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On certain function spaces

and group structures

Hiroshi Yamaguchi

We generalize a result of Walter Rudin about the structure of a

compact abelian group G for which C{G) + H (G) is a closed

subalgebra of L (G) .

1. Introduction

Sarason ([5], [6]) showed that C{T) + lF(T) is a closed subalgebra

of L°(T) , and that C (R) + H°°(R) is a closed subalgebra of L°°(i?) . On

the other hand, for a compact abelian group G whose dual group G is

ordered, Rudin showed in [4] that C{G) + a (G) is a closed subalgebra of

L (G) if and only if G — T . Moreover, Rudin showed the following in

[4]: for a locally compact abelian group G , C (G) + H is always a

closed subspace of L (G) for each translation invariant and weak*-closed
00

subspace H of L {G) . For a locally compact abelian group G whose

dual G is an algebraically ordered group, we define the space ffp(ff) .

Our purpose in this paper is to investigate the relationship between the

fact that Hp(G) + C (G) becomes a subalgebra of L (G) and the group

structures of G . Let G be a locally compact abelian group with a dual

group G . L (G) denotes the space of all integrable functions on G ,

and L (G) is the space of all essentially bounded measurable functions on

G .

Let M(G) be the Banach algebra of all bounded regular measures on

G , and C (G) the space of all bounded uniformly continuous functions on
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G .

DEFINITION 1 . Let G he a locally compact abelian group. G is

called an algebraically ordered group if there exists a subsemigroup P of

G satisfying the (AO)-condition, namely,

(i) P u (-?) = G and

(ii) P n (-P) = {0} .

G is an algebraically ordered group if and only if it is torsion-free

(see, for example, [3]).

DEFINITION 2. Let G be a locally compact abelian group such that

G is an algebraically ordered group. Suppose P is a subsemigroup of G

with the (AO)-condition. We define H^{G), £^(G) , and fl£(G) as follows:

= {f € L^C); ?(Y) =0 for y

f; f f(x)g(x)dx = 0 for
'G

= 0 for y f P} .
•L.

REMARK I . If G = R and P = {x € i?; x > 0} , then H^{R) and

) are the usual a(R) and H (i?) respectively.

If G = I7 and P = {n € Z; n > 0} , then H°^(T) is the space

. But, in this case, we note that tf°,(T) + C(T) = H"(T) + C{T) .

DEFINITION 3. Let Z be a set of functions on G . We call Z

invariant if xf belongs to I for all f Z Z and a € G , where

T ^ X ) = f(x-a) .

PROPOSITION 1. Suppose G is a locally compact abelian group such
that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (A0)-condition such that it is not dense in G . Then

is a translation invariant and weak*-closed subalgebra of I?°(G) . Hence,

in particular, by [4]., Theorem 3.3, #p(G) + C (G) is a closed subspace of

L°(G) .
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Proof. Evidently Bp(G) is a weak*-closed subspace. Since #p(<7)

is translation invariant, we have

f / (x)g(x)dx = [ f(x)g (x)dx
>G z >G ~a

= 0

for each a 6 G , f € #p(G) , and g € Hp'iG) . Hence #p(G) is

translation invariant. Finally, we prove that Hp(G) is an algebra. For

g € tfp(G) and h € fi^(G) , gft belongst o

Hence, for f,g$ Hp(G) , we have

I f{x)g{x)h{x)dx = 0 for every h € Ili(G) .

Therefore fg belongs to #p(G) . //

Our purpose in this paper is to prove the following theorem.

THEOREM. Let G be a nondiscrete locally compact abelian group such

that G is an algebraically ordered group. Let P be a subsemigroup of

G with the (AO)-condition such that it is not dense in G . Then the

following are equivalent:

(i) Cj,G) + #p(<;) is a closed subalgebra of L"(G) ;

(ii) G admits one of the following structures,

(a) G = R ,

(b) G = R® D ,

(c) G = T ,

(d) G = T © D ,

where D is a discrete abelian group such that D is

torsion-free.

REMARK 2. If ? is dense in G , H^(G) = {0} . Hence

Cu(G) + Hp'(G) is always an algebra, since flp(ff) = L°(G) .
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If G is a discrete abelian group such that G is torsion-free, then

P is necessarily dense in G . Therefore C (G) + HV{G) is always an

algebra.

2. Proof of the theorem

We prove the theorem by using the structure theorem of locally compact

abelian groups. Before proving the theorem, we investigate whether

C (<?) + Hp{G) becomes an algebra or not, for some special groups.

LEMMA 2. Let G be a noncompact locally compact abelian group such

that G is an algebraically ordered group. Let P be a subsemigroup of

G with the (AO)-condition such that it is not dense in G . Then the

following are established:

(i) for F € L°(G) and y € A/p(G) , F * y €

(ii) for F € H™(G) and y € M(G) , F * y € p

Proof. (i) For f € flp"(G) , we put /(a;) = /(-a;) . Then / belongs

to #7 p\(G) . Hence we have

[ F * \i(x)f(x)dx = F t \i(x)f{-x)dx
>G >aG

= (F*y) * /(0)

= F * (u*/)(0) .

Since 5 is not discrete, u * f = 0 . Hence F * y € Hp(G) .

(ii) For * € fl£(G) , F 6 ̂ (G) , and y € M(G) , we have

I F * y(a;)*(x)c£x = f I F(x-y)dv(yMx)dx
>G >G 'G

( F(x-y)$(x)dxd\i(y) .
>G
(

G >G

On the other hand, by Proposition 1, #p(G) is translation invariant.

