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Abstract

Let F, be a finite field with g elements, V an n-dimensional vector space over F, and V the projective
space associated to V. Let G < GL,(F,) be a classical group and PG be the corresponding projective
group. In this note we prove that if F,(V)® is purely transcendental over F, with homogeneous
polynomial generators, then F,(V)FC is also purely transcendental over F,. We compute explicitly the
generators of F,(V)FC when G is the symplectic, unitary or orthogonal group.
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1. Introduction

Let F, be a finite field with g elements, V an n-dimensional vector space over F; and V

the projective space associated to V. Let G be a classical group contained in the general

linear group GL,(F,). It is well known that the center Z of GL,(F,) consists of the

matrices t1,(t € F4,\{0}). The quotient group G/(G N Z) is said to be the projective

group associated to G and is denoted by PG. Let F (V) = Fy(x1, x2, . . ., x,—1) denote

the rational function field over F,. For each o € PG, we can choose a preimage
T, = (t;;) in G such that o acts on F (V) by the rule

n—1
O"X,'ZM, ISlSl’l—l
tnn + Z}Jtll tnjxj

The subfield F, q((V)PG ={f € Fy(V):0- f= fforall o € PG} is called the invariants
field of PG on F,(V). One may ask whether F,(V)F9 is purely transcendental over F,
for a classical group G.

For G = GL,(F), Chu et al. [3] gave an affirmative answer:

PGL,(F,) _
Fq((v) G ( q) _Fq(ulau2" "’un—l)’
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where u; = sz’;—l)/(q—l)ir—lqwq and u; = Qn’iQ;tf;‘—q’)/(q—l)izqwq: for2<i<n— 1. with

X1 X2 e X1 1
oo e x|l
L, = det .
n—1 n—1 n—1
q q
X X X, 1
and
X1 X2 Xn—-1 1
qlfl qul q.ifl
N x| Xy X 1] .
; = det " L1
Qn,l = daec q[+l qi+l qi+l n °
Xpoox o e ox 1
0 7 p
X Xy X, 1

The most crucial step in the proof of this result is to reduce the computation of
F, (V)PS0 10 a problem of finding a basis of a free abelian group of rank n — 1.
Using the same strategy, the invariants subfield F,(V)PSLF0) for the special linear
group SL,(F,) was also computed in [3].

On the other hand, it is well known that G acts naturally on the rational
function field F,(V) and the invariants field F,(V)C is purely transcendental for many
classical groups G, such as the symplectic group Sp,, (F,), unitary group U,(F ;) and
orthogonal group O,(F,) (see [1, 2, 4, 5]).

In this note we shall prove a more general result by extending the method in [3]
to the classical group G for which F’ q(V)G is purely transcendental with homogeneous
polynomial generators. The following Theorem 2.2 is our main result. Applying this
theorem, we shall compute explicitly the generators of F,(V)PSP»(F) (Corollary 3.2),
Fp (V)PUF2) (Corollary 3.3) and F, q((V)PO"(F @)(Corollary 3.4).

2. A general result

We first note that the field F,(V) can be embedded in a field Fy(y;,...,y,) inn
variables over F; by defining x; = y;/y, fori=1,...,n— 1. Specifically, if g, h are
homogeneous polynomials in the polynomial ring Fy[y, ..., y,] and we define the
degree of g/h by deg g/h = deg g — deg h, then F (V) is just the set of degree-zero
elements in F(y1, . .., y,). Moreover, for each o € PG, it is easy to see that the action
of o on F (V) is the induced action of its preimage T, in G on Fy(y, ..., y,). Thus

