J. Austral. Math. Soc. (Series A) 36 (1984), 87—105

A GENERAL MEASURE DECOMPOSITION THEOREM
BY MEANS OF THE GENERALIZED WALLMAN
REMAINDER

GEORGE BACHMAN and PANAGIOTIS D. STRATIGOS

(Received 5 April 1982)

Communicated by W. Moran

Abstract

Let £ be a lattice of subsets of a set X. Let MR(£) denote the set of all £-regular (finitely additive)
measures on the algebra generated by £. Under the assumption that £ is disjunctive, in the first part of
the paper, criteria are obtained for the o-smoothness, 7-smoothness, and tightness of elements of
MR(L) in terms of the general Wallman remainder. In the second part of the paper, various
applications are given, and, in particular, extensions and refinements of the Yosida-Hewitt Decom-
position Theorem are obtained.

1980 Mathematics subject classification ( Amer. Math. Soc.): 28 A 60, 28 A 32.

Introduction

Let £ be a lattice of subsets of X, and %(£) the algebra generated by £. MR(£)
denotes the set of all C-regular (finitely additive) measures on A(£), and IR(£),
the set of all 0-1 valued measures in MR(£). The topological space
(IR(R), tW(£)), where W(L) is the Wallman lattice, is the general Wallman
space.

In the first part of this paper, we show that, in case £ is disjunctive, each
p € MR(£) induces two measures ji and fi, defined on certain algebras of subsets
of TIR(£). Then, we give criteria for o-smoothness, r-smoothness, and tightness in
terms of ji or ji, and the general Wallman remainder /R(£) — X.
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These results greatly generalize earlier work, [4], where it was necessary to
assume that £ was also § and normal in order that the Alexandroff Representa-
tion Theorem, [1], could be applied to induce the measures i and fi. This
approach is now bypassed by using general measure extension theorems. We note
that this earlier work had already generalized the work of Knowles, [10], and
Gould and Mahowald, [8], in which X was a Tychonoff space and £ the lattice of
its zero sets.

We can now systematically apply our general criteria to important lattices
which may not be § or normal, such as the lattice of clopen sets in a T,
0-dimensional space, or the lattice of closed sets in a T, topological space, and for
these special cases the results can be expressed in terms of subsets of B, X — X,
where B, X is the Banaschewski compactification of X, [6], and wX — X, where
wX is the Wallman compactification of X, [17], respectively. Thus, beside the
well-known case of BX — X, we can develop, by this abstract approach, a unified
treatment of certain aspects of topological measure theory, in terms of IR(£) — X,
which will include all the important topological lattices.

However, beyond this, the general approach leads to new measure extension
theorems, as well as to new criteria for lattice repleteness.

In the second part of the paper, various special measures are introduced, such
as purely finitely additive, purely o-additive, purely r-additive, strongly o-addi-
tive, and so on and, again, utilizing the induced measures i and /i and certain
subsets of the general Wallman space, we obtain various decomposition theorems
which are extensions and refinements of the well-known Yosida-Hewitt Decom-
position Theorem, [18].

1. Terminology and notation

Let £ be any lattice of subsets of a set X. We shall assume, without loss of
generality for this paper, that @, X € £. We say that £ is

1) 8 if Cis closed under countable intersections;

2) complemented if forevery L€ £, L' € £;

3) T, or separating if for all x, y € X, x # y implies there exists an 4 € £ such
thatx e 4 andy & A4;

4) T, if for all x, y € X, x # y implies there exist 4, B € £ such that x € A’,
y€B,andA’' N B = &;

5) disjunctive if for every x € X and every 4 € £, x & A implies there exists a
B e fsuchthatx E BandA N B= @;
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6) regular if for every x € X and every A € £, x & A implies there exist B,
C€E€fsuchthatx e B, ACC,and B N C’ = 3,

7) normal if for all A, BE £, A N B = @ implies there exist C, D € £ such
that ACC,BCD',and C'N D' = @,

8) Lindelof if any family of sets in £ with the countable intersection property
has a non-empty intersection;

9) compact if any family of sets in £ with the finite intersection property has a
non-empty intersection.

Similarly, one defines £ is countably compact. £ is countably paracompact if for
any decreasing sequence (A4, ) in £ with lim, 4, = @, there exists a decreasing
sequence ( B,) in £’ withlim, B, = @ and 4, C B'.

Next, let £, and £, be any lattices of subsets of X. £, separates £, if for all
A,B€L,, AN B= g implies there exist C, D € £, such that 4 C C, BC D,
andCND=g.

N designates the set of natural numbers. 8£ is the § lattice generated by £, and
t£ the lattice of arbitrary intersections of £-sets. A function from X to R U {+o0}
is C-continuous if the inverse image of every closed set is in £. The set of
£-continuous functions is denoted by C(£), and the set of bounded £-continuous
functions by C,(£). Z(£) is the set of zero sets of £. The algebra generated by £ is
A (L), and the generated o-algebra is o(£).

M(£) denotes the set of all measures on A(£); that is, those real-valued,
bounded, finitely additive set functions on A (£). (See [1], page 567.) An element
p € M(£) is called:

1) E-regular if for each A € A(L) and every ¢ > 0, there exists an L € £ such
that L C 4 and |p(A4) — n(L)|< ¢

2) £-(o-smooth) if for every decreasing sequence (A4, ) in A(£) with lim, 4, =
@, lim, p(4,) = 0 (see [16]);

3) C(7-smooth) if for every decreasing net (L, ) in £ with lim,L = @,
lim , p(L,) = O (see [16]);

4) C-tight if p =0, p is £-(o-smooth), and for every £ > 0, there exists an
f-compact set K such that p (K’) < € (see [10]).