Hence F(x-y) .€ ffp(G) for every y € G . Hence F * \i belongs to

H°°p(G) . II
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LEMMA 3. Let G be a locally compact abelian group such that G is

an algebraically ordered group. Let P be a subsemigroup of G with the

(AO)-condition such that it is not dense in G . For f € !^,(G) and

V (. t-fi pAG) , we have f * u = 0 .

Proof. For g € L (G) we have

f * \i(x)g(,x)dx = / * \i{x)g{-x)dx
}G JG

= (f*v) * g(o)
= f * (v*g)(o)

= /(x)u * g(-x)dx .

h
On the other hand, (u*gf)~ € Hp(G) . Indeed, (\i*g)~(y) = \\{-y)g{-y) = 0

if Y £ p • Hence / * \i{x)g(x)dx = 0 for all g € L1{G) ; that is,
}G

f * V = 0 . //

LEMMA 4. Let G be a locally compact abelian group. Let u and v

be in M{G) and g in L (G) . If v = 1 on supp(u) + Yn for some

y € G y then we have

[yQ9*v) * v = YQsr * p

Proof.

v(a;o) = j [xQ-x, yQ)g * u[xQ-x)dv(x)

= j j [xQ-x-y, yo}g[xo-x-y)d{yQ\i)(y)dv(x)j j
= [yog) * i (YOW) *V)

= (Yoff) * (Yoy)(xo)

v[xQ) . II

The following lemma is a sufficient condition for C (G) + Hp(G) not
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to become an algebra.

LEMMA 5. Let G be a nonoompact locally compact abelian group such

that G is an algebraically ordered group. Let P be a subsemigroup of

G with the (AO)-condition such that it is not dense in G . If there

exist u € f^,(G) , v € ifi p,(G) , g € L°(G) , and y d G such that

g * \i $ C (G) and v = 1 on supp(y) + yn , then C (G) + Hp(G) is not

an algebra.

Proof. Suppose C (G) + Hp(G) is an algebra. Since yQ
 i s i n

C (G) and g * y in ^ (G) by Lemma 2, there exist H € C (ff) and

K € J^,(G) such that

(x, Y O ) & * U(*) = B(x) + X(a;) .

Hence, by Lemmas 3 and k, we have

YQ? * v = {yQg*v) * v

= H*\) + K*\)

= H * v .

Since fl € C (ff) , H * v belongs to C (<J) . On the other hand, y^j * \i

does not belong to C (G) . This is a contradiction. / /

LEMMA 6. Let F be a compact abelian torsion-free group. Let P

be a subsemigroup of if1 © F with the (AO)-condit ion such that it is not

dense in i?w © F . Then P includes P ®F3 where P = P n Rn and
FT Rn

o
P denotes its interior.

K

Proof. Since P is necessarily dense in F , P is not dense in

n . Hence there exists a unitary transformation t on / such that

T(P j = \x = [x.,xo, —N, x ) € H ; X-. > 0> . Define an automorphism T
R ( n L )

on f?"©F by T ( S , t) = ( T ( S ) , t) for ( s , t) € i?" © F . Then T ( P ) i s

a subsemigroup of FT ® F with the (AO)-condition such that i t i s not
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dense in R™ © F . Let ' S p ' and '-~ip\ ' denote the orders on fl" © F

induced by P and x(P) respectively. Suppose there exist
o

y = [y , ..., y ) € P and s € F such that y 5 p s . Then

T(j/) ^ ( p ) T(S) = s . Let f(y) = (x.^ ..., x j (a^ > o) . Then, for

s = (z , ..., z J with 2 5 x , we obtain that

s = (0, s) + (2, -s) € (y?(P)J + l-f(P)J = (.-T(P)J .

Since (-f(P)J is a semigroup, if is included in (-T(P)J . Therefore

n °
-T(P) i s dense in R . This i s a contradiction. Hence P ^> P ®F .

R

REMARK 3. We note that Lemma 6 remains valid if we replace FT by

R ® Z .

LEMMA 7. Let G be a nondiscrete locally compact abelian group such

that G is an algebraically ordered group. Let P be a subsemigroup of

G with the (A0)-condition such that it is not dense in G . Let x be an

automorphism on G . Then the following are equivalent:

(1) C (G) + #p(G) is an algebra;

(2) C (/G) + lF,pAG) is an algebra.

Proof. Let T* be the dual automorphism of x , that is,

(x*(x), y) = (*> T(Y) ) for x € G and y d G . We only prove (l) implies

(2).

Claim 1. For f € ̂ (p)^ ' f ° T*~1 € flP(G) • I n d e ed, for

Y ^ P , we have

~1(Y) = I /(x*-1(x)j(-x, y)dx
SG

= k I /(x)(x*(-x), y)dx
>G

= k I /(x)(-x, x(y))dx
]G

where k is a constant depending on x*~
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Claim 2. For g € tfp(G) , g o X* € #T(p\(O . Indeed, for

^ ) , since / o T * " 1 € #£(G) , we have

I g{T*(x))f(x)dx = k | g(x)f[-z*~\x))dx
'G

= 0 .

I n t h e same way, for g € if ,p.{G) , we have g o T*~ € #p(G) .

T h e r e f o r e , s i n c e (T~ ) * ° T* = -Z" , ( l ) impl ies (2) i s proved. / /

PROPOSITION 8. Let n > 2 . Let P fee a sub semigroup of if1 with

the (AO)-condition such that P => Ix = (x x , . . . , x ) € Rn; x > 0> .

