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LOWER BOUNDS ON THE NUMBER OF POINTS IN THE
LOWER SPECTRUM OF ELLIPTIC OPERATORS

WALTER ALLEGRETTO

Let G denote an unbounded domain of Euclidean m-space E™ with regular
boundary, and let L be a self-adjoint operator generated in L?(G) by a second
order elliptic expression. We denote by S(L) the spectrum of L, by u the least
point of the essential spectrum S,(L) and by N (L) the number of bound states
of L; that is, the number of points in (—o0, p) M S(L). There are many
results in the literature dealing with the localization, significance and properties
of u, of S,(L) and of (—o0, ) M S(L), with most of the emphasis on the cases
where G = E™ or G is the exterior of a closed surface in E™. We refer the reader
to the books by Glazman [12], Schechter [19], Reed and Simon [18], and Faris
[9], where extensive references are also found. We observe that it is often
possible to give upper estimates for N (L) in terms of coefficient norms (see, for
example, the recent paper by Cwikel [7], and the references therein). We
further note that by observing the behaviour of G and of L at infinity, it is
often easy to estimate u from below, and, by the spectral theorem, to estimate
from above the first # points Ay, ..., \, in (—o0, p) M S(L) for some n = 1.
Assume that such an estimate has been obtained for \; (the simplest case). It
seems reasonable to expect that if u/\; is “‘large’ then so ought to be N (L). It
is the purpose of this paper to obtain calculable lower bounds on N (L) which
will show that, under conditions to be specified below, this is the case. In
general, no lower estimate for N (L) can remain valid if in the problem we allow
finite regular, but otherwise arbitrary perturbations. However, since our
bounds will depend only on estimates for w and \y, . . ., \,, and the coefficients,
then they will continue to remain valid after any perturbation which does not
affect these estimates, regardless of the effect such a perturbation may have on
the other parts of the spectrum of L. Because of this generality, our estimates
will usually be worse than those obtained by considering only a calculable
specific case from the start.

Our main tool will be an extension of a fundamental result of Payne, Polya,
and Weinberger [15] for Laplace’s equation in the bounded subdomains of E2.
We shall also make use of variational arguments and of oscillation theory.

Finally, we observe that u can be connected to the oscillation properties of L
and that, under suitable hypotheses (specified in (2], [17], [16]), N (L) is infi-
nite if and only if Lu — pu = 0 is oscillatory. Consequently, we shall always
assume in the sequel that such situations where N (L) is known to be infinite
are excluded from consideration.

Received December 22, 1977 and in revised form March 15, 1978.
419

https://doi.org/10.4153/CJM-1979-045-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-045-0

420 WALTER ALLEGRETTO

Let x = (x1,...,%,) denote a point of E™, m = 3, and let D; denote
differentiation with respect tox;forz = 1, ..., m. Let Q denote any domain in
E™ and write || ||, for the L?(Q) norm, (, )(Q) for the L*(Q) inner product. We
define, for u € Cy”(G), the elliptic expression:

Lu=—

(2%

Dt(aiiju) + qu,

m
—1

where we shall always at least assume that: (1) the coefficients of % are real;
(2) a;; € CHG), ai; = a;i; (3)if a(x), B(x) denote the smallest and largest
eigenvalues of (a;;) then there exist constants N, M such that 0 < N = «a(x)
< B(x) < M for all x in G; (4) ¢ € C(G). These assumptions are made so
that the only singularity in the problem comes from the unboundedness of G,
and therefore the standard oscillation theory results may be directly applied.
A considerable weakening of these assumptions would imply the need to
introduce a more general oscillation theory which would allow for oscillations
at finite points of G, as well as at infinity. We do not pursue this approach here,
but we remark that several of the results (for example Theorem 1) may clearly
be established by the same proof under weaker conditions then those stated
above. We may assume that .% is bounded below, and we let L denote its
Friedrichs extension. This is the only extension considered in the sequel. If Q is
any subdomain of G, then we denote by L(Q) the extension of . restricted to
Co”(Q). If Q is obvious from the context we write L for L(Q), || ||, for || ||,(Q),
etc. Finally, we shall use ¢ to denote a generic positive constant, whose value
may vary within the same proof, and we shall set ¢, = max(q, 0),
g_ = max(—gq, 0).

The first theorem is an extension of a result of [15], (where only the case of
a bounded domain, m = 2, a;; = §;;, ¢ =0 was considered) and of
Thompson [22] (where the results of [15] were extended to the case m = 2).
We emphasize that, as in [15], no other restrictions are placed on G.