MR(£) is the subset of M(£) of all £-regular measures. M(o, £) is the subset of
M(£) of all £-(¢-smooth) measures; while M(1, £) is the set of all £~(7-smooth)
measures, and M(¢, £) the set of all £-tight ones.

For p € M(£) with p = 0, the support of pis S(p) = N{L € Llu(L) = u(X)).
The set of all 0-1 valued elements of M(£) will be denoted by I(£). £ is replete if
for every p € IR(0, £2), S(p) # 2.

Since every element of M(£) is the difference of nonnegative measures, in the
sequel we shall work exclusively with nonnegative measures.
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2

In this section we work with an arbitrary set X and a fairly arbitrary lattice £ of
subsets of X; with this pair we associate the general Wallman space IR(£) (see
below), and, for the general element of MR(£), we investigate how the properties
of o-smoothness, 7-smoothness, and tightness reflect over to JR(£) and con-
versely. The resulting theorems are not only intrinsically interesting, but they are
also useful throughout the present paper.

2.0. Preliminaries. (i). Let £ be any lattice of subsets of X such that £ is
separating and disjunctive. It is known that the topological space ( IR(£), tW(£))
is compact and T;; it is T, if and only if £ is normal. (See, for example, [2] and
[13].) Consider the map ¢: X — IR(£), where ¢(X) = pu,, the measure con-
centrated at x. ¢ is a (7€, tW(£) N ¢(X) = t¢(£))-homeomorphism. For this
reason, ¢( X) is topologically identifiable with X. Moreover, ¢( X) is dense in
IR(L). Consequently, IR(£) is a compactification of X if X carries the (£
topology; it is known as the general Wallman compactification of X. In case ¢( X)
is identified with X, we say that X is embedded in IR(£).

For A € A(£), let W(A)={p € IR(L)|m(A)=1), and W, (A4)={p€E
IR(a, £)|pu(A) = 1}. The following statements are true:

1.If A € A(L), then W(AY = W(A).

2. If A, B€ %A(L), then a) W(A U B) = W(A4)U W(B); B) W(ANB)=
W(A) N W(B); v) A D B, if and only if W(A) D W(B); ) A = B, if and only
if W(A) = W(B).

3. AW(E)) = W(AL)).

(Proofs omitted. Note all these statements are true, if ££ is simply disjunctive.)

Next, let p € M(£), and define i on A(W(L)) = W(A(L)), by A(W(A4)) =
p(A), where 4 € A(L). Then, g € M(W(L)) and, if p € MR(£), then €
MR(W(£)). Conversely, let v € M(W(£)), and define p on A(L) by p(4) =
v(W(A)). Then, p € M(R), v = i, and if v € MR(W(L)), then p € MR(£).

Note, since W(£) is compact,

MR(W(L)) = MR(o, W(£)) = MR(7, W(R)) = MR(1, W(£)).

Now let u € MR(L). Then, i € MR(W(£)) = MR(o, W(£)). Hence, p is
uniquely extendible to the g-algebra of ji*-measurable sets and the extension is
SW(L)-regular. We will continue to use u for this extension.

We note that X(W,(£)) = W (A(L)) (proof omitted). Now, let p € M(£) and
define p’ on A(W,(L)) by w(W,(B)) = u(B), where B € A(£). Then p’ €
MW, (L)) and, if p € MR(£), then p’ € MR(W,(£)). Conversely, let p €
M(W,(£)), and define p on A(L), by u(B) = p(W,(B)). Then, p € M(L), p = ',
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and, if p € MR(W,(£)), then p € MR(£). The following statement is also true: If
p € MR(£), then p € MR(s, ), if and only if u’ € MR(o, W,(£)). (Proof
omitted.)

2.1. On o-smoothness.

THEOREM 2.1. Let £ be any lattice of subsets of X such that £ is (separating) and
disjunctive. If u € MR(L), then the following statements are equivalent:

1. 0 € MR(o, £).

2. If(L; i€ N)isinCand (L) is decreasing and (M ,W(L;) C IR(L) ~ X,
then i( N, W(L,)) = 0.

3.If (L; i €N isin £ and (L;) is decreasing and (\,W(L,) C IR(£) —
IR(o, £), then (N, W(L,)) = 0.

4. 5*(X) = pUIR(L)).

5. A*(IR(s, £)) = A(IR(L)).

PROOF. «). Assume 1 and let (L;,) be a decreasing sequence in £ with
N, W(L,) C IR(E) — X. We have (N, W(L,)) = lim, s(W(L,)) = lim, p(L,)
= p.( N, L,.) =0 since M, L, = &. Hence, 2 follows. Conversely, assume 2 and
let (L;) be a decreasing sequence in £ with lim;, L, = &. Then, M, W(L;) C
IR(£) — X, for, if not, there exists an x € X with p (L;) = 1 for all i, which is
absurd. It now follows that p € MR(s, 2).

B). The proof that 1 and 3 are equivalent is similar and will be omitted.

y). Since @*(X) + i, (JR(C) — X) = p(JR(L)) and [, (JR(E) — X) =
sup{(K)|K € 8W(L), K C IR(£) — X}, it follows readily that 2 and 4 are
equivalent.

