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ON ESSENTIAL EXTENSIONS OF RINGS

E.R. Puczyiowsk1

This paper concerns the problem of description of the set of
rings containing a given ring as an essential ideal. The
results obtained are applied to some problems of ring theory

and radicals.

All rings in this paper are associative. To denote that I 1is an
ideal of a ring A we write I« A . Recall that an ideal I of A4 is
said to be essential or that the extension I <« 4 is essential, if for
every non-zero ideal J of A ,J nI #O0 . Given a ring I we write
EI = {BIB ~ A/T for some essential extension I <4} . Clearly if
I >I' then EI =EI'.

It appears that many ring theoretic problems concern in fact a
description of EI . Among them are those on the possession by I of a
unity and on describing atoms in the lattice of radicals. In this paper
we study FEI , extending, in particular, results in both those areas. For
some important results we give simpler proofs. In the second part of the
paper special attention is paid to applications to radicals, which

actually inspired the studies.
1.

B key role in this paper is played by the following elementary
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lemma.

LEMMA 1. Suppose that I 1ige a subring of a ring P and
simultaneously I< R . Glven p € P, r € R and a regular element
i € I of P the following conditions are equivalent

1) pi = ri;

i1) ip = ir ;
121} pi' =ri' foreach i' eI ;
) i'p=1i'r for every i' eI .

Proof. since I is an ideal of R , we have for every <' e I
both ri’ eI and i're I . Now if pi = ri then <i'pi = 1'ri . Hence,
since 1 is regular in P, 2'p = {'r . Thus i) implies iv). Obviously
ii) is a special case of iv). Symmetric arguments give the other
implications. B

It is clear that the element p of Lemma 1 belongs to the idealiser
Idf ={x eP |2l cI, IxcI} of I in P . The idealiser Id T

is the largest subring of P containing I as an ideal.

Taking in Lemma 1 P =I and p = (0 one obtains that for every
» € R, ri =0 if and only if <ir = 0 . This implies that
R(i) = {r ¢ R|ir = 0} is an ideal of R . Since < is a regular

element of I, T n R(Z) = 0 . Thus we have

COROLLARY 2. If I« R and I contains a regular element 1 then
I 1is an essential ideal of R <if and only if R(L) =0 .

COROLLARY 3. EI = {0} if and only if I is a ring with wnity.

Proof. If e 4is a unity of I and I< R then for every
re R\I,r-er#0 . Obviously r-er ¢ R(e) and e is a regular

element of I . Thus I 1is not an essential ideal of R .

Suppose now that EI = {0} . Let I1 be I with a unity adjoined
and let M be a maximal ideal of I1 satisfying I n M =0 . Clearly
I can be treated as an essential ideal of Il/M . Thus, since EI = {0},

1 . - . . . .
we have I = I /M ; in particular I is a ring with unity. i

For a given right R-module M , let L(MR) denote the lattice of

R-submodules of M . We use = to denote a lattice isomorphism.
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COROLLARY 4, If < 4is a regular element of I and I 1is an
essential ideal of R then

a) the mapping f:R + I given by f(r) =ir is an embedding of
right R-modules;

b) L((R/I)Z) =L ((iR/iI)I) , where Z is the ring of integers.

Proof. bviously Kerf = R(i) , so by Corollary 2, Kerf = 0 .
This proves a). Now L ((R/I)Z) *® L ((iR/iI)Z) . Since I is an ideal

of R , every additive subgroup of <R/ZI is a right I-submodule. Thus
L ((iR/iI)Z) ® L ((iR/iI)I) . 0

Corollary 4 gives immediately relations between some properties of
I and B ¢ EI such as cardB < card]l or, if I is a right chain ring
then the additive group of B 1is a chain.

The Krull dimension of a right H-module M is denoted by KdimMR.
PROPOSITION 5. If I contains a regular element <, B e EI and

KdimII is defined, then KdimBZ is also defined and Kdim B, A KdimII.