THEOREM 1. Assume that \; € S(L) fori = 1, ..., nand that A ||q_||me < N
where A = (m — 1)2(m — 2)~*m~1. Define for ¢ = 0 the interval

19 = (=0 n 4 2S00 = Al )+ <.

Then I(0) M S(L) has at least n + 1 points.

Proof. We first note that by the Gagliardo-Niremberg Theorem [10, p. 24]
for any ¢ € Cy”(G) we have:

(1) (Q—d’r ¢’) é '){N_IHQ—Hm/Z(d’v - Zp,l Dp(ap.lD l¢))

Assume next that Q is a bounded regular subdomain of G, Q C G. Then L(Q)
has a discrete spectrum and we let {u;},* denote the first » normalized eigen-

https://doi.org/10.4153/CJM-1979-045-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-045-0

ELLIPTIC OPERATORS 421
functions corresponding to the first eigenvalues Ay, . . . , A,. Following [15] we set

n
0y = fu, — 2:1 (fusy ug)uy fori=1,...,n,
k=

where f is any regular function. Clearly ¢, € Dom (L) in the Friedrichs norm,
and by the spectral theorem we obtain:

(4, M1 = (¢4, Los) = (fuiy L(fui)) - Zk (f“i» Uy) (ukv L(f“f)) =
(”12y Zy,lap,lefle) + )\i(f%iyf%t) - Zk (fuh uk) (uln L(f’”t))'
Consequently,
(2) (4, 1) M1 — M) = (us?, Zp,lap.lefle) — 2k (futr U)
X (ur, — 22 Dy(ap, D f)us) + 230 (feg, ur) (ur, 2op,1 ap, 1 Dpf D iy).

Summing over ¢ we find that the sum of the last two terms on the right hand
side of (2) is zero by symmetry. Consequently,

(B) M1 — M = 21 () 2,10, DpfDif)/ 21 (4, b4)
Clearly there exists a & such that
221 (Desy Dguy) < m™1 300 (uy, — Auy).

Without loss of generality, let § = 1and setf = x;. Asin [15] we observe the in-
equality

mn? = 4371 (b4, ¢0) 21 (s, — Auy).
It follows from (3) that
4)  Mg1 — M S AMm T TN (ug, — Auy)
S AM(Nnm)=' 201 (g, — 2p.1 Dyp(ayDuy)).
By (1) and a limit argument we find
(e, — 29,1 DyplapiD ) < (q-us us) + N\
S AN q-|lme(ws, — 25,1 Dyp(apDws)) + As.
Substituting into (4) gives
(B) M1 — N S AM I N7 m (N = K |g—|[ms2)

Next, we may assume that \;, ..., \, are the first #» points of S(L) in G and
that S, (L) N\ I(0) = @. Let uy, ..., u, denote the associated normalized
eigenvectors and let ¢ = 0 be given. Choose functions ¢;, such that ¢; € Co%,
(pi — usy L{p; — u;)) < efori =1,...,n By orthonormalizing (in L2(G))

the set {¢;} we construct the set {v;} such that (v;, Lv;,) < \; + ¢, and
(vyy Lv;) < efor # j. Let Q denote any bounded regular subdomain such that
U1" supp(vs) C Q C Q0 C G. We apply the spectral theorem to the subspace
generated by the »; and conclude that L(Q) has eigenvalues ¢; such that
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e; SN+ efori=1,...,n By (5) and the min-max principle we conclude
that L has at least #n + 1 eigenvalues in I(e). Since € is arbitrary, the result
follows.

We observe that the calculations leading to (3) are somewhat different from
the analogous calculations given in [15], although the underlying ideas are the
same.

COROLLARY 1. Assume that the spectrum of L(G) is discrete and let Ny, . . ., N\,
denote the first n eigenvalues. Then

(6) Mrt £ Ny A 4Mn7 N (2T N) (N — g [me) 71
Furthermore, if q_ = 0 then (6) is also valid for m = 2.

We remark on the differences between (6) and the analogous estimate given
in [15]. It is clear that ¢_ must appear in the estimate, since if ¢_ is sufficiently
large then )\, could vanish and A:/A; could not be bounded. Similarily if
g— = 0, but a;; ¥ 8,5, then calculations for a related problem in a paper by
Gentry and Banks [11] indicate that if M N~ is chosen large then \y/\; can be
made large by suitable choices of (a;;).