8). To show 3 and 5 are equivalent, the same type argument as in y) is used.

REMARK. The part of the assumption “£ is separating” is not needed, in case
¢( X) is not identified with X. Whenever we wish to indicate this in a theorem, we
shall enclose the word “separating” in parentheses.

OBSERVATION. 4 and 5 are equivalent to
4. X is ji-thick;
5'. IR(o, £) is fi-thick

(see [9)], pages 74, 75).
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2.2. On 7-smoothness.

LEMMA 2.1. Let £, and £, be any lattices of subsets of X such that £, C £,. If
g € MR(L,), then p can be extended to av € MR(£,), and, if £, separates ,, the
extension is unique. (See [5] and [11].)

Now, let £ be any lattice of subsets of X, and let u € MR(£). Then, fi €
MR(W(£)), and, therefore, by the lemma, fi can be extended to a i € MR(:W(L)).
Moreover, since W(£) is compact, W(£) separates tW(£), and, therefore, the
extension is unique. Also, since MR(tW(£)) = MR(o, tW(£)), i is uniquely
extendible to the o-algebra of ji*-measurable sets and the extension is also
tW(£ )-regular. We continue to use fi for this extension.

LEMMA 2.2. Let £ be any lattice of subsets of X which is 8. The following
statements are equivalent:

1. p € MR(r, £).

2. If {L,; a €AY (net) is in £ and (L,) is decreasing, then p*(N L,) =
inf, p(L,).

3. If (L, «a €AY CL and (L, « € A} is a filter base, then p*(N L,) =
inf, p(L,). (See [14].)

We can now establish, quite analogously to the proof of Theorem 2.1, the
following:

THEOREM 2.2. Let £ be any lattice of subsets of X such that £ is (separating) and
disjunctive. If p € MR(L), then the following statements are equivalent:

1. p € MR(7, ).

2.If(L,; « € A) (net) isin £ and (L) is decreasing and N _W(L,) C IR(E)
— X, then p(N_ W(L,)) = 0.

3. *(X) = B(IR(E)).

OBSERVATION. Statement 2 is equivalent to the statement: If KX € tW(£) and
K C IR(£) — X, then i(K) = 0.

THEOREM 2.3. Let £ be any lattice of subsets of X such that £ is separating and
disjunctive. If p € MR(7, £), then p can be extended to a v € MR(r, t£) such that
v is C-regular on (t£Y, and v is unique in the sense that if p € MR(t£) and p also
extends u, then p = v.
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PROOF. (i). Existence. Since p € MR(, £), by Theorem 2.2, i*( X) = G(I/R(£));
that is, X is ji-thick, and the projection of i on A(7£), denoted by », is defined.
Then, for A € A(1£), there exists an A* € A(tW(L)) such that 4 = 4* N X and
v(A) = fi(A*). It is readily seen that » extends p, and » € MR(r, t£).

(ii). Now, we show that » is £-regular on (¢£). Let B € (¢£), and £ > 0. Then,
B = G N X, where G € (tW(L))'. By the regularity of fi, there exists a K € tW(E)
such that K C G and fi(G— K) <e. However, K= N _W(L,), L, € £,
(N, w(L,)) N G’ = @, and, by compactness, there exist finitely many of the
L, say, Ly,. .., L, such that ( nr_ w(L, )) NG = &.Thus, W(L) N G’ =
where I = ﬂ:’ 1L e L. Hence KC W(L)CG and W(L)ﬂXCGﬂX—
B, so L CB. Finally, w(B — L)=»(G — W(L)) N X) = i(G — W(L)) <
(G — K) <, which completes (ii).

(iii) (We omit the proof of uniqueness.)

ReMARK. For a related type of extension involving content see [15].

We will also need the following theorem, the proof of which is in the same
spirit as that of Theorems 2.1 and 2.2, and will be omitted.

THEOREM 2.4. Let £ be any lattice of subsets of X such that £ is disjunctive. If
B € MR(L), then the following statements are equivalent:

1. € MR(7, W/(£)).

2.If (W(L,); a € A) (net) is in £ and (W(L,)) is decreasing and (N W(L,)
C IR(E) — IR(o, £), then i(N_W(L,)) = 0.

3. f*(IR(o, £)) = E(IR(E)).

OBSERVATION. Clearly, statement 2 is equivalent to the statement: If K € tW(£)
and K C IR(£) — IR(0, £), then i(K) =0

2.3. On tightness.

THEOREM 2.5. Let £ be any lattice of subsets of X such that £ is separating,
disjunctive, and normal. If p € MR(L), then the following statements are equiva-
lent:

l.p € MR(¢,£).

2. f*(X) = g(IR(L)) and X is i*-measurable.

PROOF. Assume 1 and let ¢ > 0. Then, there exists an £-compact set K such that
p,(K’) <e. Since p € MR(t, £), it follows that p € MR(7, ), and, therefore, by
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Theorem 2.3, there exists a unique » € MR(7, t£) extending p and C-regular on
(t£Y. Also, by the hypothesis, it follows that K € (£, so K’ € (t£)". Let u be
extended to o(£) and v to o(¢£). Then,

v(K') =sup{v(L)|LEL,LCK’}
(since v is C-regular on (¢£)). Thus,
v(K') =sup{p(L)|LEL,LCK'}
<sup{u(E)|E€ o(f), ECK'}
=sup{r(E)|E€0(2),ECK'}
<sup{»(E)|E€o(:£), ECK’}
=p»(K’).
Therefore, »(K’) = sup{u(E} E €0o(L), ECK'} = p(K'). Also, K' =X~ K
= (IR(L) — K) N X and, since K is tW(£)-compact and tW(£) is T, (by the
normality of £), K € tW(L). Then,
A*(IR(E) — X) <a(IR(L) — K) = »((IR(£) — K) N X)
= b(K') = uy(K') <.