Then C (/?") + ffp (/?") i s not an algebra.

Proof. Define measures M € /^ [if1] and v € i/? p •> (i?") as follows:

dy(x1, x ' ) = h{x±)dx1 x d60(x ' ) ,

dv(x1, x ' j = k[x1)dx1 x d60(x ' ) ,

where ^ i s a function in L (i?) with supp(&) c ( l , 2) , k i s a

function in L (R) such tha t supp(?) c (-», 0) and fe = 1 on

[-2, - l ] , and 6Q denotes the Dirac measure at 0 in Rn~

We choose functions g € L°(R) and g € L°[l?1' ) such that

gx * h * 0 and #2 ^ C^fl""1) . Define a function g € £°°(i?") by

^ ( x l t x1) = gx[x^)gz{x') . Moreover, we define yQ € ff1 = R* by

-i3x
YQ(x) = e , where x = ( x ^ x2> . . . , x j € fl" . Then

g * \i{xx, x') = gx * ft(x1J?2(x ) ^ ^(i?") and 0 = 1 on supp(y) + yQ .

Hence, "by Lemma 5, C (/?") + ff" (i?"j i s not an algebra. / /
u f±
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PROPOSITION 9. Let n > 2 and P be a subsemigroup of R* with

the (AO)-condition such that it is not dense in if" . Then

C (i?M) + #p(fl") is not an algebra.

Proof. There is a unitary transformation T on K such that

T(P) r> -jx = [x , x2, ..., x ) € n; x > OV . Hence, by Lemma 7 and

Proposition 8, C (fi") + #p(fl") is not an algebra. //

PROPOSITION 10. Let G be a locally compact abelian group such that

G is an algebraically ordered group and G = R @ F , where n > 2 , and

F is a locally compact abelian group containing F as a compact open

A,

subgroup. Let P be a subsemigroup of G with the (AO)-condition such

that it is not dense in G . Then C (G) + Hp(G) is not an algebra.

Proof. Case 1: F = {0} . In this case, F is a discrete abelian

group, and P (= if n PJ is a subsemigroup of if1 with the (AO)-
i?"

condition.

Case 1.1: F = {0} and P is not dense in Rn . Since n > 2 ,
n

by Proposition 9, C
M("J

 + flp (̂") is n o t an algebra. Hence there exist

Rn

functions f € Cjl^) and g € ffp (i?") such that

i?"

/£ ^ C (i?"j + i/p (i?") . Let F and L be functions on G defined by

R71

P(z, y) = fix) and L(x, y) = g{x) for (x, y) Z if1 @ F . Evidently, F

belongs to C (G) .

CLAIM 1. L belongs to ^(G) .

Indeed, for each A € Hp(G) and positive integer n , there exists

B € L (G) such that B has compact support and
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Since F is discrete, proJF(supp(i4*SjJ = {y^, y^, ..., yj for

some y, » • • • . Y * F , where proj- denotes the projection from G onto
1 77/ t

F . There exist functions cp, i L [R ) {k = 1, ..., m) such that

n
ii * BJx, y) = E cpfe(x)(y, Yfe) . If Of { Y I , • . . , yk] , then

I ?(x) ^ <pfe(x) L'rfi k=l h

= 0 .

If 0 € (Y, , ..., Y } , we assume Y-, = 0 without loss of generality.

Then <p must belong to Ht, [K J . Hence we have

f f .
LA * B dmG = g(x)ip (x) [y, y

G V '£

777

fe=2

777 r /•

Z g(x)<pAx) I (y, y )dm (y)dx
= p J « " Jp K. r

g(x)if> Ax)dx

V
0 .

Hence, in each case, we have LA * Bdm = 0 . On the other hand,

lim ||A-A*B || = 0 . Hence, we have,

LAdm. = l i m I LA * B dm.
>G G n-**. >G n G

= 0 .

Thus L belongs to Hl(G) .

Suppose that C (G) + #p(G) is an algebra. Then there exist

functions 5 € CJ.G) and T i H™(G) such that FL = S + T .
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We define functions p(x) € c
u^

%') and 1^ ? ^ l ^ ) as follows:

p(x) = L S(x, y)dmc,iy) ;

q{x) = I T(**
ip

CLAIM 2. q(x) € ^

Indeed, for each n ( K [if1] , put Y(x, y) = r\(x) for

a*

(x, y) € /?" 0 F . Then 7 belongs to flp(G) . Hence we have

0 = I>G G

f J(x, y)T{x, y)dmc,(y)dx
iRn h

n(x) I T(x, y)dm~(y)dx
V F

= r\(x)q(x)dx .
V

Therefore q(x) belongs to #™ (i?") . Evidently, p(x) € C

Hence, by Claim 2, we have

f(x)g(x) = I F(x, i/)L(x, y)dm~{y)
'F
t i

= I S(x, y)dmi(y) + I T(x, y)dm±(y)
>F t h F

= p(x) + q(x) € CM(fl") + H°p (FT) .

R*

This is a contradiction. Hence, in this case, C (G) + .fip(G) is not

an algebra.
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CASE 1.2. F = io) and P is dense in tf1 . Since i?" is an

open subgroup of G and P is not dense in G , there exists an element

Yo € F with YQ >p 0 such that Rn + y C P . We define measures

u € «£(G) and v € ?fi_pAG) as follows:

du(x, 2/) = <£YO(Z) X [y, yo

dv(x, y) = dyQ(.x) x [y, _Y

Choose a nonzero function f 6 i (it J \C (it J , and define a function

F on G by F(x, j/) = f{x) [y, yQ) . Then F * y(x, t/) = f(x) [y, yQ)

does not belong to C (G) . Evidently, V = 1 on supp({i) - 2y_ .

