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APPROXIMATION IN FUNCTION MODULES

Fowzi AHMED SEJEENI

We investigate the existence of best approximation of an element a in a function
module from a subfunction module whose fibers satisfy the intersection property
of balls. Also we investigate the lower semicontinuity of the metric projection
associated with such a subfunction module.

1. INTRODUCTION

Let E be a normed linear space and G a closed subspace of E. The set

(1.1) Pa(x) = { j o € G : \\x - go\\ = inf \\x - g\\, g G G}

is called the set of all best approximations to x from G. This defines a set valued
mapping PG which is called the metric projection onto G. A mapping s: E —* G is
called a selection for PQ if s(x) G PG(X) for all x G E. A subspace G of a normed
linear space E is called proximinal (respectively Chebychev) if PG(X) contains at least
(exactly) one element for all x £ E.

The set valued mapping PQ is called lower semicontinuous (l.s.c.) if the set

(1.2) {x G E : Pa(x) H U ± 0}

is open for each open subset U of G or, what is equivalent, for each sequence {xn} in
E converging to x in E and for each g in Po(x), there is a sequence {gn} in G such
that for each n G N, gn G Pc^n) and gn —> g, see [2, p.365].

DEFINITION 1.1: A subspace G of the Banach space E is said to have the two-
ball property for open balls if for any pair B(x\, ri) and B(i2, r2) of open balls such
that B(xi, ri) D B(x2, r2) ^ 0 and B(xi, r.) f~l G ^ 0 for i = 1, 2, the intersection
(G D Bfa, n ) n B(x2, r2)) is nonvoid; see [1, Definition 2.16].

Let T be a nonvoid compact HausdorfF space and (Et) a family of Banach spaces
QO

over T. Consider the Banach space f] Et = ia G Yl E*'• IMIoo = suPlla(*)llt < °°}
T T €T

(where ||.||t is the norm on the Banach space Et). Closed subspaces of ]~[ Et will be
called Banach spaces of a vector valued function on T.

Received 30 April 1990

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/91 $A2.00+0.00.

295

https://doi.org/10.1017/S0004972700029087 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700029087


296 F.A. Sejeeni [2]

DEFINITION 1.2: A function module is a triple (T, (Et)t€T, £«, ) , where T is a
nonvoid compact HausdorfF space (called base space), (Et)teT a family of Banach spaces

oo

(the component spaces) and £00 a closed subspace of the space Yl Et such that:
t6T

(1) Eco is a C(T)-module (where G{T) is the Banach algebra of all con-
tinuous scalar valued functions on T), (/, a)(t) = f(t)a(i), f G C(T),
ae Eoo.

(2) For every a G Eoo, the map t >-» ||a(i)||t is upper semicontinuous.
(3) Et = {a(t) : a G £00} for every * G T.
(4) {t:ieT,Ei

REMARK. Instead of "(T, (Et)t€T, Ego) is a function module" we will often say that
00

Eoo >s a function module in Yl &t o r (^ ̂  a n ^ (Et)t£T a r e understood) that Eoo

itself is a function module, see [1, Definition 4.1].

DEFINITION 1.3: Let Goo be a sub-function module in the function module Eoo

and a be an element of i?,*,. The element 70 in Goo is called:

(1) global best approximation of a from Goo if

H«-7o | loo=inf{ | |« -7 lL:7eGoo};

(2) local best approximation if for each t G T

\Ht)-7o(t)\\t^ini{\\a{t)-g\\t:geGt};

that is, 7(<) in PGt(a(t)) for each t G T.

Note that local best approximations are always global but the converse is not always

true.

2. RESULTS

THEOREM 2 . 1 . Let G be a closed subspace of the Banach space E. If G satisfies
the two-ball property for open balls, then G is proximinal and PG is lower semi-
continuous.

PROOF: Let x be an arbitrary element in E \ G and define r = d(x, G) —

inf{||z — <7|| : g G G}. For any positive real number e and any g G G such that
II* - 9\\ < r + e we have B(x, r + e/2) n B(g, e/2) ^ 0, B(x, r + e/2) n G ^ 0 and
B(g, e / 2 ) n G ^ 0 . Therefore B(x, r + £ / 2 ) n % £ / 2 ) n G ^ 0 , and then there exists
an element go in G satisfying the following:

(2-1) Hz-./oil < r + I and | | 5 - 5 o | | ^ £ .

https://doi.org/10.1017/S0004972700029087 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700029087


[3] Approximation in function modules 297

By applying (2.1) inductively, we can construct a sequence {gn} in G satisfying the
following:

(2.2) ||x - gn\\ ^ r + 2 " n and \\gn - gn+11| < 2 " n .