Consequently, g*(IR(£) — X) = 0, and 2 follows.

Conversely, assume 2 and let ¢ > 0. Since X is fi*-measurable and f is
tW(£)-regular on the o-algebra of i*-measurable sets, i*(X) = sup{i(K)| K €
tW(£), K C X}. Thus, there exists a K € tW(£), K C X such that i(K) > g*(X)
— & K is, of course, £-compact; also, K € t£, and, as above, »(K') = p,(K"), so
»(K) = p*(K); but, »(K) = »(K N X) = ji(K). Hence, p*(K) > j*(X) — ¢ =
A(IR()) — € = p( X) — ¢, which establishes 1. Note, in this part the normality
of £ is not needed.

3

In this section we introduce two important sets of measures and establish
certain lemmas critical for the subsequent development.

Consider any disjunctive lattice £ of subsets of X.

The set MR (£): p € MR (£) if p € MR(£) and p’ € MR(r, W,(£)).

The set MR (2): p € MR (2) if p € MR(£) and for any p € IR(L) —
IR(a, £), there exists a G € (tW(£)) such that p € G and i(G) = 0.

By a compactness argument, it clearly follows that MR (£) C MR (£).

The following two theorems indicate the importance of these sets concerning
repleteness.
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THEOREM 3.1. (On MRA(B).) The following statements are true:
1. MR (£) C MR(o, £).

2.IR(6, ) C MR (R).

3. £ is replete, if and only if MR (£) C MR(7, £).

PROOF. 1. The proof of 1 is clear.

2.1f p € IR(o, £), then S(j1) = {p}, and 2 follows directly.

3. Assume £ is replete, and let g € MR (£). Then, p’ € MR(r, W,(£)), and, by
Theorem 2.4, it follows that i(K) =0 for K € tW(£) and K C IR() — X.
Hence, by Theorem 2.2, p € MR(r, £), so MRA(B) C MR(r, £). Conversely,
assume MR (£) C MR(r, ). If IR(0, L) # X, let p € IR(0, £) — X; then, p €
MR(7, £), and, by Theorem 2.2, we get that i({p}) = 0, a contradiction. Hence,
IR(s,£) = X, and £ is replete.

THEOREM 3.2. (On MR (£).) The following statements are true:

1. IR(0, ) C MR (£).

2.If p € MR(R), then p. € MR (L), if and only if S(i) C IR(s, £).
3. L is replete, if and only if whenever p. € MR (R), then S(ji) C X.
4. © is replete, if and only if MR (£) C MR(r, ).

ProoF. 1. Let p € IR(o, L) and p € IR(L) — IR(o, £). Then, p # u. Hence,
there exists a G € (+W(£)) such that p € G and p € G. Thus, i(G) =0, and 1
holds.

2. Let p € MR(£) and assume p. € MR (£). If S(ji) Z IR(0, £), then there
exists a p € IR(L) such that p € S(ji) and p & IR(o, £). But, p € MR (£), so
there exists a G € (tW(L)) with p € G and i(G") = #(IR(£)). Hence, since
p € S(fi), p € G’, a contradiction. Conversely, assume S(ji) C IR(o, ), and let
p € IR(L) — IR(e, ££). Then, p & S(ji); therefore, there exists a G € (tW(L))
such that i(G") = @(IR(L)) and p &€ G’. Thus, p € G and {E(G) =0, so p €
MR (R).

3. The proof of 3 is clear.

4. Assume £ is replete. Then, by Theorem 3.1, MR (£) C MR (£) C MR(r, £).
The proof of the converse is not difficult and will be omitted.

REMARK. We note, although we will not make use of it, that if £ is also normal
and countably paracompact, then MR (£) = MRI(£), where MRI(£) is the set
of all u € MR(£) which integrate all f € C(£). (See [4].)
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LEMMA 3.1. Let £ be any lattice of subsets of X such that € is (separating) and
disjunctive. If A\ € MR(tW(L)) and A*(X) = NIR(L)), then there exists a p €
MR(L) such that A = ji and p € MR(7, £).

Proor. Consider A |A(W(L£)), and denote it by A again. Then, there exists a
u € M(£) such that A = fi. Since W(L) separates tW(£), A € MR(W(£)), so
r € MR(L); also, clearly we must have A = . Hence, f*(X)=2A%X)=
A(IR(£)) = i(IR(L)), and, by Theorem 2.2, u € MR(7, £).

LEMMA 3.2. Let £ be any lattice of subsets of X. Let p € MR(£) (such that p = 0)
and consider the measures i on o(W(L)) and f on o(tW(L)). (Recall fi is
SW(L)-regular and ji is tW(L )-regular.) Next, let H be any subset of IR(L). Then,

1. There exists a countably additive measure p on o(W(L)) suchthat0 < p < i, p
is SW(E)-regular, and p*(H) = p(IR(R)) = g*(H).

2. There exists a countably additive measure p on a(tW(£)) such that 0 < p < fi,
p is tW(£)-regular, and p*(H) = p(IR(£)) = g*(H).

