
SOLUTIONS 

P 16. (a) Prove that there is a polyhedron whose faces 
consist of 6 squares and (say f hexagons where f may be 
g rea te r than any given number. 

(b) What is the sequence of possible values of f ? 
(c) What is the larges t value of f for which the hexagons 

can all be regular . 
(d) What is the la rges t value of f for which the hexagons 

can all be centrally symmet r ic? 

H. S. M- Coxeter, University of Toronto 

Par t i a l solution by W. Moser , University of Manitoba. 
Consider the following sequence of maps M : 

M M M 
1 2 
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and so on. 

M 6 

M h a s 2k + 4 v e r t i c e s ; exac t ly 6 of t h e s e v e r t i c e s a r e each 

inc iden t wi th 4 e d g e s , and the o t h e r 2k-2 of the v e r t i c e s a r e 
e a c h inc iden t with 6 e d g e s . A l s o , M h a s 4k + 4 f a c e s , a l l 

6 • k 
t r i a n g u l a r . B e c a u s e a l l the f aces a r e t r i a n g u l a r , it i s p o s s i b l e 
to t r a n s f e r the v e r t i c e s of JV1 to the su r f ace of a s p h e r e , and 

k 
jo in t h e m by s t r a i g h t edges to f o r m convex po lyhed ron P 

having the s a m e inc idence r e l a t i o n s a s M . T r u n c a t i n g P 

p r o d u c e s a convex po lyhedron which has 6 q u a d r i l a t e r a l f ace s 
and (4k + 4) + (2k - 2) = 6k -f- 2 hexagona l f a c e s . Thus we have 
p r o v e d (a) wi th " s q u a r e s " r e p l a c e d by " q u a d r i l a t e r a l s " . 

Le t P be a convex po lyhed ron . Le t V, E and F be 
the n u m b e r of v e r t i c e s e d g e s and faces of P r e s p e c t i v e l y . 
Le t V. denote the n u m b e r of v e r t i c e s e a c h inc iden t wi th 

l 

i e d g e s , and F . denote the n u m b e r of f aces each having 

i s i d e s . Then 

(1) V - E + F = 2 

and 

(2) S i V = 2 i F = 2E . 
i=3 i=3 

Hence for r e a l n u m b e r s a and b sa t i s fy ing 

115 

https://doi.org/10.1017/S000843950002631X Published online by Cambridge University Press

https://doi.org/10.1017/S000843950002631X


1 
(3) 0 < a, 0 < b, a + b = - , 

we have, f rom (1) and (2), 

(4) 2 (1 - ai) F. + 2 ( 1 - bi) V = 2 . 
i l 

In part icu lar with a = 1/6 and b = 1 /3 (4) reduces to 

(5) 3F + 2F + F ç = 12 + F + 2 F + 3F + . . . +*2V + 4V + 

If P sa t i s f i e s the condit ions 

(6) F = 6 and F. = 0 , i + 4 , 6 
4 l 

then (5) y i e l d s 

2V + 4V + 6V, + . . . = 0 
4 5 6 

and this i m p l i e s 

( 7 ) V 4 = v 5 = v 6 = . . . = 0 . 

Thus , (6) i m p l i e s V = V . (4) now reads 

( l - 4 a ) 6 + ( l - 6 a ) F , + { l - 3 b ) V = 2 
o 

and this with a = 1 /3 and b = 1/6 y i e l d s 

(8) V = 8 + 2 F . . 
o 

Now suppose that in addition to (6), P s a t i s f i e s the condition 

(9) the hexagonal f a c e s are regular . 

Then there are at m o s t 2 hexagonal f a c e s mee t ing at a v e r t e x . 
Thus, if h. denotes the number of hexagons at the i— v e r t e x 

(i = 1, 2, . . . , V), we have, using (8), 
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(10) 6F, = h + h + . . . + h < 2V = 16 + 4F, 
6 1 2 v — 6 

from which we deduce that F < 8 . 
6 — 

Since the truncated regular octahedron has 6 square faces and 
8 hexagonal faces, we have answered part (c). 