F q((V)P G is just the set of degree-zero elements in Fy(yy, ..., y,,)G; the latter is well
known for many classical groups (see [1, 2, 4, 5]).
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Lemma 2.1, If Fy(y1, ..., yp)C = Fy(g1,...,8n) is purely transcendental over I,
where gi,...,8, are homogeneous polynomials with degrees d;<---<d,
respectively, then F q,((V)PG is generated over I, by monomials of the form

gl'es - e, BieZand ) pidi=0. @.1)
i=1

)PG

Proor. Since each element in F (V)™ is of the form gh™!, where both g and h are

F4-linear combinations of monomials
n
gley - gy, yieNU(Ojand ) yid;=m,
i=1

we can choose a fixed n-tuple (e, ..., @,) such that @; >0 and )", @;d; =m. Let
Bi =7vi — ;. Then any monomial which may appear in g or 4 is of the form

n
gtlr1+ﬁ1ggz+ﬁz L ggn+ﬁ”, Z,Bidi —0.
i=1

Dividing both the denominator and numerator in gh™' by g{'g5* - - - g," completes the

proof. O

Let N be the free abelian group (written additively) of rank n with free basis
81,82, ---,8n We define ¢: N - Z by g; — d;, then ¢ is a group homomorphism

and so the kernel is n n
Ker(@) ={ )" figi: ). fudi =0},
i=1 i=1

Let d be the great common divisor of dy, . . ., d,. Then the image of ¢ is just dZ.
There exist integers Sy, . . . , Bo, such that )", Boid; = d, thus

¢(Zn: ﬂo;’&’) =d
i=1
and we have n
N =Ker(@) 0 2Z( )" foisi)
=1

Hence Ker(¢) is a free abelian group of rank n — 1. Choose

n n
e = Z,Bligh ceey Epo1 = Z,B(n—l)igi
i=1 =1

as a basis of Ker(¢). We are now ready to prove the following theorem.

TheorEM 2.2, If Fy(y1, . .. ,yn)8 = 4(&1, ..., 8n) is purely transcendental over F,,
where gy,...,8, are homogeneous polynomials with degrees d; <---<d,
respectively, then FL,((V)PG =F,(ui,u2, ..., up—1), wherefor j=1,...,n-1,

n
uj= n gi(X1, « ooy Xpop, DPI.
i=1
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Proor. Note that the transcendental degree of F, q(‘V)G over F, is equal to n — 1. By
Lemma 2.1 it suffices to show that each monomial f in (2.1) can be generated by

UL Uy ey Uy
Let f = g ‘gfz - gP" with 2y Bidi = 0. Then the element 8g1 + - - - + 8,8, in N
can be expressed as kjej + - - - + k,_1e,—; for some integers k;. Thatis, f = elf‘ e efl'fl'.
Since each g; is homogeneous, then
8y, -y Yn=1,Yn) = 8i(X1Yn, - - s Xn=1Yn> Yn)
= yzlgl('xl’ R .X:n_], 1)'
Since )\, Bjid; =0foreach j=1,...,n—1, we have
n N y
ej = l_l(yrzl:izlﬁﬂ lgl'(xla R D) l)ﬁ”)
i=1
= l_[ gilxt, oy Xog, P
i=1
= I/tj.
This completes the proof. |

3. Some classical groups

In this section, we first compute F,(V)PSP=F) explicitly for the projective
symplectic group PSp,,(F,). The generators of F,2(V)""""#) and F,(V)POF) can
be computed using the same techniques, so the details are omitted.

Let B(x, y) be the alternating bilinear form on the 2n-dimensional vector space
F 3" and B = (b;;) be the associated matrix of 8. Then B is skew-symmetric and the
associated symplectic group, Sp,,(F;, B) can be written as

Spyu(Fg, B) ={T € GLy,(F,) : T'BT = B}.

Naturally, the group Sp,,(F,, B) can act on Fy(y1, y2, . .., y2,) and we know that the

field of invariants F(y1, y2, . - . , y2.)5P2 B = F (S,1, S22, - - - s San2n), Where
k
o
Sonk = Y15+ y2u)B
qk
y2n
= iy =¥y, k=1,2,3
- lj(ylyj yi y])’ B et Bt BL L

1<i<j<2n
Note that the degree of S5, x equals g+ 1. Let

d=ged{g+1,¢*+1,...,¢"" +1}.
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Then d =ged{g+1,¢> +1,¢* +1,...,¢* +1;2°! <n} since ¢+ 1 divides ¢" + 1
for odd positive integers r. Actually, we have the following result.