ProoFr. (For 1.) Since i is 8W/(E)-regular, there exists a decreasing sequence
(A, A, € (8W(L)), A, D H for all n, and lim, 3(A4,) = A*(H). Then, 4 =
N, A, € s(W(£)). Now, define p on o(W(£)) by p(E) = i(E N A), where
E € o(W(L£)). Clearly, p is a countably additive measure on o(W(L)) and
0 < p < fi. Also, since ji is SW(L )-regular, so is p. Now, for all n, p*(H) < p(A4,)
= (4, N 4) = i(A4) = lim, i(4,) = *(H). Hence, p*(H) < ji(4) =
p(IR(£)) < A*(H). But, if G € (8W(L)) and G D H, then,

p(G) =a(GNA) = Lmia(GN4,)>i*(H),

and the §W/(£ )-regularity of p implies that p*( H) = i*( H). Combining this with
the above gives p*(H) = p(IR(£)) = g*(H).
A similar proof holds for Case 2.

OBSERVATION. p|A(8W(L)) € MR(e, SW(L)), and, since W(L) separates
tW(E), p|A(W(L)) € MR(o, W(£)). We will continue to use p for this restric-
tion.

REMARK. This lemma generalizes a result of Knowles ([10], page 143).
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4

In this section we define a purely finitely additive measure (p.f.a.), a purely
o-additive measure (p.o.a), and a purely r-additive measure (p.7.a), and for each
type of measure we give a characterization theorem.

Let £ be any lattice of subsets of X.

DEFINITION 4.1. o € MR(£) is p.f.a. if
Yy EM(o,£) and 0<y<p impliesy =0.

THEOREM 4.1. Let £ be any lattice of subsets of X such that £ is (separating) and
disjunctive. If u € MR(R), then the following statements are true:

L.Ifpisp.f.a., then f*(X) = 0.

2. IfCisdand o(£) C s(£), and p*(X) = 0, then p is p. f.a.

PrOOF. 1. Assume p is p.f.a., and g*(X) # 0. By Lemma 3.2(1), there exists a
p € MR(o, W(£)) such that 0 < p < i and p*(X) = p(IR(£)) = a*(X). Then,
p = », where » € MR(£), s0 0 < # < i, and 0 < » < p. But, #*(X) = #(IR(L));
therefore, by Theorem 2.1, » € MR(o, £). Thus, since p is p.f.a., » = 0; but,
»(X) = p(IR(L)) = p(IR(L)) = A*( X) # 0, a contradiction,

2. Suppose £ is § and o(£) C s(£), and A*(X) = 0. Let y € M(o, £) and
O<y=p. Then, 0 <y <, so 0 <y* <j* Hence, *(X) = 0. Now, by the
assumptions on £, y € MR(e, £). Therefore, by Theorem 2.1, $*( X) = $(IR(£)),
so y = 0. Hence, p is p.f.a.

DEFINITION 4.2. u € MR(o,L) is p.o.a. if y € M(0,£), 0 <y <y, and v is
7-smooth implies y = 0.

Analogously to Theorem 4.1 we have the following:

THEOREM 4.2. Let £ be any lattice of subsets of X such that £ is (separating) and
disjunctive. If p € MR(o, £), then the following statements are true:

1. Ifpis p.o.a., then f*(X) = 0.

2.IfCis b and o(£) C s(L), and i*(X) = 0, then p is p.c.a.

PROOF. 1. The proof of this part is quite similar to the proof of the first part of
Theorem 4.1. Here, we use Lemma 3.2, Case 2, and Lemma 3.1, and, structurally,
the proof is the same as in Theorem 4.1.
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2. The proof of this part is also similar to the proof of the corresponding part of
Theorem 4.1, so we will be brief. Let y € M(o, £), 0 < y < g, and y be 7-smooth.
Then, 0 < ¥ < ji on A(W(L)). One can then show that 0 < ¥ < i on A(tW(L)),
by using the fact that @ € MR(r, tW(£)) and that § € MR(r, tW(£)), since £ is
8 and o(£) C s(£), in conjunction with Lemma 2.2. Then, 0 < ¥* < ji*, and,
since fi*(X) =0, we get that ¥*(X) = 0; but, y € MR(7, £); therefore, by
Theorem 2.2, ¥(IR(£)) = 0, and y = 0, so p is p.o.a.

DEFRINITION 4.3. p € MR(7, L) is p.ra. if y € M(6,2), 0<y<y, and v is
tight implies y = 0.

THEOREM 4.3. Let £ be any lattice of subsets of X such that £ is separating,
disjunctive, and normal. If p. € MR(1, ), then the following statements are true:

1. If wis p.7.a., then f*(IR(L) — X) = G(IR(L)).

2. If2is 6 and o(L) C s(L), and f*(IR(E) — X) = g(IR(L)), then p is p.1.q.

PROOF. 1. Suppose p is p.7.a. and G*(JR(£) — X) < A(IR(L)). Then, there
exists a G € ({W(L)Y such that G D IR(E) — X and i(G) < A(IR(£)). Thus,
IR(L) — G € tW(L). Let F = IR(£) — G. Then, Fis tW(£)-compact and F C X.
Consequently, F is C-compact and F € £, Since p € MR(r, £), by Theorem 2.3,
p can be extended uniquely to a y € MR(7, (£); vy can be uniquely extended to
o(t£) and is tC-regular there also. Now, define A on o(£) by A(E) = y(E N F).
Clearly, A € M(0,£) and 0<A<p. Let ¢>0. Since FE2, F=N_L,,
L, €£. Using Lemma 22, it is not difficult to see that A*(N L,)=
y((N,L,) N F).But,y((N,L,) N F) = y(F) = N(X)>XX)—¢ s0 A is
tight. Thus, A = 0; however, A(X) = y(F) = ji(F) = g(IR(2)) — i(G) >0, a
contradiction.