The sequence {gn} is Cauchy, and hence it has a limit g in G. Moreover, we have
||x -flf|| = r ; that is, g&PG(x).

For the lower semi-continuity of P Q , let U be an arbitrary open subset of G and
V = {x G E : P G ( S ) n U ^ 0} . We may assume without loss of generality that V ^ 0
and show that Vc (the complement of V in E) is closed. For, let {xn} be a sequence
in Vc converging to x in V, g £ P G ( * ) H U and e > 0 such that B(g, t ) C P .
Define r n = d(xn, G) and r = d(x, G). Let N be the positive integer such that
| |xn — x\\ < e/2 and ||rn — r\\ < e/2 for each n ^ N. Now, for each n ^ N, the two
balls 2?(zn, r n ) and -6(5, e) satisfy the following:

(since | | * n - s | | < ||xn - x\\ + \\x - g\\ < e/2 + r < e/2 + (rn + e/2) = r n + e , )
£(z n , rn) n G ^ 0, and .8(5, e) l~l G ^ 0. Hence B(xn, rn) n 5(ff, e) D G ^ 0, or,
what is equivalent, there is a gn 6 Po(*n) such that gn £ B(g, e) C U. This contra-
dicts the assumption. Thus V must be open. D

00

THEOREM 2 . 2 . Let Ex, be a function module in Y[ Et, such that for each a

in Eoo the mapping 11—> ||a(<)||( is continuous. If a i , . . . , an are elements of Eoo such
that for each t in T, span(ai(t), ..., an(t)) has dimension n and satisfies the two-ball
property for open balls, then span (a 1, . . . , an) contains a local best approximation for
each « £ £ „ . C ( T )

In order to prove the above theorem, we need the following lemma, which perhaps
is interesting in itself.

LEMMA 2 . 3 . With the assumption of Theorem 2.2, for each a in E^ the func-
tion p: T —» R defined by p(t) — d(a(t), Gt) is continuous.

PROOF: Let H: T X (" —• R be the mapping denned by H(t, a) =
II n II
\\a(t) — 53 a»a»M (where aj = hi(a)and{hi} is the sequence of coefficient function-
II >=i lit
als associated with the unit vector basis of •£"). Let (to, r) be a fixed point in T x I™.

https://doi.org/10.1017/S0004972700029087 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700029087


298 F.A. Sejeeni [4]

Then

|H(t, a) - H{t0, , a) - H(t, r)| + \H(t, r) - H(t0, r)\

t = l

a(*o)~
<0

This inequality and the continuity of the map t i-> \\a(t) — E r t - a i (0 imply that
II «=i lit

n

H is continuous on T. For each t E T, define At: I™ —* Gt by a v-> E «»•«;(*)• Here

At is a one to one onto linear mapping. Moreover for each t G T, a G ™̂ we have

HAia||t =

^ nmax||/ii||. maxHajH^,.

Hence the open mapping theorem and the uniform boundedness principle give positive
reals m and k such that

(2.3) m| |a | |<| |Ata | | t<fc| |a | | V< G T, Va G %.

Now, let to be a fixed point in T, and {<6}fceB be any net in T converging to

t0. Pick g G Pc<0(a(M) a n d w r i t e 9 = Eft-a<(*o), /? = E 9i<*i (/? e G» =

span of (aj , . . . , an) overC(T)). Let e be any positive real number, and U^ the
neighbourhood of t0 such that ||a(t) - P{t)\\t < ||a(*o) - PWWtQ +e- p{h) + e. But

(2.4) p[t) < ||a(t) - /3(*)||t < p(<o) + e Vt G ^

(since P(t) - E Si-a,(t) G Gt). The net {a(tb)}b€B (where o(tk) = (o1(t6), . . . , an{tb))

and is eventually bounded since

H'OH < i-
m

^ ( «(*•)-
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By (2.4) there is a c 6 B such that p[tb) < p(t0) + 1 for each b ̂  c. Thus ||a(tfc)|| <
(l/m)(p(to) + 1 + Halloo)- We may assume without loss of generality that a(tb) —» a.

(2.5) p[t) - p(U) ^ E(t, a(t0)) + H(t0, a(t0)) .

(2.6) p(<0) - p(t) < H(t0, a(f)) + H(t,

\H(t0, a(tb)) - H(tb, a(tb))\ < \H{t0, a) - H{t0, a(tb))\

+ \H(to,a)-H(h,a(tb))\.