Proof. et I be an essential ideal of R with R/I @ B . By

Corollary 4 b), Kdim(inR/inI)I = Kdi_mBZ for n=1,2,... . Since I is

an ideal of R and ieI,iRaiIgiZRaigIg... is a chain of right

I-submodules of I . Hence KdimBZ < KdimII . 0

COROLLARY 6. Let I be a k-algebra over a field k containing a
regular element i . Then

a)l if I is a right chain ring then the field k is finite and
prime and i1f 0 # A e EI then A2k or AZ x° , where k° is the zero
ring on the additive growp of k ;

b) if KdimII 18 defined then every ring of EI 1is finite and
EI = {0} provided k <is infinite.

Proof. Let I @R be an essential extension. Observe that
iRATI c U = {x e I/iI | xr = 0} . obviously U is a k-space and every
additive subgroup of I/ZI is its - -submodule. Hence if I is a right
chain ring then di_mkU =1 . In addition k must be a chain Z-module,

which implies cardk < @ . Thus cardl = cardk < «* . Now by Corollary 4
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a), cardR/I < cardk < » . This proves a). No infinite field and no
infinite dimensional space over a field have Krull dimension as 2Z-

modules. Hence if KdimII is defined and U # 0 then k is a finite
field and dimkU < o , Now Corollary 4 a) implies

card R/I < card k dimk

Corollaries 3 and 6 imply that (see [1!, section 3]) if a k-algebra

U< o, ]

I over an infinite field Xk contains a regular element and KdimZ‘I is
defined then I has a unity
The following result was proved in [6]. Here we give a direct proof

not using multiplier algebras.

PROPOSITION 7 ([61). Let L be a left ideal of a ring P and
suppose that L contains an element 1l regular in P . If L <R and
> IdPL such that

Rl c Pl then there exists a ring homomorphism f:R
flL =1d .

Proof. The assumption RL c Pl says that for every r € R there
exists p € P with rl = pl . Regularity of 7 implies that p is
uniquely dQetermined; denote this element by f(r) . Thus »rl = f(r)l
and by Lemma 1, Ir = Lf(r) and f(r) € IdFL . If ro7, e R then
f(rl +r2)Z= (r1+r2)l=rll +r21=f(r1)l+f(r2)l , SO f(r1+r2) =

f(r'l) + f(rz) . Now Zf(rzr‘z)l = ZrerZ = Zf(rl)rgl = Zf(rl)f(r'g)l s, SO
f(rlrz) = f(rl)f(r'2) . Hence f is a homomorphism of R into IdPL .
Obviously f'IL =1id . 0

The above result can obviously be applied to principal left ideals
generated by regular elements of P and it was done in [6]. The
following lemma shows that it can also be applied to some other left ideals

of P.

LEMMA 8. If L s a left ideal of a ring P with wnity and
LP = P then

a)l L 1is a finitely generated right L-module;

b) if L <R then forevery 1l e L, PlL 2RL.

Proof. Since LP =P and P is a ring with unity, there exist
Pyse-sP, € P and Zl,...,ln € L such that 1 = le1+... +ann . Hence
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Lc 11p1L+... +annL5 ZnL+... +ZnL cL, so 21L+... +ZnL =L and we
obtain a). Now RL = R(1l) = R(le1~+... +1npn)Z . Since for all

1, piZ € L , we have R(le11+... +annl) _c_RZJ(pJZ)+... +RZn(an) <
Lp,l) +... +L(an) = (Lpl)Z+... +(Lpn)l c Pl ., a

COROLLARY 9. If L is a left ideal of a ring with unity P ,
LP =P and L containsg a regular element of P then B ¢ EL <if and
only if for some subring A of IdPL » LcA and A/LZB.

Proof. Let L< R be an essential extension with R/L £ B . By

Proposition 7 and Lemma 8 there exists a homomorphism f :R —> IdPL such
that flL =1d . Obviously Kerf n L =0 , so, since L 1is an essential

ideal of R , Kerf = 0 . This proves that B is isomorphic to f(R)
which is a subring of IdPL .

Conversely, if 4 is a subring of IdPL containing L then

L<A. Nowif I<A and InL=0 then IL=0 . Since L contains
a regular element of P , we have I = 0 . This proves that the

extension [ < A is essential. ]
2.

Lemma 8 a) gives a very simple proof of the following result of

Beidar.

PROPOSITION 10 ([ 21). If a left ideal L of a simple ring with
wnity is ring-iscomorphic to a right ideal I of a ring A then the

tdeal I 4is finitely generated.