2. Suppose £ is 8§ and o(£) C s(L), and g*(JIR(L) — X) = A(IR(L)). Let
Yy EM(o,L), 0<y=<p, and y be tight. Then, y € MR(0,L), 0 <§J< on
A(tW(L)), and, by regularity, 0 <¥ < on o(:W(L)). Hence, 0 <7,(X) =<
f,.(X), so ¥,(X) = 0. Now, y € MR(1, £), and using Theorem 2.5, we get that
also ¥*(X) =0, so ¥(IR(L)) =0,y = 0, and p is p.7.a.

5

In this section we define a strongly o-additive measure (s.0.a.) and a strongly
r-additive measure (s.7.a.), and, for each of these types, we also give a characteri-
zation theorem.
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Again, let £ be any lattice of subsets of X.

DEFINITION 5.1. u € MR(0,£) is s.c.a. if for yEM(L), Osy=<yp, ¥ €
M(o, W,(£)), and vy’ is 7-smooth implies y = 0.

LEMMA 5.1. Let £ be any lattice of subsets of X such that £ is disjunctive. If
A € MR(tW(£)) and A*(IR(o, £)) = AIR(L)), then there exists an element p of
MR(L) such that A = ji and p’ € MR(1, W,(2)) (that is, p € MR (£)).

ProOF. Consider A | A (W(L)), and denote it by the same symbol. Then, A = f,
where p € MR(£), and A = fi (see Lemma 3.1); hence, i*(IR(o, £)) = G(IR(L)),
and, by Theorem 2.4, p’ € MR(1, W (R)).

REMARK. p need not belong to MR(7, £). For this to be true, f*( X) = g(IR(L))
must hold.

THEOREM 5.1. Let £ be any lattice of subsets of X such that € is disjunctive. If
& € MR(o, £), then the following statements are true:

1. Ifpis s.o.a., then f*(IR(o, £)) = 0.

2. If W(£) is 8§ and o(W(R)) C s(W,(L)), and g*(IR(0, L)) = 0, then p is

§.0c.4.

OUTLINE OF PROOF. 1. Suppose p is s.o.a. and g*(IR(o, £)) # 0. By Lemma
3.2, Case 2, there exists a p € MR(o,tW(£)) such that 0 <p<f and
p*(IR(0, 2)) = p(IR(R)) = i*(IR(o, £)). Denote p|A(W(L)) by p again. Then,
p=5 wherev € M(£),and 0 << fi,s00<v <pu. By Lemma 5.1, p = ¥ and
v € MR(7, W(£)). Thus, » = 0; but, »(X) = #(IR(L)) = p(IR(L)) =
A*(IR(o, £)) # 0, a contradiction.

2. Just imitate the proof of the corresponding part of Theorem 4.2 using
Theorem 2.4 instead of Theorem 2.2.

REMARK. Note that the condition o(W,(£)) C s(W,(£)) is satisfied, for exam-
ple, when o(W,(£)) = p(W,(£)). Hence, in particular, when £ is complement
generated, in which case, W (£) is complement generated.

ExAMPLE. Let X be a T topological space and £ = Z, the lattice of zero sets.
In this case, IR(o0, ) = vX, the real compactification of X.
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OBSERVATION 1. Let £ be a disjunctive lattice of subsets of X. Let p €
M(e, W(£)). Then, p = »’, where » € M(o, £), and, consequently, the following
is true: If £ is 8§ and o(£) C s(£), and g*(IR(o, £)) = 0, then u is s.0.a. (The
details will be omitted.)

OBSERVATION 2. If £ is (separating), disjunctive, § and o(£) C s(£), then p is
s.0.a. implies p is p.o.a., for, by Theorem 5.1, Part 1, g*(IR(e, £)) = 0. Hence,
fg*(X) = 0, and, by Theorem 4.2, Part 2, u is p.o.a.

DEFINITION 5.2. p € MR(7,L) is s.ta. if for yE ML), O0<sy<yu, Yy €
M(o, W,(£)), and ¥’ is tight implies y = 0.

By imitating the proof of Theorem 2.5, we can establish the following:
LEMMA 5.2. Let £ be any lattice of subsets of X such that £ is separating,

disjunctive, and normal. If p € MR(L), then the following statements are equiva-
lent:

1. p' € MR(t, W (£)).

2. i*(IR(o0, £)) = g(IR(£)) and IR(0, L) is i*-measurable.

COROLLARY 1. If £ is also replete and p. € MR(L), then p’ € MR(t, W(L)), if
and only if p € MR(t, £).

PrOOF. Use Lemma 5.2 and Theorem 2.5.

Note, if £ is disjunctive and replete and u € MR(£), then p € MR (L), if and
only if p* € MR(r, W(£)), if and only if p € MR(7, £).

COROLLARY 2. If p € MR(E), then p € MR(t, L) implies p’ € MR(t, W, (£)).