The continuity of the map H and a(tb) —> a imply that \H{t0, a{tb)) — H(tb, a{h))\ —*
0 as tb —> t. Consequently, (2.5) and (2.6) imply that p is continuous. D

PROOF OF THE THEOREM: It suffices to show that for each a 6 Eoo, t0 G T,

9 £ PGJ [a(to)) and e > 0 there exists 7 G Goo such that f(to) = 9,

<*(7(0. pG«(a(0)) < * f o r e a c h * £ T- Write p = £ ^ .^(fo) , «o = f) ^i-a; G
«=i t=i

Let {/«,, be the neighbourhood of to such that, for 3 £ I7«o >

- a(s)\.

and p(io) < p(a) + e/4. |

< ||ao(«o) - a(MIU, + e/4

= ^(*o) + e/4<p(a) + e/2.

Thus for each s £ {/̂  , we have the following:

B(a(s),p(s))nG.?fl>

and B(ao(a), e/2) nG,^0.

Therefore, there is g, in £(<*(«), ^(«))nJ5(ao(«), e/2)nG,, and then <*(ao(a), PG» ("(«)))

llfl.-«o(«)ll.<«/2<e.
Now, for each t G T , < ̂  to, select a gt from Po , (a ( t ) ) . By the above there

is a« G Goo and a neighbourhood J7i of t (we may assume that UtQ (~\Ut = 0, since
T is Hausdorff) such that a»(t) = <;« and d(at(p), PG P (O: (P ) ) ) < e for each p in f t •
Let ft-T—* [0, 1] be the continuous function such that / | t t t = 1 and / |U | = 0. For
Pt = ft-a0 + (1 - /,).<*«, we have fit[uto = a0, pt]ut = at and d(0t(s), P G . (/?(«))) < £

for each a in V« = i /^ U J7«. The collection {Vt : t G T} forms an open covering of T;
n

then there are <i, . . . , < „ in T such that T = \JVU. Let {&<}"=1 be the partition of
i
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n

unity subordinate to {V^}. A simple calculation will show that 7 = 53fc»./?t,- ' s * n e

i=i
desired element of Goo • Since e was arbitrary, the result follows from the closeness of
PGt(a(t)) and the fact that d(a(t), Gt) ̂  d(a, Goo) for each t in T. D

THEOREM 2 . 4 . Let Eoo be a function module in Y[Et.IfGoo is a sub-C(T)-

module of Ego such that for each t in T the fiber Gt = {7(0 '• 7 G Goo} has the

two-ball property for open balls, then Goo is proxhninal (global best approximation

exists).

PROOF: Let a be any fixed element of £«, . For each t in T, let g(t) G PG,(«(<))•
Define

(2.7) r= inf \\cc - 7 ^ > sup \\a(t) - g(t)\\t.

We shall show that there is a Cauchy sequence {7n} in Goo such that \\a — 7n||oo ~» r-
For, let e > 0; then by definition of r there is /3 e Goo such that ||/3 — a ^ < r + e.
We will show that there is another element 7 € Goo • such that

(2-8) | | a _ 7 | L < r + £ and ||/3-7lL<|.

For each t £ T, the two balls B(a(t), r) and i?(/3(<), e) satisfy the conditions

of the two-ball property (since \\a(t) - g(t)\\t < r and ||/?(f) - a(t)|| t < ||/3 - a ^ <

r + e). Let x(t) G G« be such that \\a(t) - x(t)\\t < r and ||/3(<) - s(i)||t < e. Put

I I W y ( 0 l l « < I W 0 ( )II« + l l ( 0 W(OII« < + / a n d
1 ' '

Now, let 7« € Goo be such that 7t(t) = j/t and Vt the neighbourhood of t such

that for each a in Ut

(2.10) ||a(5) - 7 tWll . < r + e/2 and ||/3(a) - T«(-)ll. < \ ,

(such Ut exists by (u.s.c.) of the norm functions). The collection {Ut : t G T} forms
n

an open covering of T. Let tlt ..., tn be in T such that T = [j Uu and {/<}"=1

«=i

the partition of unity subordinate to {I/t^JLj. A simple calculation will show that
n

7 = £ /i-7«j is the desired element.
t=i

By applying (2.10) inductively, we can construct a sequence {7,,} in Goo such that

(2.11) | | a - 7 n | | 0 O < r + 2 - " and | | 7 n - 7 n + 1 | | o o < 2""
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The second inequality of (2.11) implies that {7,,} is Cauchy; hence it has a limit 70
in Goo and the first inequality of (2.11) implies that \\a—fH^ = r ; that is, 7 in

Po-(«). n

THEOREM 2 . 5 . Let Eoo be a {unction module in Y[ Et. If Goo is a sub-C(T)-

module of Eoo such that for each t in T the fiber G% = {i{t) '• 7 G Goo} has the
two-ball property for open balls, then PGOO is (l.s.c).

