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A topological space is called "r igid" if its autohomeomorphism group is 
trivial. In (1) , de Groot and McDowell showed tha t there are rigid, 0-
dimensional spaces of arbitrari ly high cardinali ty bu t left open the question 
of whether or not there are compact, rigid, 0-dimensional spaces of arbi trar i ly 
high cardinality, pointing out t ha t an affirmative answer implies the existence 
of arbitrari ly large Boolean rings with trivial automorphism groups. In this 
paper we construct a class of rigid, 0-dimensional spaces Xa of a rb i t ra ry 
infinite cardinali ty and show tha t their Stone-Cech compactifications /3Xa are 
also rigid, thus answering the above question affirmatively. 

I would like to thank S. W. Willard, J. R. Isbell, and the referee for their 
careful readings of preliminary versions of this paper. 

For every ordinal number /3, let Xp = {/3} X [0, c/[. For the least ordinal 
number a of any given infinite cardinality, let sef

a be the set of all non-limit ordi
nal numbers less than a and let Xa = \J {X$: fi Ç s/a). We claim t h a t there is an 
injection <p: X<* -±s/a such t ha t <p((fi, y)) > 0 for all (0, 7) G Xa. T o see this, 
observe t h a t since card s/a = card a = card a • card a,Jxfa = \J{Së p\ 0 < a}, 
where the Se\ are disjoint sets of cardinali ty card a. Fur thermore , since a is the 
first ordinal number of cardinality card a, we have card ( ^ 3 — [0, j3]) = card a 
for all /3 < a. However, cardCco'3) ^ card co S c a r d a for /3 < co and 
card (a/) = card P < card a for co :§ fi < a. Hence, the desired <p can be 
obtained by letting <p\Xp, /3 < a, be any injection into 3è\ — [0, &]. Note t h a t 
since card Xa ^ c a r d J ^ « = card a, the existence of such a ç shows t h a t 
card Xa = card a. Now, given such a cp, we partially order Xa by requiring 
x ^ y if and only if there is a finite sequence %i, x2, . . . , xn G Xa such t h a t 

(1) X\ = X, 

(2) xn and y belong to the same X$ with xn ^ y in the natural order on Xp, 
(3) 1 < k g n => x^_i 6 X^Xk). 

As an immediate consequence of the fact t h a t the sequence Xi, x2, . . . , xn is 
uniquely determined except for length by x, we note for future reference t h a t 
any two elements of Xa with a common predecessor must be comparable. 

In all t ha t follows we write X for Xa whenever it seems convenient to do so. 
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Let Jx denote the set of all Y Ç1 X such that no distinct x, y G F are com
parable. For x G X and Y G Jx, let 

(x,Y)={zeX:z^xA(yeY=*z $ y ) } . 

Then 38 x = {(x, F) : x G X, F G </x} is a base for a topology on X. For, given 
any (xh Fi), (x2, F2) G ^ x and s G (xl9 Yx) C\ (x2, F2), let 

F3 = fxÉ F i : y G F2 => x $ 3;} 

and Y± = {x £ Y2: y (z F3 =» x ^ 3/}. Then one readily verifies that 

F3 U F4 G . / * 

and 2 G (s, F3 U F4) C (xi, Fi) Pi (x2, F2). Moreover, with the topology 
generated by 38 x, X is Ti. For, given distinct x, y £ X> either x d£ y in which 
case x ^ (y, 0) G <jY(y), or y ^ x in which case x G (y, {x} ) G ^{y)- Further
more, any two disjoint closed subsets F\ and £2 of X are separated by a 
partition (i.e., X is the disjoint union of two open-closed sets £1 and £ 2 with 
£1 Ç JSi and £2 C £ 2 ) . To see this, choose for each x G Fi a (x, F^) G JV(x) 
such that (x, F*) H £2 = 0. Then to show that £1 = U{(x, Yx): x G £1}, 
£ 2 = X — £1 is the desired partition, it clearly suffices to show that £1 is 
closed. However, for any x' G £1 there is a (x', F ') £^V{xr) such that 
<x', F ) H £1 = 0. Now if 2 G <*', F ) H £ b then s G <*', F ) C\ (x, F*> for 
some x G £1. Therefore, since x and x' have the common predecessor z, they 
must be comparable. However, if x < x', then, since x G (x', F ') , there is a 
j f F such that x ^ y, and hence 2 ^ ;y, which contradicts z G (xr, F ' ) . 
Similarly, x' < x leads to a contradiction. Hence, (x', Y') C\ £1 = 0 so that £1 
is closed, as asserted. Now it follows immediately from the above observations 
that X is completely regular and (2, Theorem 16.17) O-dimensional in the 
sense of (2). As a consequence (2, Theorem 16.11), dim fiX = 0. 

LEMMA 1. Every well-ordered set A has a cofinal subset B such that 
(1) no C C B with card C < card B is cofinal, 
(2) if b G 5 , /Ac» cardjc G 5 : c < b) < card 5 . 

