EXISTENCE OF NON-TRIVIAL DEFORMATIONS OF
SOME INSEPARABLE EXTENSION FIELDS

HIROSHI KIMURA

Dedicated to the memory of Professor Tadasi Nakayama

A deformation theory for rings and algebras was introduced recently by M.
Gerstenhaber [1]. Let K be an extension of a field #, and » denotes the
characteristic.  One of his results is that, if K is separable over %, then it
is rigid. It was conjectured in [1] that, if K is not separable over &,
then it is not rigid, and if it is further finitely generated, then an integrable
element of H%K, K) (see [2]) will be found in the image of Sg,. In this
note we shall study the above conjecture in certain special case.

The author wishes to express his hearty thanks to Professor K. Masuda
for his many helpful suggestion during the preparation of this paper.

1. Preliminaries. Let K be an extension field of a field % of character-
istic p, and V be the underlying vector space of K. Let R and S denote
the power series ring k[[¢]] over k in one variable ¢ and its quotient field
k((¢)) respectively, and let Vs be V®,S.

Let a bilinear mapping f,: VsxVs—> Vs expressible in the form

f,(a,b)=ab+tF1(a,b)+t2F2(a,b)+- MY

where F; is a bilinear mapping defined over %k, be a one-parameter family
of deformations of K considered as a commutative k-algebra. Then f,
satisfies the conditions;

fl(ay b) = fb(b: a)

ft(ft(a, b): C) = ft(a, ft(b3 C))

for all 4,b,¢ in Vs and F, is an element of the group Z%K, K) of commuta-
tive two-cocycles of K with coefficients in K (see [1]). Following [1], we say
that f, is trivial if there is a nonsingular linear mapping @, of Vs onto itself
of the form
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Po(a) = a+ toi(a) + os(a) + - - -,
where ¢; is a linear mapping defined over £, such that
fia,b) = 07'(D,a-0,b) .

K is rigid if and only if there is no non-trivial one-parameter family of
deformations of K.
From now on, throughout this note, we assume p 0.

The squaring operation is defined for every derivation ¢ of K over k

p—1 )
by Sgyo = — %&p” = g}l % 2Ci0P~% U ¢, where 6 denotes the coboundary

operator and U denotes the cup product. For example, if p = 2,3, then

Sqp =9 U g,
and

Sgsp =¢* U ¢+ U .
Gerstenharber proved in [1] that Sg,¢ € ZZK,K). It is known ([1]) that,

for any derivation ¢ of K, there exists a one-parameter family f, of defor-
mations of K such that

fila,b) = ab+ tSq,e(a,b) + t*Fya, b) + - - -.

2. Let K be an inseparable extension field over % such that there exists
an inseparable algebraic element ¢ of exponent one over k£ such that 4 is
not contained in E(K?). Let f(X)= X" —gm1 X2 —. ..~ g X" —q, be
the minimum polynomial of ¢ over k. Then there eixsts a,+0, 1<i<m,
such that i is not divisible by p» (where a, =1).

Let B be a p-base for K over k such that ¢ is contained in B ([3]).
Then there exists one and only one derivation ¢ of K over k such that, for
pe B,

Then there is a one-parameter family of deformations of K;

Sa,b) = ab+ iSq,0(a,b) + - - -,

p-1 4 .
where Sg,¢ = — %- oo = Z}l —;—pCigoP—i Ue¢'. We assume that #, is trivial,

i.e.,
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fia, b) = 07" (D.a-@,b),
where
Da) =a+ te,(a)+ - - -.

By this assumption we obtain d¢; = Sg,¢ .
The following lemma is trivial.

Lemma 1. Let 6, ¢ be as above. Then
Sqpe(6', 6) = ¢?=1(8")
{ — 0=1» (t = np—1 for some integer n)
0 (there is no infeger n such that t = np —1).

LemMA 2. Let 0, ¢ be as above and ¢, be a k-lincar mapping of K into itself
such that ¢, = Sqp@.  Then,

¢(0°) = t0F 10, (0) + not-—7,
Jor np=<t<<(n+1)p. In particular,
@(67P) = phn—Lr
Proof. We shall prove this by induction on ¢.
1) The case ¢t =0.
dpi(1,1) = Sqg,e(1,1) =0.
Therefor ¢,(1)=0.
2) The case ¢t =mnp.
@1(0") = 0'"19,(0) + 0¢,(0°1) — Sq, (671, 0)
= 0'10y(0) + 0{(t — 1)0*2¢4(0) + (n—1)6' -1~}
— oP1(671)
= 16'~1¢,(0) + n6'~" = no=1r
3) The case np<t<(n+1)p.

¢:(07) = 0 =19,(0) + 6{(¢ — 1)0"~2¢,(0) + no* =P}
_— ¢p—1(0t—1)
= 10'19,(0) + not-».

This ends the proof.
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By Lamma 2, we have
%(gmp) = plfm—1rp

On the other hand,
m-—1 . m—1 3
©1(07P) = @, ( Z a;0%) = 21 i@, 0¢-1r,
1=0 1=

Therefore m=0 (mod p) and if @, 0, then i =0 (mod p). Hence ¢ is an
inseparable element of exponent =2 over k. This is a contradiction, and
we have obtained the following

THEOREM. Let K be an extension field of a field & of characieristic p + 0.
If there exists an inseparable algebraic element of exponent one over k which ts not
contained in K(K®), then K is not rigid, and more precisely a non-trivial integrable
element of HiK,K) is found in the image of Sq,.
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