Hence, by Lemma 5* C (G) + Hp{G) is not an algebra. Thus, in Case

1, we have proved that C (G) + Hp(G) is not an algebra.

CASE 2. F # {0} . Put ? = P n / @ 7 We consider two cases,

depending on whether P is dense in H © F or not.

CASE 2.1. Suppose PQ is dense in i?" © P . Then there exists an

element yQ E F with YQ >p 0 such that Rn @ FQ + y c P . Let H be an

annihilator of FQ in F ; that is,

H = {y Z F; (y, y) = 1 for every y ( f j .

Then fi is an open compact subgroup of F . Define measures u € Mp(G)

and v € /•/* p\(G) as follows:

dy(x, j/) = d6Q(x) * (y, yQ)dmH(y) ,

dv{x, y) = d6Q(x) x [y, -yQ)dmH(y) ,

where 6 and m^ denote the Dirac measure at 0 in Rn and the

https://doi.org/10.1017/S0004972700008704 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700008704


Function spaces and group structures 229

normalised Haar measure on H , respectively. Choose a nonzero function

f{x) € L°°(i?*)\C [if1] , and define a function F(x, y) on G by

Hx, y) = f(x)[y, YQ) • Then F * u = F f ̂ (G) .

Moreover, V = 1 on supp(y) - 2Y Q . Hence, by Lemma 5,

C (G) + #™(G) is not an algebra.

CASE 2.2. Suppose P. is not dense in Ft @ FQ . Then there exists

an automorphism T on G such that

T(P) n i?" 3 |x = (x1, ..., xn) € if"; ̂  > oj .

Hence, by Lemma 7, we may assume that

P nf?"=> {x = (x1, ..., * n ) ; ^ > 0} .

O O ^j

By Lemma 6, for 3 € P (= P n if j , 2 >„]/ for every y € F . Let c
ir

and e? be positive numbers such that 0 < a < <?„ . Choose a nonzero

function h Z L (i?) such that supp(fc) c (c , c^) . We define a measure

u € «^(C) by cfti(xlS x', y) = TifxJ^ x d60(x') x dm^y) , where 6Q(x')

is the Dirac measure at 0 in R and H is an annihilator of F. in

F . We choose nonzero functions g d £°°(i?) , g € L°°(i?""1) \C (i?""1) ,

and g (. L (F) such that g1 * h t 0 and g_ * m^ + 0 . Put

F ^ , x1, i/) = g^{.x^\g^.x')g^.y) ; then F * u ^ C (G) . Next we define

a measure v € Iff p\(G) as follows:

x^, x', y) = £(x )<£E x dE, Ax') x dmAy) ,

where £ is in £ (5) such that supp(£) c (-0°, 0) and £ = 1 on

[-c2, -ej . Define a character n € G by n(x , x1, i/) = e 3 1 , where
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a_ = a + e. . Then v = 1 on supp(u) + r| . Hence, by Lemma 5,

C (G) + tiZ(G) is not an algebra. Therefore, in each case, C (G) + p

is not an algebra. //

PROPOSITION 11. Let G be a locally compact abelian group such that

G is an algebraically ordered group. Suppose that G ̂  R © F , where F

is a nontrivial discrete abelian group. Let P be a subsemigroup of G

with the (A0)-condition such that it is not dense in G . Then

C {G) + Hp(G) is not an algebra.

PROOF. CASE 1. Suppose P is dense in R . Then there exists an

element yQ (. F with y. >p 0 such that R + y c P . Hence we can prove

that C (G) + Hp(G) is not an algebra in the same way as in Case 2.2 of

Proposition 10.

CASE 2. Suppose P is not dense in R . We may assume

P n S = [0, ») .

CASE 2.1. First we consider the case that F ̂  Z (integers) and

P n F induces an archimedean order on F . Then F is order preserving

and isomorphic to some subgroup of R , which is dense in R with respect

to the usual topology of R .

Fix an element dQ € F such that <2 >_ 0 . Then

{d € F; 0 <p d <p dQ] is an infinite set. By Bochner's Theorem, there

exist measures y2 € A^ (£) and v ? A/? ?nr.)(£) such that

supp(p2) c {d € F; 0 £p d <p 2dQ} , {d 6 F; \v2(d)\ > h\ is infinite, and

\>2 = 1 on supp(u2) - W Q . Since Up f £ (F) , there exists a function

£ € £ (f) such that g^ * v2 \ C(F) . Let ft be a nonzero function in

L (i?) such that supp(ft) c [l, 2J . We choose a function g € L (i?)

such that g * h / 0 .

We define F € L°°(G) , u € W^(G) , and \> d ffi pAG) as follows:

(ar, y) = ^
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d\i(x, y) = h{x)dx x dv2(y) ,

, y) = E,(x)dx x dv2{y) ,

where £ is a function in L (R) such that supp(C) c (-», 0) and

f = 1 on [-2, -1] . Define yQ € G by yQ{x, y) = e~
v3X\y, -hdQ) .

Then F * y(x, y) = g * h(x)g2 * V2{y) $
 C
U ^

G ) . and 0 = 1 on

supp(y) + Y_ . Hence, by Lemma 5, C (G) + Hp(G) is not an algebra.