By the min-max principle we have the following useful corollary.

COROLLARY 2. Let N/, . .., N\, denote upper estimates on the first n ergenvalues
of L(Q) with Q C G, and let 6 denote a lower estimate on u. Then (6) holds with
Ny oo, N am place of Ny, ..., N, In particular,

(7)) N@) z HIn@/N)(In(@Mm=)N — [lg-|[n2 )7 + 1)) 7,
where J(x) denotes the integer part of x 1f x 1s nonnegative and is zero otherwise.

Since it is obvious that the addition of a constant multiple of the identity to
L does not change N (L), we have the following improvement on Corollary 2
(with similar improvements on the previous results):

COROLLARY 3. Let the above conditions hold. T hen
(8) N(L) z supaceJ(In((u+ a)/ (N + ) {In{dMm— (N — A
[ (e + @) —flm2) ™" 4 1}}71).

Corollary 3 is useful for cases where N — ||g_||[n2f = 0 but, for some
a, N — ||[(a 4+ q)—||m2" > 0. For simplicity of notation, we shall however
assume in the sequel that the optimum «/ has already been added to L and we
will use formula (7) as opposed to the more cumbersome (8).

We next recall some of the terminology of oscillation theory, [2], [13], (16],
[21], [20]. The operator L is termed osctllatory in G if and only if given any
sphere R there exists a bounded domain N (called a nodal domain) in
G M {x| |x| > R} such that S(L(N)) M (—w,0] = @. We define
a = sup{k| L — k does not oscillate} to be the oscillation constant of L in G.
In view of our assumptions on the coefficients of L it is possible, by means of
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[16] and [1, p. 129], to extend the decomposition theorem of Glazman and
conclude that @ = u. These observations enable us to use the known oscillation
and nonoscillation criteria to estimate N(L). We simplify somewhat the
presentation by restricting our considerations to the operator L; generated by

ZLu = —Au + qu.

The analogous results for L will be obvious from the presentation and Corol”
laries 2 and 3.

THEOREM 2. Assume that G contains the set {x| |x| = Ro} for some Ry, and that
there exists a 6 > O such that for all ¢ > 0
(@) for some ¢ € [0,1), g€ L™*(G), and all x near ©

glx) =0+ e= —(m — 2)%ed x| + g(x);

(if g(x) = 0 we may set g = 1);
() Hm oo mo<izi<nl 6|7 (g = 6 — €)dG + p(U) (m — 2) 7?4~ In R} = —c0,

where w(U) is the measure of the surface of the unit sphere. Define E by the expres-
sion

E = inf, infRiRo ()\i(R) + flRo<Sx|<RI g(x)wz (x, R)dG)

where N, (R) denotes the 1™ eigenvalue of —A in {Ry < |x| < R} and w(x, R)
1s the associated normalized eigenfunction. Then § = p and furthermore,

9)  N@Ly) z J{In@/E) (In{dm =1 = [lg-|ln2) 7" + 1}) 71

Proof. Condition (a) is an extension of Kneser’s classical result which implies
that L; — 8 + € is nonoscillatory [3] while condition (b) implies that
L; — & — ¢ oscillates [14]. Consequently, § = u for L;. Let ¢ > 0 be given. By
the min-max principle it follows that for some R; > R we have

S(Li({Re < le < Ri})) N (=0, E+ €) # 0.

Consequently, S(L;) M (—ow0, E 4+ €) = @. Letting ¢ -—0 shows that
S(L,) N\ (=0, E] % 6. Corollary 2 then gives the desired result.

COROLLARY 4. Theorem 2 remains valid if condition (a) is replaced by
lim,_,mrf h_(t)dt > —1/4
where

k() = ming - (q(x)) + (m — 1)(m — 3)/4* — 5 + e

This corollary shows the nonoscillation of L; — 6 4+ e at o« by replacing the
Kneser criterion by an extension of Hille's Theorem [20]. By restricting, for
simplicity, our attention to the first eigenvalue of — A, we obtain:
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THEOREM 3. Assume that G contains the infinite rectangle R given by
R={x|x;>0 0<x,<a 1=2,...,m}
and that for some r sufficiently large (G — R) M {x| |x| > r} = 0. Assume
further that for all ¢ > 0
(a) for all |x| sufficiently large
glx) = o+ e+ (m — rla™ 2 —47 7%
(b) the ordinary differential equation
(10) —=y"() + 3 (CE) + mPa*(m — 1)) =0
is oscillatory, where
C@t) = 2’”‘1a1_’”fxw,xl=t (glx) — 86 — ¢ 117 sin?(ra—'x,)dxs, . . . , dXm.
Define E by
E = infsof (m — 1)wa2 + 7272 + 2% 717 5 1 Gloca<y (%) X
LI sin?(mxa~?) X sin?(mxt—)dxy, . . ., dx,).
Then 6 = u, and (9) holds.