Proof. Let J3' be a cofinal subset of A of least cardinality. Let 0 be the first 
ordinal number with card /3 = card 22' and l e t / : [0, £[ —» B! be any bijection. 
We define g: [0, /3[ —-> £ ' by induction. Suppose that 7 < /3 and g (5) has been 
defined for all 8 < 7. If 7 is a limit ordinal number, let 

g(7) = sup^lgOS): Ô < 7}, 

which exists since card{g(ô): ô < 7} ^ card 7 < card 0 = card £ ' and B' con
tains no cofinal subset of lower cardinality. If 7 = ô + 1, let g(7) = /(ô) if 
f(ô) > g(ô) and let g(y) = inf{6 G B ' : g(<5) < 0} if /(<5) ^ g(ô). Then g is an 
isomorphism and g([0, /3[) is cofinal in 5 ' so that B = g([0, f}[) works. 

Notation. We write "f: {A, a) ~ (B,b)" for "f is a homeomorphism of yl 
o n t o £ with/(a) = 6". 
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Definition. We say that Y Q X ''borders" x £ X provided 
(i) x e F, 
(2) y e Y A y < z < x =» z G F, and 
(3) z < x => z ^ 3/ < x for some 3/ 6 F. 

LEMMA 2. Suppose that f: ([0, 0], 0) ~ (T, x), where 0 is a non-zero ordinal 
number and T C X. Suppose that F Ç I borders x. Then there is a ft < ft such 
that f(]p', ft) Ç F. 

Proof. Suppose the contrary. Then, since /(0) = x £ F, [0, 0[ must contain 
a cofinal subset B such that/CB) C\ Y = 0. Since (x, 0) Ç:JV(x) implies that 
/ ( ]T> #]) £= (x> 0) f° r some 7 < 0, we can assume that /(I?) C (x, 0). More
over, by Lemma 1, we can assume that B has properties (1) and (2) of 
Lemma 1. Now suppose that there is a 0O G B such that for every 7 £ B there 
is a g (7) f 5 H [0, j80[ such that 7(7) and/(g(7)) are comparable. Then for 
some 8o < 0O, g_1(âo) is cofinal in B; for otherwise, sup5g_1(ô) would exist for 
all Ô e B Pi [0, 0O[, in which case C = {sups^ - 1^): ô e B C\ [0, 0O[} would be 
a cofinal subset of B with card C < card B. Now, since F borders x and 
/(ôo) < x, there is a 3> 6 F such that/(5o) ^ y < x. Consider any 7 £ g-1(^o). 
Then /(<50) and f(y) are comparable. If / ( Y ) ^ / ( ô 0 ) , then / ( Y ) ^ y. If 
/(^o) < / ( T ) I then y a n d / ( Y ) must be comparable since they have the common 
predecessor /(50). However, if y < f(y), then y < f(y) < x s o that f(y) Ç F, 
which contradicts / (B) Pi F = 0. Hence, / ( Y ) ^ y for all Y 6 g - 1 (So). Then 

fig-^So)) n (x, {y}) = 0 

which is impossible since {x, {y}) £jV(x) and g~1(ôo) is cofinal in [0, 0[. 
Therefore, no such 0o exists. Hence, B contains a cofinal subset C with 
/ (C) G c / x . Since x £ f(B) Q (x, 0), it follows that (x,/(C)) G JV(x) and 
/~" 1 ( ( x»/(0)) does not meet the cofinal subset C of [0, 0[, which is impossible. 

Now for any topological space F, let 0 be the first ordinal number with 
card F < card 0, and, for any y £ [0, 0], let F? be the subspace of F defined 
inductively as follows: let F° = F; if Y is a non-zero limit ordinal number, let 
77 = n { F5: Ô < Y} ; if 7 = ^ + 1, let F? be the set of all non-isolated points 
of the space Y8. Define hY: Y —» [0, 0] by setting 

hY(x) = sup{Y ^ 0: x G F*}, 

and define &r: F—» [0, 0] by setting 

fer(s) = inf{7 ^ 0 : r C F A O > Y = * ([0, co5], co5) 00 ( r , x)}. 

Clearly, both hY(x) and kY(x) are invariant under homeomorphism. Moreover, 
if U e^(x), then ^ ( x ) = kT(x), since ([0, co5], co5) ~ (]<5', co5], co5) for all 
ô' < co5, ô > 0. Hence, kY{x) 9^ kY(y) implies that (U, x) 00 (V,y) for any 
U €J/(x), V£^V(y). 

THEOREM 1. Suppose that a is the first ordinal number of any given infinite 
cardinality and X = Xa is the ^-dimensional space of cardinality card a described 
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above. Then for any x G X we have kx(x) = <p(x). Consequently, for any distinct 
x j f l , U e ^V(x) A V G oY(y) => (U, x) nu (V, y). In particular, X is 
rigid. 

