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ON A PROBLEM OF BONAR CONCERNING FATOU POINTS
FOR ANNULAR FUNCTIONS

AKIO OSADA

The purpose of this paper is to study the distribution of Fatou
points of annular functions introduced by Bagemihl and Erdés [1]. Recall
that a function f(2), regular in the open unit disk D:|z] <1, is referred
to as an annular function if there exists a sequence {/,} of closed Jordan
curves, converging out to the unit circle C:|2| =1, such that the mini-
mum modulus of f(z) on J, increases to infinity. If the J, can be taken
as circles concentric with C, f(z) will be called strongly annular.

As a direct consequence of the definition, an annular function f(z)
can have at most one Fatou point, i.e., a point on C at which f(z) has
an angular limit, on any subarc of C which has no limit points of zeros
of f(z) and the Fatou value of f(z), i.e., the angular limit, must be the
point at infinity co. A mnatural question arises concerning to this ob-
servation: Does there really exist a Fatou point for every annular func-
tion? Bagemihl and Erdos [1] constructed an example of a strongly
annular function which has no Fatou points. Many examples of annular
functions are considered in Bonar [3], but it is not clear whether they
have Fatou points or not. For these reasons Bonar [3] asks whether
the value oo is a Fatou value for some annular function. The aim of
this paper is to give an affirmative answer to this question of Bonar.

We shall recall first some elementary properties of annular functions.
Every annular function f(z) has infinitely many zeros and consequently
their limit points form a non-empty closed subset, say Z'(f), of C. We
know that the set Z/(f) coincides with the full circle C for almost every
f(@ of well known examples of annular functions. But as is shown in
[2] and [5] there really exists an annular function f(2) such that Z/(f)
does not coincide with C. For such f(z), the complement of Z/(f) on
C consists of at most a countable number of disjoint open arcs. How-
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ever, the annularity of f(z) forbids any of them to contain more than
one Fatou point of f(z). Observation of this simple fact suggests us
that a modification of the technique used in our former paper [5] yields
the following result:

THEOREM. For an arbitrary pair of two distinct points ¢, and &,
on C, there exists a strongly annular function f(z) with ¢, as the only
limit point of its zeros and with {, as its only Fatou point.

Proof. The idea of our proof is originally due to Barth and Schneider
[2]. Additionally, making an essential use of the reflection principle for
harmonic functions, we shall obtain the required function f(z) by im-
posing some additional conditions on the example of the strongly annular
function constructed in [5].

For simplicity we shall consider the case where {, = —1 and {,=1.
First choose a sequence {a,} of real numbers with the following two
properties:

(1) Y2 (L, ) Gyt

(2) X(cos'ay)?= +oo, 3l(cos'a,) < +oo, 0<COS_1an<—Z—.

For example, {(n + 2)/(n + 3)} is such one. Next we shall make some
technical definitions. Given 0 < a < b < +o0 and 0 < ¢ <z, denote by
D(a,b;t) the annular sector

{#;0<]2|]<Db and —t<argz<l{},

Moreover, for 0 <a < 40 and —z <t < t, <7, we consider circular
ares

o(a; t,t) = {z;|2| =0 and ¢, < argz < i}
and
aga; t,t) ={2;|2| =a and ¢, <argz <t,}.

If we set cos'a, = t,, then since a,11, /4 > ¢,]0. Relative to this
sequence {t,}, we take three more sequences {e,}, {¢;} and {t//} of real
numbers such that
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(4) tn < &, < ' < min (zt,, t,_), t, = % )

Ag the first step of our argument, we consider a real-valued function
p,(t) on the closed interval [—=, ] such that

(5) p =2t (tel-t,tDh, p@) =¢ (Eel—n —t/1UIt,7D;

(6) € C(—mm), & <p@) <28 (Eel—t/,—tlU D .