PrOOF. By Theorem 2.5, i*( X) = i(/R(£)) and X is i*-measurable. Clearly,
then i*(IR(o, £)) = A(IR(L)). Hence, i (X) < fi,(IR(s, £)) < g*(IR(o, £)) <
A*(X), so IR(e, £) is ji*-measurable, and, by Lemma 5.2, p’ € MR(t, W,(£)).

COROLLARY 3. Let p € MR(L). Then, p’ € MR(t, W,(£)), if and only if there
exists a Gg-set, H, of IR(£) such that H D IR(£) — IR(o0, £) and i(H) = 0.

PROOF. Just use Lemma 5.2 and the tW/(£ )-regularity of .
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Note, if every Gyset of IR(£) is open, then p’ € MR(t, W,(£)) implies
p € MR (£).
Finally, by imitating the proof of Theorem 4.3, we can establish the following:

THEOREM 5.2. Let £ be any lattice of subsets of X such that £ is separating,
disjunctive, and normal. If u € MR(r, £), then the following statements are true:

1. If pis s.7.a., then B*(IR(L) — IR(0, £)) = G(IR()).

2. If W,(B) is 8 and o(W,(£)) C s(W, (L)), and g*(IR(L) — IR(0,L)) =
A(IR(L)), then p is 5.7.a.

6

In this section we give a characterization of repleteness in terms of p.os.a. and
s.0.a. measures; we also present a relationship between p.o.a. and s.e.a. measures,
under repleteness, and a relationship between p.7.a. measures, under repleteness.

THEOREM 6.1. Let £ be any lattice of subsets of X such that £ is (separating),
disjunctive, 8 and o(£) C s(Q). Then, £ is replete, if and only if for any p €
MR(o, ), pis p.o.a. implies p is 5.0.q.

PROOF. a). Suppose £ is replete, and p € MR(o, £) is p.o.a. Then, by Theorem
4.2. Part 1, @*(X) = 0. But, IR(0, L) = X; therefore, i*(IR(o, £)) = 0. Also,
W,(£) = £, and, by Theorem 5.1, Part 2, p is s.0.a.

B). Assume the condition holds. If IR(e, £) # X, let u € IR(0, £) — X. Then,
S(g) = {u}, and, since f is TW(L)-regular, it follows that i*(X) =0, and,
Theorem 4.2, Part 2, implies that p is p.c.a. Hence, by the assumption, p is s.0.a.
Thus, by Theorem 5.1, Part 1, G*(/R(o, £)) = 0, a contradiction since i({u}) = 1.

APPLICATION. Let X be a Ty topological space and £ = Z, the lattice of zero
sets. Then, by the preceding theorem, £:is replete, that is, X is realcompact, if and
only if, for every up € MR(o, £), p is p.o.a. implies p is s.0.a.

THEOREM 6.2. Let £ be any lattice of subsets of X such that £ is separating,
disjunctive, normal, 8 and o(£) C s(£). The following statement is true: If p is
s.T.a., then pis p.T7.a.

Proofr. By Theorem 5.2, Part 1, i*(IR(£) — IR(e, L)) = i(IR(£)); hence,

F*(IR(L) — X) = @(IR(L)), and, using Theorem 4.3, Part 2, completes the
proof.
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OBSERVATION. Assume that £ is also replete. Then, for p € MR(1,£), p is
s.7.a., if and only if p is p.7.a. (Proof omitted.)

In this section, as a result of our previous development, we extend the
well-known Yosida-Hewitt Decomposition Theorem go more general lattices than
the complemented ones (that is, algebras) and we even obtain further refinements.

THEOREM 7.1. Let £ be any lattice of subsets of X such that £ is separating,
disjunctive, normal, 8§ and o(£) C s(£). The following statement is true: if p. €
MR(R), then there exist four elements of MR(L), pgy, py, M., M3y Such that
p=potp, T p,tuy,andpyisp.fa, pisp.o.a., p,isp.r.a. and py is tight;
moreover, such a representation of p is unique.

PROOF. Existence. ). Consider fi. By Lemma 3.2, Case 1, there exists a
p € MR(o, W(£)) such that 0 < p < {i and p*(X) = p(IR(L)) = i*(X). Now,
p=75, where » € MR(£). Then, 0<é<f, so 0<wv<pu. Also, " (X)=
P(IR(L)); hence, » € MR(o, £). Now, let uy = p — »; then, p, =0 and p, €
MR(L). Since p = py + », i = fiy + #. Thus, g* = g} + #* (see [19], page 33).
Consequently, g§(X) = g*(X) — #*(X) = 0, and, by Theorem 4.1, Part 2, p, is
p.f.a. Hence, p = p, + », where u, is p.f.a. and » € MR(o, £2).

B). Next, consider #. By Lemma 3.2, Case 2, there exists a A € MR(:W(£))
such that 0 < A <75 and A*(X) = A(JR(L)) = #*(X). Then, A = 7, where 7 €
MR(7,£), by Lemma 3.1. It follows that 0 <7 <45, so 0 <7<p. Now, let
#y=v—r; then, u, =0 and p, € MR(o,£). Sincev = p, + 7,5 = ji, + 7, and
7* = jif + 7%, and it follows that g¥( X)) = 0. Part 2 of Theorem 4.2 implies that
g, is p.s.a. Consequently, p = p, + pu, + 7, where p, is p.f.a., u, is p.o.a,, and
T € MR(7, £).

