, and |y| < b,, $®(y + 0y*ds,) < D(1 + |y|*)¢(y), one can show that

K3, (y, —tn (y)/ 7 (¥))
w0 V’(O)u/(O)) y_2 N u3(0)

=®0) —dn [( o (0) o3(0) 242 ' 60%(0)
= $3n(y) + 0(d3n)a

Hz()’)] & (y) + olds,)

uniformly over |y| < b,. This gives the expansion for P(a,A(B, — B) < y) for
ly| < b,. In view of (3.2), it follows that

sup |P(a,A(B, — B) < y) — &, (¥)| = 0(ds,),

yeR

which completes the proof of Theorem 2.1.

Next we give a proof of Theorem 2.2. The notation will be the same as in the proof
of Theorem 2.1 with the convention that we will put an asterix over a letter to denote
its bootstrap counterpart. The following lemma will be used repeatedly.

LEMMA 3.1. Suppose that the conditions of Theorem 2.2 are satisfied. Let F, be
the resampling distribution defined as in (1.5). Then:

(i) Forany M > 0,
sup{lw,(y, )| : [t| < M, |y| < M} =o0(l) as.

where w(y, t) = E,[exp(ity (e} — y))}
(1) For h a function with a bounded first derivative, and for any M > 0,

sup{|E.h(€] — ¥) — Eh(e; — y)| : [y| = M} =0o(1) as.
Lemma 3.1 can be proved using assumption (R.2), [7, Lemma 4.2] and a discretizing

argument as in the proof of [1, Lemma 4.2]. We omit the details.
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PROOF OF THEOREM 2.2. The first part of the theorem can be proved by tracking
the proof of Theorem 2.1; nevertheless, it must be considered in the almost sure sense.
Note that by (A.3), (R.2), the monotonicity of ¥ (cf. (3.1)), and Lemma 3.1, there
exist constants ¢ > 0, n; > 0 such that for all large n,

Im,(x)| > c|x| forall |x|<wn, as.
and

P.(|B: — B, > u) < exp(—cu’al) as.
for any u > 0. Consequently,
37 P.(la,An(B; — B 2 ba) <a;”  as.

Given any n > 0, by Lemma 3.1, there exists b* > 0 (possibly random) such that for
alln > b*, |y| < b,, and x € R, 24K, (y, x)| < b* a.s. Hence writing a = b*/dj,,
by Esséen’s Lemma,

y
a,A,

P,((S; (B, + ) —m,(yN/7;(y) < x) = K;3,(y, x)

a

< | 1, t/7; () = v O, DIt At + nds,.

Now, using Lemma 3.1, Conditions (A.2) and (R.2), and retracing the proof of The-
orem 2.1, it can be shown (see Karabulut [9]) for details) that

t
f 1020 ——) — y2.(y Il e = o(dy) as.
|t|<bdy! T, ()’)

Hence, we have

sup sup | P,((S;(B, + —2—) — ma()/11(y) < %) — K5 (3, X)| = 0(dy,)  as.
|¥|<bn, xeR anAn
Next using bootstrap analogs of inequality (3.1) and setting x = —u;(y)/t;(y)
in K3, (y, x), and then expanding the coefficients in Taylor’s series, the last result
becomes

sup | Po(a, A, (B — B,) < ¥) — (D) = o(dy,) as.

1y|<bn
Finally, because of inequality (3.6), the first part of Theorem 2.2 is proved.
To prove the second part of the theorem, note that by the first part and Theorem
2.1, it is enough to show that
sup |&, () — £ (y)| = 0(ds)  ass..
yeR

Repeated use of Lemma 1 proves this. Therefore, the proof of Theorem 2.2 is
complete.
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