Using this function as boundary values, we consider the function

F@ =L s@i T 2a @=aet < a),
2 J-= {—=z

which is obviously regular in |z| < @, and must be continuous on the closed
disk |z| < a, because of condition (5) and the continuous differentiability
of p(t) (see [4], p. 78-79). Moreover, since p,(f) = 2t2 for every ¢ on
[—t,t], Fi(z) may be continued analytically into the annular sector
D(a,, o ; t}) across the open arc o,(a,; —1t,,t) by virtue of the reflection
principle. We use the same notation F,(z) to denote this extended funec-
tion. Consequently it is regular in the region

R, = {|z| < a;} U ay(a;; —t, 1) U D(a,, c0; t)
and hence particularly is also regular in the region
D, = {Izl < a’l} U ay(a,; —t,,t) U D(ay, 15 ¢)

and is continuous on D,, the closure of D, in the z-plane. In order to
apply the Mergelyan approximation theorem, we need one more sequence
{6.} of real numbers such that

<0,

— 0 Apoy — O i . 1
(7)) Z <4z, tanT = T2 <@ne2 ZGnin = T gipy-1
2 2 a’n+2 + a’n,+1 6 an+2

where 7z/2 < sin'a <z for 0 < a <1. The last inequality of (7) guar-
antees that the annular sector

{zeD;ap <2< Opyy Oy <argz<mor —x < argz < —0,_;}

is contained in the interior T of the triangle whose vertices are i/4/ 3,
—i/4/8 and —1. Here we take two closed ares o(a,;t,0,) and
o(a,; —0,, —t) (o5, 05 in notation), and join them with D, to obtain a
compact set K, = D, U g, U ¢}, on which we shall define a continuous
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function G,(2) in such a way that
(8) G =F® (zeDy;
(9) G,(2) = Fi(a,e") (zeo), G(2) =Fi(a,e™™) (zea).

Evidently we can apply the Mergelyan theorem to this pair of K, and
G,(z) and consequently can find a polynomial g,(z) such that

|G1(z) - gl(z)l <& (zeK) .
Therefore, together with (4), (5) and (6), this inequality implies that
10 Re 9,(2) > 0 (2] <a), Re ¢,(0) < 2(& + &) .

Moreover, since ¢ < £ by (8) and Re F,(z) > 2t for ze D(a,, oo ; t) by the
definition of p,(t), it is easy to see that

(11) Re g,(») > & (zeD(ay,1;t) Ua, Uo) .

Now we shall construct polynomials {g,.(2)} inductively as follows:

12) Re g.(2) > 0 (2| < an) , Re 9,(0) < 2(8 + &)
@13) Re 9,.(2) > t, (ze D(a,,1;t,);
(14 3 Reg,® > 318 (e on, U,

where .., = 0(Cp,1; tnsOny) a0d 6y = 6(@n 13 —0Onyyy —E,).  As in the first
step, we again consider a real-valued function p,(f) on the closed inter-
val [—=z,z] such that

(5,) pn(t) = 2th (te [—t:n t;z]) ’ pn(t) = &n (t € ['—'7'7’ _"t;zl] U [t:z,, 77]);
(6) p.eCl(—m,n), e < () < 28 (Pel—t7, =1 U [, &7]) .

Using p,(t) as boundary values, we also define the function F,(z) by the
relation

Fo@ = o [ 220 = anet 21 < 0.
2nJ = {—z

For almost the same reasons as before, F,(2) is obviously regular in the
disk |z] < a, and must be continuous on the closed disk |z]| < a@,, and
furthermore can be continued analytically into D(a,, o; t,) across
oa,; —t,,t). This time, too, we shall use the same notation F,(z) for
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this extended function which is, by virtue of the reflection principle,
regular in the region

R, = {z| < a,} U a(an; —t,, 1) U D(@y, 005 1) .
In particular, F,(z) is also regular in the region
Dn = {|Z[ < a/n} U ao(a’n; _tn’tn) U D(ansl; tn)

and must be continuous on its closure D,. In order to make a crucial
use of Mergelyan’s theorem again, we shall prepare a compact set K,
whose complement is connected and a function G,(z) which is continuous
on K, and is regular in its interior. As K,, we use the compact set
D, U o,,, Ud,,.. Next, keeping in mind that

Oni1 = 0(@ny13 tny b)) U 0(@niy; Enyy Ony)
and
Ons1 = 0(@ny1; —Onisy —tad) U 0(@nyi5 =y, —1a)
we shall define G,(z) as follows:
(8) G.(2) = Fyu(2)  (zeDy);
t—t