Proof. Suppose t ha t / : ([0, co5], coô) ~ (T, x) for some T Ç X. If x G XT, let 
A = [(7, 0 ) , x ] a n d £ = [(*>(*), 0), x]. Then F = 4 U 5 borders x. Hence, by 
Lemma 2 there is a /3' < co5 such that /(]£ ' , co6]) C F. Since we merely wish to 
show that 5 ^ <p(x), we can assume that <5 ^ 0. Then 

([0, co8], co8) ~ (JS', co5], co8) ; 

thus we can assume that T Cl Y. Now since 7 < <p(x), we have fer(x) = <p(x). 
Moreover, since T Ç F, it follows that /zr(x) ^ hY(x). Therefore, 

5 = h[0>j](w5) = hT(x) S <p(x). 

Hence, kx(x) ^ cp(x). But clearly ([0, «*<*>], co*(:c)) — (^ ( x ) U {x}, x). Hence, 
kx(%) = ç(x). 

LEMMA 3. Suppose that Y is a completely regular space such that Y — {x\ is not 
C*-embedded in Y for any x G F. Then Y and /3F have isomorphic autohomeo-
morphism groups. 

Proof. Clearly, it suffices to show that any autohomeomorphism / of /3 F 
carries F onto F. Thus, suppose that Y' = f(Y) ^ F. Then we can assume 
that there is an x G Y — Y' (otherwise, replace F and / by Yf and / _ 1 , 
respectively). Now (2, problem 9N.1), F — {x} is C*-embedded in /3Y — {x}. 
However, Y' Q pY - {x} and 0 7 ' = 0 F s o that 0 F - {x} is C*-embedded in 
13 Y. Therefore, F — {x} is C*-embedded in /3F, and hence in F, contrary to 
hypothesis. 

Remark. The essence of the above proof is given in (2) as a hint for 
(2, problem 9N.3). 

THEOREM 2. Suppose that a is the first ordinal number of any given infinite 
cardinality and X = Xa is the space described above. Then (3X = fiXa is a 
compact, rigid, ^-dimensional space of cardinality 22Card 

Proof. The rigidity of fiX will follow from Theorem 1 and Lemma 3 provided 
we show that X — {x} is not C*-embedded in X for any x G X. Thus, consider 
any x G X. Then <p(x) = ft + 1 for some ordinal number f3, and hence 
w?oo = co*3 • co. Now define/: X — {x} —» R by setting f(y) = ( — l)n, where n 
is the least integer such that y ^ (<p(x), co'3 • n), if such an integer exists, and 
f(y) = 0 otherwise. T h e n / G C*(X — {x}) b u t / cannot be extended to x. 

To verify the cardinality of j3Xa we require a D G */^ such that card D = 
card a. Clearly, we may take D = {(<^((1, n)), 0): w < co} if a = co. If a > co, 
then we assert that 3f — S$a — <p(Xa) has card 2f = card a. Suppose the 
contrary; let fi be the first infinite ordinal number with card /3 è card Qf and 
let 7 be the first ordinal number with card 7 > card £. Then 7 ^ a so that 
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card([0, y[ C\séa) = card y. However, ^ 0 = [0, y[ H 2 has card ^ 0 S card 0 
so that, defining 2n inductively by setting @n = [0, y[ H <p({J {X8: 8 £ i^»_i} ), 
we have card i^n ^ card 2n-\ • card 0 ^ card /3 inductively for n < co. There
fore, since [0, y[ C\s/a = \J\£iïn\ n < co}, we have 

card 7 = card([0, y[ C\s/a) = £{card i^w: n < co} ^ card co • card 0 = card fi, 

which is a contradiction. Hence, we may take D = {(/3, 0) : 0 Ç ^ } if a > co. 
Now since Z) 6 c/x a n d any two elements of X with a common predecessor 
must be comparable, we have (x, 0) C\ (y,0) = 0 for distinct x}y £ D. Then 
(x, 0) P\ Z) = {x} for any x Ç D so that .D is discrete. Moreover, for any x d D, 
either (x, D) or (x, 0) must be a neighbourhood of x disjoint from D, so that D 
is closed. Now if we inspect the argument that Fi = D and F2 = 0 are 
separated by a partition, we see that U {(x, 0): x Ç .D} is closed in X. Thus, any 
/ 6 C* CD) can be extended to g € C* (X) by setting g (y) = /(x) if y G (x, 0} for 
some x Ç Z>, and g (y) = 0 otherwise. Hence, D is C*-embedded in X so that 
(3D C /3X. Therefore, since Z> is discrete and card D = card Xa = card a, we 
have 22Car(i a = card $D ^ card jMT« ^ 22<5ard fl. 

COROLLARY. I7ze Boolean ring of open-closed subsets of fiXa has trivial auto
morphism group and cardinality 2card a. 

Proof. By the arguments used in the proof of the above theorem we see that 
the U{ (x, 0): x 6 D'\, D' C D, are 2card a distinct open-closed subsets of Xa. 
Therefore, since Xa cannot have more than 2card a open-closed subsets, and 
since Y —> cl^x Y is a one-to-one correspondence between the open-closed 
subsets of X and the open-closed subsets of (iX, it follows that fiX" has exactly 
2card a open-closed subsets. 
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