Now consider a polyhedron S with 6 parallelogram faces 
and f centrally symmetrical hexagonal faces. Then (see 
Coxeter, Regular Polytopes, p. 29), this polyhedron is 
necessarily a zonohedron and 

(11) 2. 6 + 6F, = 2n(n-l) 
6 

where n is the number of zones. Furthermore, a zonohedron 
with n zones has at least 3n/7 pairs of parallelogram faces 
(see Kelly and Moser, "On the number of ordinary lines 
determined by n points", Can. J. of Math. , 1958, pp. 210-219) 

It follows that for S, 

(12) 6 > 2(3n/7) . 

Thus 3 < n < 7 . Relation (11) with n = 3,4,5,6,7 yields in 
turn F = 0, 2, no solution, 8, 12. This concludes the proof 

6 
of(d). 

t? * / 

P 52. Let n be an integer > 2 and put co = e 
Show that if f(z) is regular for | z | < A and satisfies the 
equation 

1 1 - 1 t A\ 

,*x a r (n-l)r 
(1) n f(x^ + « x + . . . + « x ) 

r=0 ° i n " 4 

n-1 f 
= n {:f(xj + w r f ( x > i ) + . . . + co(n"1)rf( 

r=0 
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w h e r e x , x , . . . , x a r e a r b i t r a r y c o m p l e x n u m b e r s , then 
0 1 n - 1 

f(z) = a z , w h e r e a i s s o m e c o m p l e x c o n s t a n t . 

L. C a r l i t z , Duke U n i v e r s i t y 

Solut ion by N. K i m u r a , U n i v e r s i t y of S a s k a t c h e w a n . 

F o r conven i ence of no ta t ion , define 

(3) s ( r ) = 1 + o>r + co r + . . . + co , r = 0, 1 ,2 , . . . , n - l 

n if r = 0 
Then s ( r ) = 

0 o t h e r w i s e . 

Le t t ing x = x = . . . = x in (1) , we have 

n - 1 
(f(0))n = n ( s ( r ) f(0)) = 0 , 

r=0 

b e c a u s e one f a c t o r con t a in s s ( l ) wh ich i s z e r o by (3). T h u s 

(4) c Q = f(0) = 0 . 

Le t x = x + y, x j = x^ = . . . = x t - x in (1), 
0 1 2 n - 1 

w h e r e x and y a r e any c o m p l e x n u m b e r s in the c i r c l e 
| z | < A / ( n + 1 ) so tha t (1) h a s m e a n i n g . Then we have 

n - 1 n - 1 f ) 
n f ( s ( r ) x + y ) = n ( f ( x + y) - f(x) + s(r)f(x) ) , o r 

r=0 r=0 ( 

( f(nx + y) f (y) ) 2 1 ' 1 = (f(x + y) - £{x))n~*(£(x + y)-f(x) + nf (x» 

n - 1 
Dividing bo th m e m b e r s by y ( excep t ing the c a s e 

y = 0), and l e t t ing y -»• 0, we have 
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(5) a11" f(nx) =n£(x) ( f (x ) ) n " , for | x | < A / ( n + l ) , w h e r e 

(6) a = c = f ' ( 0 ) . 
1 

If a = 0, then f(x)(f! (x)) " = 0 , and t h e r e f o r e 

fd/dxKftx)2)11"1 = o , 

which i m p l i e s tha t f(x) i t se l f m u s t be a c o n s t a n t such tha t 
f ( 0 ) = 0 by (4). Thus f ( z ) = 0 = a z for a = 0 . 

We a s s u m e tha t a 4 0, in what fo l lows. 