G,(?) = w, + "oy — Wy) , W, = Fu(a,,,e')

(9) e
(z = an+1e” (tn < t < tn—l)) ’

Ga(2) = 20, (€ 0(@pyy3 tnyy O0ni)s

%@=%+%¢%ﬂ%—w,WFTMMWW
n — Un-1

9//
( ) (Z = a’n+le“ ("—tn—l S t g '—tn)) ’
G, (2) = 200, (€ 0(Wns13; —Onirs —tn_r) »
where
n n—1
an, = 2, t; + 2, max{|Re 9,2)|; 2 € 0(@ns15 tn_ss Onyr)
(15) = =

U 0(an+1; —0n+1’ _tn—l)} .

The role of «, is to make Re G,(z) fairly large on ¢,,, Ud,,,. Applying
the Mergelyan theorem to the pair of K, and G,(2), we can find a
polynomial ¢,(z) such that
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(16) [Ga(2) — 92(D)| <ew (€ Ky) .

Since G,(z) = F,(2) (ze D,) by (8) and ¢, < #2 by (3), using (16) and
recalling the definition of p,(¢) stated in (5’) and (6’), we can easily show
that ¢,(2) has property (12). Furthermore, it follows from the reflec-
tion principle for harmonic functions that

Re F,(2) > 22 for every z¢ D(a,, o ; t)) .

Therefore, using (8), (8) and (16), we can conclude that (13) is valid. As
for property (14), first note that the arc s,,, is divided into two closed
arcs o(@n.1; tns tn) and o(@y,.; tny, 0n,1), and that the former is included
in D(a;,1;t;) for each j 1 < j<n—1). For such 7, it follows from (13)
that

Re g,() >t

for ze D(a;,1;t;) and particularly for ze d(an,,; tnstr_)). On the other
hand, by virtue of (9°) and (15), we have that

Re g,(2) > 1, for zeo(@nyi; tntas)) -

Moreover, since G.(2) = 2x, for every ze€ a(@,,,; tu_i0s._1), making use
of (15) and (16), we can conclude that (14) surely holds for every z < oy,;.
Similarly it is shown that the same also holds for each ze¢d,,,., We
finally remark that, since Re g,;(z) > t} in D(a;,1;¢t,) for 1 <j <n, (14)
also holds for ze¢ D(a,,1; t,).

Once the polynomials {g.(2)} have been constructed as above, the re-
mainder of the proof is fairly easy. To begin with, consider the series
P() =3 Reg,(2). Then, by virtue of the Harnack principle, it follows
from (2),(3) and (12) that P(z) uniformly converges on any compact sub-
set of D and hence defines a harmonic function there. As usual, we
consider a harmonic function Q(z) conjugate to P(z) in the open unit
disk D and set

exp {P(2) + iQ(2)} = 9(2) .

Needless to say, g(z) is regular and non-zero in D. If we denote by A4,
the closed arc o(a,; —0,,0,) for each n, by virtue of the fact that

An+1 c D(a’ml; tn) U (e U 0¢L+1

and
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D(ny G5 t) © D(0n, 15 80)
using (12),(13) and (14), we can show that

an 192)| > expil £ (2€Any U D@, Gy ta) -
Jj=

On the other hand, taking (7) into account and using the procedure
employed in [5], we can construct a function %&(z), regular in D, such

that

(18) IM2)| >3 (2eD N {Rez > 0);
19 {#zeD;h(z) =0} C T,

20) 19| = %exp 56 (d=an.

Consider the function

J(@ = 9@h(2) .
Then, it follows from (17), (18) and (20) that, for each n,

1 e,
@1) /@)= 5 exp 2, 6

for every z of {zeD;|2| = @n.} U D(@pyGpyys tn) -

Therefore, in view of the fact that
. 1 1 P
zeD; z—E <E and Rez>al}CUD(an,an+l,tn)
! n=1

and >37., 83— +o0, (19) and (21) imply that the function f(2) has the
properties stated in Theorem in the case where ¢, = —1 and & = 1.
As can be seen by examing the above proof, we can conclude that our
theorem also holds for any pair of distinet ¢, and ¢, on C.
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