Proof. By Lemma 8 a) [ is a finitely generated right L-module.
Hence I 1is also a finitely generated right I-module and, even more, T
is a finitely generated right A4-module. O

Using Proposition 10 Beidar answered a question of Sands [717]
constructing a left stable and hereditary radical which is not right
strong. Now we give another example of such a radical.

Recall that a radical S is left strong (stable) ([5,7]) if for
every left ideal L of aring R if L e S then L < S(R) (S(L) < 5(R)).

Right strong (stable) radicals are defined dually. A class M of rings
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is hereditary if I <R and Re M imply I e M,

EXAMPLE 1. Let D be a simple domain with unity containing a right
ideal I which is not finitely generated. The ring I 1is simple ([5]).
For, if 0 #J <I then DJI =D . Hence I=ID=IDJI cJ and I =,
This implies in particular that the class M = {I} u N, where N is the
class of nilpotent rings, is hereditary. Now the lower left stable
radical S determined by M is hereditary (see [7]). However the radical
S 1is not right strong. For I is a non-zero right S-ideal of D , so

if S 1is right strxong, D € S . This implies that D contains subrings

0 # A1 E_AZ < ... E_An = D with Al € M and such that Ai is a left

ideal of Ai+1 for 1 <7 <n-1. Since D is a domain, A1 =1 . Now
_on _ . .

4, = Al E-AnAn-1°"A1 s SO AJ = AnAn—1°"A1 is a left ideal of D .

Hence by Proposition 10, the ideal I is finitely generated, a contradict-

ion.

Remark. Using Proposition 10 and the idea of Example 2 of [§] one
proves easily that the lower radical determined by the class M=={J| (3
subrings J = Jl € e E_Jn = D) (Ji is a left ideal of Ji+1 R
1 s4i sn-1)}, where D is the ring of Example 1, is left but not right
hereditary. The first example of such a radical was constructed by Beidar
in [2].

In [ 1] Andrunakievich and Ryabukhin asked if there is a simple ring
without unity whose lower radical is an atom in the lattice of all radicals.
The first example of such a ring was pointed out by Gardner in[4]. He
also proved that the lower radical determined by a simple ring 4 1is an
atom in the lattice of radicals when A satisfies the following condition:
if A<« R and R/A = A then there exists I R such that R=A46 1.
Obviously the condition is satisfied if and only if A ¢ EA . A large
part of this paper was inspired by this result. The foregoing and

Gardner's result give

COROLLARY 11. The lower radical determined by a simple idempotent
ring A is an atom in the lattice of radicals provided one of the
following conditions is satisfied

a) ([41) A has a wnity;
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b) KdimAA 18 defined;

e) ([6]) A 1is a left ideal of a simple ring P with unity, it

contains a regular element of P and IdA/A is a commutative ring;
gu

d) ({31) A is a right chain ring;
e) A 1is a maximal left ideal of a simple ring P with unity

containing a regular element of P but A is not a domain.

Proof. conditions a), b) and c¢) are immediate consequences of
Gardner's result and Corollaries 3, 6 and 9 respectively. To prove d)
assume that A is a right chain ring and 4 ¢ EA . By Corollary 4 a) the
additive group of A is chain. Since A , as a simple ring, is an

algebra over a field F , we have dimFA =1 . Thus A Z F and the result

is a consequence of a). Suppose now that A satisfies condition a). It

is well known ([10}} that IdPA/M = EndP(P/A) . Since P/A is a simple
P-module, EndP(P/A) is a division ring. Thus-Corollary 9 implies that

every ring B € EA is a domain. In particular A ¢ EA and Gardner's

result completes the proof. ]
Examples of rings without unity elements satisfying the assumptions

of Corollary 11 b), c) and d) were constructed respectively by Robson ([9]),

Leavitt and VanLeeuwen ([6]) and Dubrovin ([3]). To construct an

example for Corollary 11 e) let us take a simple domain D with unity.

Then the ring 02 of 2 x 2-matrices over D is simple. Let L be a

maximal left ideal of D . It is clear that A4 = [g g] is a maximal

left ideal of 02 containing a regular element of DZ and that A is not

a domain.
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