It i s e a s y to check tha t f(z) = az s a t i s f i e s the condi t ion 
(1). We sha l l p r o v e tha t t h e r e i s no o t h e r solut ion of (1). To 
th i s end, le t b be the second n o n - z e r o coeff ic ient of the 
T a y l o r expans ion of f(z), in o t h e r w o r d s , 

(7) b = c ^ 0, and c = 0 for 1 < j < p ; i. e . , 
P J 

(8) f(z) = az + b z P + . . . 

Then for |x| < A/(n 4- 1), f(nx) = anx + bnPxP + . . . , or 

(9) a f(nx) = a nx + a bn*x^ + . . . ; 

and (f! (xj) = (a + bpxr + . . . ) 

n-1 n-2, p-1 
= a + a bp(n-l)x + . . . , or 

(10) nf(x){ f! (x)} = a nx + a bn(pn - p + l ) x ^ -f . . . 

Now f r o m (5), (9) and (10) above , we have 

n - 1 p n - 1 
(11) a bn^ = ba n(pn - p + 1) . 

Since a 4 0, b 4 0 and n 4 0, 

(12) n * " 1 = p(n - 1) + 1 . 
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D-l P - l 
But n F = (1 + (n - l ) r 

= 1 + (p - l ) (n - 1) + | ( p - l ) ( p - 2){n - 1) + . . . 

T h e r e f o r e f r o m (12) 

| ( p - l ) ( p - 2)(n - l ) 2 < n - 1 , 

o r 

( p - l ) ( p - 2)(n - 1 ) < 2. 

F r o m t h i s , s ince n > 2 o r n - 1 > 2, the only 
p o s s i b i l i t y i s tha t p = 2 o r p = 3. But p = 2 i m p l i e s f r o m 
(12) tha t n = 1 which c o n t r a d i c t s the a s s u m p t i o n tha t n > 2. 
S i m i l a r l y , p = 3 i m p l i e s f r om (12) tha t e i t h e r n = 1 o r 
n = 2. T h u s t h e r e e x i s t s no such b sa t i s fy ing (7), in o t h e r 
w o r d s , t h e r e i s no solu t ion of (12). T h i s p r o v e s tha t t h e r e 
i s no so lu t ion of (5) o t h e r than f(z) = az . 

Also so lved by the p r o p o s e r . 

C o m m e n t by the p r o p o s e r . R o s e n b a u m and Segal , 
Ma th . G a z . , 44 , ( I960) , 9 7 - 1 0 5 , have shown tha t in the c a s e 
n = 2 the only r e g u l a r so lu t ions of (1) a r e f(z) = az and 
f(z) = A s inh cz w h e r e A, c a r e c o m p l e x c o n s t a n t s . The 
c a s e n = 3 i s t r e a t e d in a p a p e r of the p r o p o s e r , A m e r . Math . 
Month ly , 68, (1961), 753 -756 . v 

P 53. F o r r e a l a, (3, y , 6 and (ax + (3y)(yx + 6y) = 
2 2 

a x + bxy + cy p r o v e tha t m a x (a, b , c) > 4 / 9 {a + (3)(y + 6) . 

L.. M o s e r and J . R. P o u n d e r , 
U n i v e r s i t y of A l b e r t a 

Solut ion by W . J . Blundon, M e m o r i a l U n i v e r s i t y of 
Newfoundland. The p r o b l e m i s equ iva l en t to p r o v i n g for r e a l , 
a , b , c the i n c o n s i s t e n c y of the i n e q u a l i t i e s 
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5a < 4b + 4c 

5b < 4c + 4a 

5c < 4a + 4b 

4ac <C b . 

Case I (b = 0). Addition of the first and third inequalities gives 
a + c < 0, whereas the second gives a + c > 0. Note that the 
fourth inequality is not used. 

1 1 
Case II (b > 0). Substitution of a = - bX, c =— bY gives 

- 5X + 4Y + 8 > 0 

2X + 2Y - 5 > 0 

4X - 5Y + 8 > 0 

XY < 1 . 