CASE 2.2. Suppose F ̂  2 and P n F induces a nonarchimedean order

on F .

Then there exist two elements d., d~ € F with 0 <„ d <„ d such

that nd <pd2 for every n € Z . Let A = {nd ; n € Z} , and let H he

an annihilator of A in F . Then //?„ (the Haar measure on H ) is

regarded as a singular measure with respect to the Haar measure on F .

Hence, by [Z], Theorem (35.13), there exists g2 € L°{F) such that

g2 * [d^^ $ CU(F) •
 L e t «2 an<i C t e functions in L^iR) such that

supp^) c [i, 2] , supp(f) c (-co, 0) , and f = 1 on [-2, -l] . We

CO

choose a function g. € L (R) such tha t g * h^± 0 , and define a

function F on G by F(x, y) = g^

Define measures \i € t-f^iG) and v € /•/? p\(G) as follows:

<fv(x, j/) = C(x)dx x (y, - 2 H

Then F * u ̂  C (G) . Define a character Y o € G by

YQ(x, #) = e"
1 [y, -2d2) . Then 0 = 1 on supp(p) + yQ . Hence, by

Lemma 5. C (G) + Hp(G) is not an algebra.

CASE 2.3. Suppose f s 2 (integers). In this case, we need

consider only the following three cases:
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(A) there exists a positive number b such that

[PA -) P = {(M, a;) € Z ®R; x 2 n-bn if n £ -1}

u {(n, x) € Z ©i?; x > n-im if « > 0} ;

(B) [PB =) P = {(«, x) € Z @i?; n 2: 1, or n = 0 and x > 0} ;

(C) (Pc =) P = {(«, x) € Z © f?; x > 0 if n > 0}

u {(«, x) € Z ©i?; x > 0 if n £ -1} .

But let T(M, X ) = {n, x+bn) . Then T is an automorphism on

Z © R , and T(P^J = P_ . Hence, by Lemma 7, we need investigate only-

Cases (B) and (c). We prove only Case (c). (in Case (B), we can proceed

in the same vay.J

Let h be a nonzero function in L (i?) such that supp(^) c [l, 2] .

Choose functions g. € L (R) and g2 € L (i?) such that g. $ C(T) and

g * h ± 0 . Define measures y € /^(T © if) and v € if, pAT © R) as

follows:

du(x, y) = i6Q(x) x h(y)dy ,

dv(x, y) = d6Q(x) x 5(j/)dj/ ,

where £ i s a function in L (R) such tha t supp(£) c (-°°, 0) , and

C = 1 on [-2, -1] . Then v = 1 on supp(y) + (0, -3) and

? * l i f Cu(T®R) , where F{x, y) = g^x)g&{y) € lT(T @ R) .

Hence, by Lemma 5, C (f © i?) + ^C(T © R) is not an algebra.

Therefore, in each case, C (G) + Hp(G) is not an algebra. / /

LEMMA 12. Let G = (^ @ D , where Gx is a locally compact abelian

group suah that G is torsion-free, and D is a discrete abelian group

such that D -is torsion-free. Let P be a subaemigroup of G with the
(AO)-condition such that it is not dense in G . Moreover, we assume that

(i) s >p t for each s € [P n G ) and t € D ,

(ii) F" c [-P n G ) * D , and
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(Hi) {-P n Gx) c [P n G^

If C [G ) + ̂ ^ (G ) is «ot an algebra, C (G) + fl£(G) is wot an

Proof. Suppose that C (G) + £^(G) is an algebra. For

<?.,_) , put F(x, d) = f(a:J for (x, d)

CLAIM 1. F belongs to

Indeed, for each h € #p(G, © D) , h can be represented as follows:

oo

h(x, d) = £ h{x, d ) x dSd (d) for some d (. D ,
n=l n n n

\\h\\x = I H-, dn)\\

and

1

Hence we have

f 00 ^

(x)Ffedm,, = T F[x, d )h[x, d \dm%
h & n=l - ^ n « G1

= y /(x)?z(x, d Jdm^ (x)
n=l J C , n ffl

= 0 .

That i s , F belongs to ^ (G) .

For g € C j G ^ , define K(x, y) € C^G) by ^(ar, y) = g{x) . Then

there exist functions H 6 C (G © D) and L 6 lZ{G @ D) such that

FK = H + L .

Hence, in par t icu lar , F(x, O)K(x, 0) = H(x, 0) + L(x, 0) almost

everywhere x i. G± . That i s , /(x)#(x) = #(x, 0) + L(x, 0) almost
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everywhere x € G . Evidently #( • , 0) belongs to C (G ) .

CLAIM 2. * ( • , 0) belongs to ^ ( ^

Indeed, for k € fl^g (G^ , define a function N{x, <i) € L1(G1 © O)

as follows:

Then #("r1, Y 2 )

tf(x,
[*U)

d) = |

(o

i f

i f

Y2)

d

d

€

= o ,

* 0 .
o

[-P r \ •»• D . H e n c e / / = 0

on (-•? n G ) x D => P° . That i s , N belongs to Hj,(G) . Hence we have

K(x, 0)k(x)dx = I K(x, d)N(x, d)dmG

= o .

Therefore C IG, 1 + nlj?, (GA becomes an algebra. This is a

contradiction. / /

LEMMA 13. Let V be a locally compact abelian group and P a

subsemigroup of T satisfying the (AO)-condition. Let F be an open

subgroup of T such that P is dense in it. If there exists an element

y € F such that -P is not dense in yQ + F , then we have P z> y + F .