In order to prove the above theorem, we need the following lemma, which maybe
is interesting in itself.

LEMMA 2 . 6 . With the assumption of Theorem 2.5, for each a in £«,, t in T
and Xt in Gt such that ||a(<) — xt\\t < r = d(a, Goo), there is 7 in PGOO(<*) such that

PROOF: We shall show that for each positive e there are two elements /?e and yc

in Goo such that

(2.12) p.(t) = 7.(t) = zt;

(2-13) | | a _ / 9 e | | o o < r + e ;

(2-14) I |a-7 .IL<* + ! ™d M̂- —r-llo- < §-
To see this, let s G T, x. £ G. such that \\x. - a{s)\\t < r (if s = t take xx - xt). Let
<p, ipi be the elements of Goo such that tp(t) = Xt and <pM(s) = x, and h : T —• [0, 1]
the continuous function such that h(t) — 0 and h(s) = 1. Take 0, = (1 — h).<p + h.<p,
and let U, be the neighbourhood of s such that \\a(p) — /?,(p)||p < r + e for each p
in U,. The collection {U. : 3 £ T} forms an open covering of T. Let Si, ..., sn in T

n
be such that T = \J UM{ and {/;}"=1 the partition of unity subordinate to {t/.j}"=1.

t=i

n
Take /?e = £ /<./?,.. A simple calculation will show that /3e satisfies (2.12) and (2.13).
Now, for s ^ t, let y, G G, be such that ||a(a) — y,\\t < r and |jj/, — /3(a)|j^ <
e (y. e #(<*(*), r) D B(0e(s), e) n G.). Let o, = (y. + 0e(s))/2 and fi, fi, G G^ such
that ft(t) = xt and fi,(«) = a,. Put 7. = (1 - /)ft + ffl. (where / : T -> [1, 0] such
that / is continuous, /(<) = 0 and /(a) = 1). Let U, be the neighbourhood of s such
that ||a(p) —y«(p)||p < T + e/2 for each p in UM. Again {U,: s G T} forms an open

n
covering of T. Let Si, . . . , sn in T be such that T = (J UMi and {h-iJ-JLj the partition

i=i ' „
of unity subordinate to {U,^^ . It can easily be checked that j e — X)'l«-7«i satisfies

(2.12) and (2.14). Now, apply (2.12)-(2.14) inductively to construct a sequence {7,,}
in Goo with the following:

(2.15) an(t) = xu \\a - 7 n | L < r + 2 " " and | |7B - 7 n + i | L < 2 " n .
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The third inequality on the right in (2.15) implies that {7,,} is Cauchy, and then it has
a limit 7 in Goo • Clearly 7 is the desired element. D

PROOF OF THE THEOREM: Let {an} be a sequence in £«, converging to o,
and (3 an element in Poo o(a) . Define r = d(a, Goo) and r n = d(an, Goo)- For
each t G T and n G N, define A? = B(P{t), dn) D B(an(t), r n ) D G (where dn =

ll«« - "Hoc + kn - H + l /n) .

(2.16) \\0{t) - o»(i)||t < ||/?(t) - a(«)||, + ||a(i) - an(i)||t
< r + ||an - aH^

< r n + | r n - r | + ||a«-a||0O + - .

By (2.16) A£ is a nonempty convex set for all t G T and for all n G N. Now, let t be an
arbitrary but fixed element in T and n G N. Pick xn G .4?. Let /?t

n G P c ^ a n ) be the
element that exists from Lemma 2.6; that is, /?"(*) = xn and Ut is the neighbourhood
of t such that ||/?"(«) — P(s)\\M < dn for each a £ Ut (such £ft exists by the (u.s.c.)
of the norm function). Thus for each s in Ut we have 0?(s) in A™. The collection

n
{J7« : t G T} is an open covering of T. Let <i, . . . , tn in T be such that T = U lft.

t=i
n

and {/,}"=1 the partition of unity subordinate to {tf«J"=i. Define /?„ = X) /<A" • F o r

each t in T /3n{t) is a convex combination of elements of A™, and hence /Jn(i) G -4J1.
Thus for each i in T we have

The first inequality in (2.17) implies that /?„ G P(an) and the second implies that

/?„ —»/3 as n —» 00. D
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