Lemma 3.1. We haved =2 if g is odd, and d = 1 if q is even.
Proor. We note that ¢> +1=(qg+ 1)(g—1)+2. Thus 2 divides d = gcd{g+ 1,
g% + 1} = ged{g — 1, 2}. Ttis clear that d = 2 if ¢ is odd, and d = 1 if ¢ is even. O

Choose a, 8 such that a(q+ 1) +8(¢> + 1) =d. In this case, (N, +) is the free
abelian group of rank 2n with free basis Sz,.1, S242, - - -, Son2s- It is easy to see that
Sonk — ((q" + D/d)(@San1 +BSwm2) (k=1,2,...,2n) generates Ker ¢. On the other
hand, we note that Ker ¢ is a free abelian group of rank 2n — 1 and

qg+1 (q2+1 qg+1 )
Sn - Sn + Sn = Sn - Sn 5
20,1 p (@Sau,1 +BS2:2) =B 7S 7 Sm2
2 2
g +1 (q +1 q+1 )
n2 — n1 t n2) = — —Sn - T 922
Sonp 7 (aSon1 +BS2n2) o\ =S p Sonp
Thus
Z+1 1 ki1
(=520 = L300 h U {Saus = T @S0 + BS212), 3 <k < 20

is just a basis of Ker ¢.
Fork=1,2,3,..., we define

Sonk = (X1, ..oy Xone1, DB
¥4
2n-1
1
Then by Theorem 2.2 we have the following corollary.

CoroLLARY 3.2. (1) If char F, is not 2, then F (V)PSPnFaB) = F (51, 52, .. ., s230-1),

where
_ &@+D/2 5—-(g+D)/2
S1=85,1 Sy
& & (g-D(@*+1)/2 (g™ +1)/2 .
5i = Sonin Sy TR GHTEDE g <i<on— 1.

(2) If char F is 2 then g = 2° for some positive integer s. Note that
¥ T2+ g+ D-2"YF + D= 1.

Letting @=2*"'-2+1 and B=-2"', then in this case F,(V)PPuFeB =
Fy(s1, 52, ..., 824-1), where

7+l 5=+

$1=85,1 Spn

Y §-alg™'+1) g-Bg"+1) :
Si = Soni+l S2n,1 S2n’2 , 2<i<2n-1.
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We conclude this note by giving the explicit generators of invariants fields of
projective unitary group and projective orthogonal group.

Let p:a > a? be the unique involution of F,_., H(x,y) be the Hermitian form
on the n-dimensional vector space F ;’2 and H = (h;;) be the associated matrix of H.

Then H is Hermitian and the associated unitary group, U,(Fp, H), can be written as
Uu(Fp, H)={T € GL(F p) : T"HT* = H}. We define

2k+1
q
X

ﬁn,k = (-xls AR xn—l’ l)H

xn—]

1

k=0,1,2,....

b+l |2
q

Then we have the following corollary.

CoroLLary 3.3. We have F ((V)PU"(FZIZ’(H) =Fp(hi, hy, ..., hyy), where
o (2041
hi=H,, 7D 1 <i<n -1

Assume that char F is not 2. Let O(x, y) be the symmetric bilinear form on the
n-dimensional vector space F’ ;’ and A = (g;;) be the associated matrix of O. Then A is
symmetric and the associated orthogonal group, O,(F,, O), can be written as
O,(F4, 0) ={T € GL,(F,) : T'AT = A}. Define

k

q
X

A Sl k=0,1,2,....
k

A11,k=(xl’--~,xn—ls l)A q
1

X
n

-
We have the following corollary.

CoroLLARY 3.4. If char F,, # 2 then F (V)P0 e = F (wi, wa, ..., wa1), where
wi= A A2 1<i<n- 1.

Remark 3.5. If char F; is 2, then up to isomorphisms, the orthogonal groups over
F, are of just three types. We will obtain similar conclusions by applying the same
techniques and the result of Tang and Wan [5].
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