Proof. Since -P i s not dense in y- + F , there exists an open

subset V of F such tha t (Y0
+^) n (-P) = 0 . Hence we have

y + V c P . Since P i s dense in F , we have V + P r> F . Therefore we

have y+Fcy+V + PczP. / /

PROPOSITION 14. Let G be a locally compact abelian group. Let G

be torsion-free and G ~ R © F , where F is a locally compact abelian

group which contains a compact open subgroup FQ # {0} . Let P be a

subsemigroup of G with the (AO)-condition such that it is not dense in

G . If C (G) + £,{G) is an algebra, then F is compact.
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Proof. We suppose F is not compact.

CASE 1. Suppose P is dense in R © FQ . Since R © FQ is an open

subgroup, there exists Yo € P with yQ >p 0 such that R @ F + y c P .

Hence, in this case, we can prove that C (G) + Hp(G) is not an algebra

as in Case 2.1 of the proof of Proposition 10.

CASE 2. P is not dense in R © F .

CASE 2.1. Suppose P is not dense in R © F and P nF is dense

in F . Since P is necessarily dense in F , it is not dense in R .

Hence we may assume P n R = [0, ») . We note that x + F c P for each

x € R such that x > 0 . Let ft be a nonzero function in L (i?) such

that supp(ft) c: [i, 2] . Choose functions g € L°°(i?) and

# 2 € L°(F)\CjiF) such that ^ * fe * 0 . Put f(x, y) = ^(xJ^Cy) . Let-

YQ be a character of G defined by yAx, y) = e~ . Define measures

y € 1^{G) and V £ tfi pAG) as follows:

du(x, y) = h(x)dx x d6Q(j/) ,

dv(ar, j/) = C(x)dx x d6Q(j/) ,

where C is a function in £ (f?) such that supp(£) c (-«•, 0) , and

t = 1 on 1-2, -lj . Then F * u f C (G) and 0 = 1 on supp(y) + yn •

Hence, by Lemma 5, C (G) + "p(G) is not an algebra.

CASE 2.2. Suppose P is not dense in R © F and F respectively.

Let F = {y+FQ; y C F, O[y+FQ) < »} , where 0(y+FQ) denotes the order of

the coset y + F in F/F .

CLAIM 1. F is a finite set.

Suppose F is infinite. Put Fp = U{y+FQ; y+FQ € F} . Then Fj. is

a noncompact open subgroup of F . Evidently, P is dense in F_ . We

may assume P i J = [0, ") . Since P is not dense in R © F_ ,
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nonzero{(x, y) € R © F p x > 0, y € Fp} is included in P . Let h be a

function in L1^) such that supp(Tz) c [l, 2] . Let H = FZ (the

annihilator of Fp in F ) and H = F~ (the annihilator of F in F J .

Then H is a compact open subgroup of F . Moreover, #n/# is infinite.

Hence m~ (a normalized Haar measure on H ) is regarded as a singular

measure with respect to a Haar measure on H . Hence there exists a

function g2 € L (F) such that g * mfl f C (F) . Let ^ be a function

in LX(R) such that g^ * h t 0 . Put g(x, y) = g1(x)g2(x) . Let yQ

be a character of G defined by YQ(a:» y) = e . Define measures

y € ̂ (G) and V € /^ pAG) as follows:

dii(x, y) = h(x)dx x dm^y) ,

dv(x, y) = C(x)cZx x dmH(y) ,

where £ is a function in L (R) such that supp(£) c (-», o) , and

| = 1 on [-2, -1] . Then v = 1 on supp(u) + y , and g * u does not

belong to C
U(

G) • Hence, by Lemma 5, C
U^

G) + ̂ (G) is not an algebra.

This is a contradiction. Hence Claim 1 is proved. Therefore Fp is a

compact open subgroup of F .

CLAIM 2. Let y be in F such that y >.O and y + Fr * fp •

Then y + Fp i s included in P .

By Lemma 13, we need only prove that y + Fr 4- (-P) •

Suppose y + F-r c (-P) . Since F/Fp is torsion-free, P is dense

in Z @Fp ^ (Zy) @ Fp . Hence {{x, y) € i? © Z © Ff; x > 0, y S Z ® Ff}

is included in P . Let ff and H be annihilators of Fp and Z © Fp

in F respectively. Then m,, is a singular measure with respect to a
/\ CO. /\

Haar measure on F . Hence there exists a function g^ in L (F) such

that #2 * ( y O t ̂  (̂ ) • Let h be a nonzero function in L (R) such

that supp(&) c [l, 2] . Choose a function g € L°(R) such that

^ * h * 0 , and define a function g € £°°(G) by #(x, y) = g
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Let Yn be a character of G defined by YQ(a:, y) = e~% (y, -2y) •

Define measures u € t'!p(G) and V (. ''^7_p\(G> as follows:

dv(x, y) = h(x)dx x (y, y)dmH(y) ,

d\j(x, y) = E,(x)dx x (y, -y)dmH(y) ,

where £ is a function in L {R) such that supp(C) <̂  (-°°, 0) , and

£ = 1 on [-2, -l] . Then g * \i does not belong to C {G) , and v = 1

on supp(y) + Yo • Hence, by Lemma 5, C (G) + lip(G) is not an algebra.

This is a contradiction. Hence, Claim 2 is proved.

Put P = {y+Fr; y >p 0, y+Fr t Fr) u {[0]} . Then, by Claim 2, P is

a subsemigroup of F/Fr with the (AO)-condition.