). Next, consider 7. Since 7 is tW(£ )-regular, there exists a sequence ( K, ) in
tW(£) such that K, C X for all n, (K,,) is increasing, and lim, #(K,) = 7,(X).
Let H= U_ K, € o(tW(£)). Then, #(H) = 7,(X). Now, define w on s(:W(£))
by w(E) = #(E — H). Consider « | A (tW(L)), and denote it by the same symbol;
clearly, w € MR(tW(L)).

Also, if K € tW(£), K CIR(R) — X, then w(K)=#K — H)<#K) =0,
since 1 € MR(r, £) (see Theorem 2.2). Hence, w, (IR(£) — X) =0, so w*(X) =
@(IR(£)). Then, Lemma 3.1 implies that w = fi,, where p, € MR(7, £). Also,
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since w is tW(L)-regular, it is easy to see that w,(X) =0, so w*(JR(L) — X) =
w(IR(L)). Therefore, f%(IR(L) — X) = ji,(IR(£)), and Theorem 4.3, Part 2,
implies that p, is p.7.a.

8). Define € on A(L) by &(E) = #(W(E) N H). Let (E,) be any decreasing
sequence in A(£) such that lim, E, = &. Then, N W(E,) C IR(£) — X, and
lim, &(E,) = lim, #(W(E,) N H) = #(N (W(E,) N H)) <#(N,W(E,)). If
'F( N, w( En)) > 0, then, since 7 is tW(£ )-regular, there exists a K € tW(£) such
that K C M, W(E,) and 7#(K) > 0. But, r € MR(r, £), and, therefore, we have a
contradiction (see Theorem 2.2). Thus, ¢ € M(o, £), and, since £ is § and
a(£) C s(L), e € MR(a, £). Now, we show that ¢ is tight. Let § > 0. Then, there
exists a K € tW(£) such that K C X and #(K) > 7,(X) — 8. K is, of course,
tW(L)-compact. Hence, since K C X, K is £-compact. Also,

e (K)=¢(X—K)=sup{e(L)|LER,LC X~ K}
(since ¢ is £-regular and £ is §)

=sup{f (W(L)NH)|[LEL,LC XK}
<sup{f(W(L)NX)|ILEL, W(L)NXCX—K}
<7, (X—K).

However, 7, (X) = F(K) + Ff(X — K) = H(K) + 7,(X — K). Thus,
7, (X — K) <. Consequently, ¢ is tight. Let p, = ¢.

€). We have: p = pg + p, + p, + p,, where pyis p.f.a, p, is p.o.a., p, is p.7.a.,
and p, is (£-regular) and tight.

Uniqueness. Consider any two representations of u of the type obtained above,
namely, p = py + p, + pu, + pyand p = vy + v, + v, + v;, with p and », p.faa,
p, and », p.o.a., p, and », p.7.a., and p, and », (C-regular) and tight. Denote
p, +p, +pybyAand v, + v, + »; by p. Then, py + A =y, + p, and p; and
are p.f.a.,, and A € MR(o, £) and p € MR(o, £). Then, A — p = », — p,. Hence,
since po=0, A — p<yp, Also, since »,=20, 0<(A—p) ' <wy, and 0 <
—(A — p)"<»,. Thus, since (A — p)* € M(0, L) and ~(A — p) € M(o, £), and
v, is pfa, (A\—p)" =0 and —(A — p)"=0. Therefore, A — p = 0. Conse-
quently, po = voand p, + p, + py = v, + v, + ;.

One can proceed similarly to show p, = »|, then p, = »,, and then p; = »,.

ReEMARK. The decomposition theorem just proved is applicable, for example, to
any T, space, with £ = Z, or to any normal analytic space, with £ the collection

of its closed sets.
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CoMMENT. If £ is complemented, that is, if £is an algebra, then M(£) = MR(£).
Hence, in this case, we can dispense with the condition £ is 8 and o(£) C s(£).
Also, in this case, £ is disjunctive, and since in the first part of the decomposition
theorem it is not required that £ be either separating or normal, we obtain the
following:

COROLLARY. If p € M(L), then there exist o, v € M(L) such that p. = p, + v,
and p is p.f.a. and v € M(o, £); moreover, such a representation of p is unique.

This special case is the well-known Yosida-Hewitt Decomposition Theorem,
[18].

OBSERVATION. Let p € MR(o, £) be p.o.a. By Theorem 4.2(1.), i*(X) = 0. By
Lemma 3.2, Case 2, there exists a p € MR(tW(£)) such that 0 < p < i and
p*(IR(0, £)) = p(IR(£)) = i*(IR(o, £)). Consider p|U(W(L)), and denote it
by the same symbol. Then, p = #, where » € M(£). Clearly, 0 < ¥ <, so
O<v<p. By Lemma 5.1, p = and »' € MR(7, W,(£)). Let A = p — ». Then,
A = 0 and, since p, » € MR(o, £), A € MR(a, £). Clearly, i* = A* + 5*, and it
follows that A*(IR(s, £)) = 0. Hence, since £ is 8 and o(2) C s(£), by Theorem
5.1, Observation 1, A is s.0.a. However, since 0 < 7 < i, we get that 0 < 7*(X) <
i*(X) =0, and, by Theorem 4.2, Part 2, v is p.o.a. Consequently, p = A + »,
where A is s.0.a. and v is p.o.a.

One can proceed similarly to obtain a further decomposition of the general
p.7.a. measure and hence a further refinement of the decomposition obtained in
the theorem.
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