The first three inequalities of this set define the interior of the 
triangle with vertices at (1/2, 2), (2, 1/2), (8, 8). It is clear 
that this triangle lies outside the region defined by XY < 1. 
The inequalities are therefore inconsistent. Further, if > is 
replaced by >, equality will occur only for (X,Y) = (1/2, 2) or 
(2, 1/2). Thus equality in the original relations occurs only 
when b = c = 4a or b = a = 4c. 

Case HI (b < 0). The inequalities are now those of Case II with 
the sense reversed in the first three inequalities. It follows 
from the properties of convex polygonal sets that the set of 
points defined by the transformed inequalities is now empty. 
Thus the inequalities are again inconsistent. Note that, as 
in Case I, the fourth inequality is not used. 

Also solved by A. Feldmar, W. Moser and the proposers. 
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P 55. Le t P be a r e g u l a r polygon and S a c o n c e n t r i c 
s p h e r e . P r o v e tha t the sum of the s q u a r e s of the d i s t a n c e s 
f r o m a v a r i a b l e point of S to the v e r t i c e s of P i s a c o n s t a n t . 

L. M o s e r , U n i v e r s i t y of A l b e r t a 

Solut ion by C D . C h a k e r i a n and J . D. Dixon, Ca l i fo rn i a 
Ins t i tu t e of Techno logy . M o r e g e n e r a l l y , le t v , v. , . . . , v* 

J. Lé i C 

be any po in t s of n - s p a c e whose c e n t r o i d S v , = 0. Let S be a 

s p h e r e c e n t r e d at 0. Then for any point x of S, the sum 

of the s q u a r e s of the k d i s t a n c e s f rom x to the v. i s 

S i x - 7 I 2 = k l x l 2 4- S l v A 2 - 2 x . s 7 . 

= k | x | 2 + 2 | v . | 2 , 
1 

which i s a c o n s t a n t . 

A l so so lved by N. K i m u r a , A. M a k o w s k i , C . J . S c r i b a , 
L. P . Wood, and the p r o p o s e r . 

P 56. If x i 0 p r o v e tha t 

2 2 3 
y + y = x + x + x 

h a s no s o l u t i o n s in i n t e g e r s . 

W. J . Blundon, M e m o r i a l U n i v e r s i t y of Newfoundland 

Solut ion by the p r o p o s e r . Le t x = ab and y - x = a c , 
2 3 3 

w h e r e (b, c) = 1. Then c(ac + 2ab + 1) = a b . Now (b , c) = 1 
2 2 

and (ac + 2ab + 1, a ) = 1. T h e r e f o r e c = a and 
3 3 

b = a c + 2ab + 1 = a + 2x + 1. Wr i t ing the l a s t equa t ion in the 
f o r m 

122 

https://doi.org/10.1017/S000843950002631X Published online by Cambridge University Press

https://doi.org/10.1017/S000843950002631X


3 
(a - b) + 3(a - b)x + 2x + 1 = 0 , 

and putting 3(a - b) + 2 = z, we have, on elimination of a - b, 

2 
27x = - 19/z - 12 + 6z - z . 

Since z is an integer, there are four possibil i t ies. 

(1) z = l , whence 27x =-26 , which is impossible. 

(2) z = 19, whence 27x = - 260, which is impossible. 

(3) z = - 19, whence x = - 18. This gives 
2 

ab = - 18, a - b = - 7, so that (a + b) = - 23 which is 
impossible. 

(4) z = - 1, whence x = 0, which is contrary to 
hypothesis. 

Also solved by L. Carl i tz , J. D. Dixon, N. Kimura, 
A. Makowski, and E. Rosenthall. 

Remark by A. Makowski. A proof for x > 0 was given 
by me and A. Schinzel, Mathesis 68, (1959), 128-142. The 
equation is also t reated by O. Gross , Math. Mag. 34 (1961), 
259-267. 
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