CASE 2.21. First we consider the case that P induces a nonarchi-

medean order on F/Fr .

Then there exist positive elements [y-i] > [Y2] € F/Fp such that

W [ Y ] <j [ Y J for every n € Z . Let [F_, y J be an open subgroup of F

generated by y and Fr • Then \Fr, Y J S Pf @ 2 . Let

U = [_Fr, y ]•*• (the annihilator of [Fp, y ] in F ) . Then mw (the
y. r l r 1 n

Y

Yl

Yl

Haar measure on H J is a singular measure with respect to a Haar
Yl

^ 00,

measure on F . Hence there exists a function g~ ? L (F) such that

2

supp(^) c [l, 2] . Choose a function g € L°{R) such that ^ * h r 0

Put g(x, y) = gr1(x)^2(y) for (x, y) i R ®F . Define measures u € /

and V ? if? P)(G) a s follows:

:, y) = Mz

https://doi.org/10.1017/S0004972700008704 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700008704


238 Hi rosh i Yamaguchi

dv(x, y) = £{x)dx * (y, -y2)dmH [y) ,

where £ i s a function in L (i?) such that supp(£) c (-«>, 0) , and

| = 1 on [-2, - l j . Let y be a character of G defined by

Y0(x, y) = e'^iy, -2y2) . Then g * u f CjG) , and v = 1 on

supp(p) + YQ • Hence, by Lemma 5, C (G) + H {G) i s not an algebra. This

i s a contradict ion.

CASE 2.22. Next, we consider the case that F/Fr ^ Z and P

induces an archimedean order on F/Fr .

Then F/Fp is order preserving isomorphic to a subgroup of R . which

is dense in R with respect to the usual topology. Hence, as seen in Case
/\ CO .

2.1 of the proof of Proposition 11, we can construct Y_ € G , F € L \G) ,

M jj , and V € bf, p\(G) such that F * y f C {G) and v = 1 on

supp(p) + Yn • Hence C (G) + Hp(G) is not an algebra by Lemma 5.

CASE 2.23. Finally, we consider the case F/Fj. :-« Z . Then

G = R © Z 0 Fp . Let ff = i? @ 21 . Then G has the following

properties:

(i) 8 >p t for each s € ̂  n P) and t € Fp ;

(ii) P2 c (-P n fij

(iii) [-P n cj c (P n Gj

As seen in Case 2.3 of the proof of Proposition 11, C fff, J + HZ £ (G'\ is

not an algebra. Hence, by Lemma 12, C (G) + Hp(G) is not an algebra.

Hence, in each case, we have a contradiction. Therefore F must be

compact. //

The following theorems are due to Sarason (see [3] , [5] , and [6] ).

THEOREM 15. &T) + H°(T) is a closed subalgebra of L°(T) .
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THEOREM 16. C {R) + tF(R) is a closed subalgebra of L°(R) .

The following theorem is due to Rudin ([4]).

THEOREM 17. Let G be a compact abelian group such that G is
oo oo

ordered. Then C(G) + H (G) is a closed subalgebra of L (C) if and only

if G S* T .

PROPOSITION 18. Let G be a nondiscrete locally compact abelian

group such that G contaitis a compact open subgroup Ft {0} . Let P be

a subsemigroup of G with the (AO)-condition such that it is not dense in

G .

If C (G) + fip(G) is an algebra, then G ;s T ®Ft for some compact

open subgroup FA of G .

Proof. Let FA = U{y+F; y € G, 0{y+F) < «} . Then, as seen in Case

2.2 of the proof of Proposition lU, F^ is a compact open subgroup of G .

Put P = {Y+F*; Y >P o, Y+*1* * * " * } .

If y >p 0 and y f f• , then y + F* is contained in P .

Hence P is a subsemigroup of F/FA with the (AO)-condition.

Let #Q = F^ (the annihilator of FA ). Then H is a compact open

subgroup of G .

CLAIM 1. For f I H),(G) , f = £ / with \\f\\ = £ ||f || ,
n=l -1 n=l " -1

where / is the restriction of f to some coset x + #„
" w 0

•̂  o o

(n = 1, 2, . . . ) . Put h = 6 * f . Then f = £ 6 * ft , and 7i
« ?i=l x n " n

belongs to H±(HQ) (n = 1, 2, ...) .

Indeed, let y be in 8 such that [y] <p 0 . Then Y + S <p 0 for

every S € F,, . Hence we have

0 =

n n ' Y^^n' 8J for e v e r y 8 * F* •
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Since [hn([y] )(-*„> YJ} U 1 , we obtain ^ ( [ y ] ) = 0

(n = 1, 2, . . . ) . That i s , hn i H~(HQ) (n = 1, 2, . . . ) .

Let B? [HQ) = {g € £°°(«0); <?(Y) = 0 i f y 5- 0} ; tha t i s

CLAIM 2. flp>0(#0) < £

This i s obtained from Claim 1.

We note that C{HQ) + fi~(ffQ) = <7(flQ) + ^> 0( f lQ)

CLAIM 3. C[BQ) + ̂ (*0J is an algebra.

For f € C[BQ) and ^ € fi~ 0(//Q) , by Claim 2, f and g can be

regarded as functions in C (G) and fiZ(G) , respectively.

Since C (G) + flp(C) is an algebra, there exist functions H € C (G)

and X € #p(ff) such that gf = H + X .