Proof. Following the procedure of [5] we observe that condition (a) implies
that L; — 6 + e does not oscillate. Indeed, this is a consequence of making the
explicit choice w = x;/2I1¥ sin(ra=!x) in the well known formula

I e

which is valid for any ¢ € Cy”(G) and any w € C?(G), w > 0in G. Similarily,
we observe that if (10) oscillates then for any 6 there isa ¢ > 6 and a solution
of (10) with ¢(¢) = ¢(0) = 0. We set ¢ = 0 outside (6,¢) and define
o(x) = ¢(x,) 117 sin (ra—'x;). A direct calculation shows that condition (b)
implies that (¢, (L1 — 8 — €)¢) = 0 and, consequently, that L; — & — e
oscillates. Conditions (a) and (b) thus imply that § = u. Finally we observe
that E is an upper bound on the first point of the spectrum of L,, obtained by
choosing ¢(x) = sin(mxyt~1) 1% sin (rx.a~) in the functional (Lie, ¢)/ (¢, ¢).
The validity of (9) then follows from Corollary 2.

THEOREM 4. Assume that G contains the rectangles
Rk—_—{x‘ a]«k<x]<a]-k-|-tk, j=1,...,m},

wherek = 1,...,00, andforanyr, R, C {x| |x| > r} for k sufficiently large.
Define

A(tr M & k) = mm*? + (Q/t)mf (q -n - 6) H71n Sinz(ﬂ-(x]' - afk>t_l)de

the integral being taken over Ry M {x] 0 < x; — af < t}, and let 6 > 0 be such
that for all e > 0
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(@) there extists an integer R and a function w, positive in G M {x| |x| > R}
such that ¢ — 8 + ¢ 2 +Aw/w for |x| > R;
(b) lim infy,, 4 (4, 8, ¢, k) < 0.
Define E = inf infoc <, (4 (¢, 0,0, k). Then § = u, and (9) holds.

Proof. We first note that condition (a) is sufficient for the nonoscillation of
Li — 6 + e as a consequence of inequality (11). Next, we observe that by the
spectral theorem, see [21], condition (b) implies that there exist arbitrarily
large values of & such that S(L; — § — €(R;)) M (—0, 0] # @. It follows that
8 = u. Finally, we observe that once again E gives an upper bound on the first
point of S(L;), this time by choosing ¢ = II7;sin(r(x; — a/f)t~!) in
(¢, Li¢)/ (¢, ¢). The conclusion then follows from Corollary 2.

COROLLARY 5. Let condition (b) be deleted from the respective statements of
Theorems 2, 3, 4. Then u = & and (9) still holds.

Observe that positive radial functions can always be used in condition (a) of
Theorem 4, but other types of functions may sometimes be used so as to take
advantage of the shape of G near infinity. This was done in Theorem 3, where it
was postulated that G was rectangular near infinity. Note also that any of the
well known oscillation criteria may now be used in Theorem 3. Clearly the
rectangle of Theorem 3 can be substituted by a cone if obvious changes are
made in the statement of the theorem.

We consider the following simple example to illustrate the results obtained.
Assume that m = 3 and that G = E3. Let ¢ be regular, nonpositive, with
g = p — land p = 0. Further, let ¢ approach zero at infinity. Assume that for
some positive integer S we have:

2f ja1<r p(®)w? (%, R)IG < exp(—SIn(7/3)),

where w denotes the first normalized eigenfunction of the Laplacian in
{x| |x| < R}, and R? = (9722~ exp(SIn(7/3)). In this case a simple varia-
tion in Theorem 2 applied to L; + I leads to the estimate N(L;) = S.

By the methods developed above it may be possible in some cases to obtain
better numerical results by using the estimates of Brands [6] and DeVries [8]
for the calculation of the lower eigenvalues.

Finally, we observe that none of the above results took advantage of ¢,.
Better estimates should be obtainable by suitably using properties of ¢, but
how this is to be done is not clear.
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