Evidently, B\^ belongs to C{EQ) . Moreover, we can check that

K\H belongs to ^(# 0) • Hence we have fg € C[HQ) + fl|(#0) . Therefore

C(HQ) + a|(S0) is an algebra.

Hence, by Theorem 17, we have F/F* ̂  Z . Hence G = T ®FA . //

THEOREM 19. Let G be a nondisarete locally compact abelian group

such that G is an algebraically ordered group. Let P be a subsemigroup

of G with the (A0)-condition such that it is not dense in G . If

C (C) + Hp(G) is a closed subalgebra of L [G) 3 then G admits one of

the following structures

(a) G '* R ,

(b) G S R © D ,

(c) G'^T ,

(d) G ̂  T © D ,
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where D is some discrete abelian group.

Proof. By the structure theorem, G = n © F , where F is a locally

compact abelian group which contains a compact open subgroup F^ .

If n > 2 , C (G) + #p(<7) is not an algebra by Proposition 10. If

n = 1 , by Proposition 11 and Proposition 1^, we have G = R , or

G = R © D for some discrete abelian group D . If n = 0 , by Theorem 17

and Proposition 18, we have G S T , or G S* T © D for some discrete

abelian group D . //

THEOREM 20. Let D be a discrete abelian group such that D is

torsion-free. Let P be a subsemigroup of Z © D with the (AO)-condition

such that it is not dense in Z © D . Then C (T © D) + H^(T © D) is a

closed subalgebra of L°(T © D) .

Proof. Evidently C (T © D) + HZ(T © 0 ) is a closed subspace of

L°(T © D) . We may assume that P n Z = {n € Z; « > 0} . We can easily

check the following:

4 ( r © D) = (f € i V © 0); /(•, d) € flJ(D for every d € DJ ,
(*)

flp^ © 0 ) = { ? € i V © 0 ) ; g-(., d) € ff"(D for every d € 0} .

For each nonnegative integer N , we define Q^ as follows:

QN = {/(*, d) € L°{T @ D ) ; / ( • , 2)(n) = 0 if n < -ff for every d € 0} .

Then ^ is a subalgebra of L°(T@D) containing ^ ( T © Z?) . Moreover,£ff is contained in C (T ® D) + ^ ( T © £>) .

CLAIM. U Q is dense in C {T ® D) + l£(T ® D) .
tf=0 M ^

Indeed, for f Z C (T @ D) , we define a function f, € C(T) by

fd(x) = /(x, d) (d t D) . Put A p = [fd; d e c } .

Then A is uniformly continuous and equicontinuous. Hence, by the

Ascoli-Arzela Theorem, A is relative compact in C{T) . That is, for
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e > 0 , there exist functions f, , .. ., f, € A- such that
1 m

U {h € C(T); \\h-f || < e/3} 3 4 .
k=l dk T

Let {# } _ be Fe jer ' s kernel. Then there exists a positive integer

N such tha t \\Ks*fd -fd L < e/3 (fc = 1, . . . , m) .
K. K.

For f, 6 4 . , there exists a positive integer k (l 5 fe £ m) such

that H-ff/J !!„ < £/3 • Hence we have

< e .

Put Fv(x, d) = fd * K[f(x) . Since

F,. belongs to Q.; ; and ||F -f|| < E . That is, U Q is dense in
» » N

 /V=0 «

C (T @D) + H™(T @D) . Therefore C (T ® D) + H°^(T © D) is a closed

subalgebra of L°(T © D) . II

THEOREM 21. Let D be a discrete dbelian group with D torsion-

free. P is a subsemLgroup of B © D with the (AO)-condition such that it

is not dense in R © D . Then C (R © D) + H1(R © D) is a closed sub-

algebra of L°°(R ® D) .

Proof. C (R @ D) + #"(/? ©Z?) is a closed subspace of £°°(i? © D) .

We may assume P n R = [0, °°) . The following equations (*) are

easily checked:

H^(R ®D) = {/ € LX{R ®D);f(-,d) € ̂ (i?) for every d € 0} ,

(*)
#"(/? 6 0) = {/ € i°°(i? ®D);f(-,d) € H°°(R) for every d € 0} .

For an integer n , Y denotes a character on R defined by
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Y (x) = e'nX . For each nonnegative i n t e g e r n , we def ine A as

fol lows:

A = {g € L°(R ®D); g(-, d) 6 X_n
fl°°(fl) f ° r ea<=h ^ » ! •

Then A con ta ins C(i? © D) (n = 0 , 1 , . . . ) .
—n r

CLAIM. A <z C (R ® D) + H°AR ® D) (n = 0 , 1 , . . . ) .
—n u r

For ^ € 4 , l e t /z be a funct ion in L (R) such t h a t h = 1 on

[-«, 0] . Define a funct ion F on R®D by F ( x , d) = [g( • , d)*7i) (x)

for (x , d) € i? © D . Then F belongs t o C {R ® D) . Since

# ( • , d) - g(-, d) * h (. #°°(i?) for every d € D , by ( * ) , we have

g - F $ Ap(^ ©D) . Hence ^ = F + (g - f ) belongs t o

Since lf(R) is an algebra, we can prove that U A is a
n=0 """

subalgebra contained in C (R ® D) + tfp(i? © D) , from (*) and the above

claim. Moreover, by using ([/], Theorem 12.11.1), we can prove that
00

U A i s dense in C (R ® D) + IL,(R ® D) . Therefore
n=0 "M u P

!

0O x

= U A I i s a c losed subalgebra of L°°(i? © 0 ) . / /
«=0 ~n>
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