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Energetics of buoyancy-generated turbulent flows
with active scalar: pure buoyant plume
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A framework for the budget of Reynolds stress, temperature and density variations,
turbulent mass flux and turbulent heat flux is presented for buoyancy-generated turbulent
flows with a focus on turbulent plumes. The dynamical interactions between the turbulence
generated from the velocity and thermodynamic fluctuations in thermal and heated gas
plumes is studied. A large-eddy simulation tool has been used to simulate heavier and
lighter than air plumes released from a circular heated source for high Reynolds number
(Re). The budget equations are developed using a Favre-averaging approach. Both heated
air plumes and heated gas plumes, namely, heated SO2 and heated CH4 plumes, are
included in the study. The study focuses on addressing key questions – does the turbulence
kinetic energy (TKE) spectrum follow the classical inertial −5/3 spectrum or is there a
−3 buoyancy regime with a different scaling law? Fundamental pathways for generation
of turbulence through velocity fluctuations, and temperature and density fluctuations are
discussed. Analysis of the TKE and scalar variance budget equations has demonstrated
that multiple mechanisms dominate the transport of Reynolds stresses, and in particular
that correlations between the density and the velocity dominates the turbulence production
mechanisms. Entrainment is connected to the turbulent transport and pressure-dilation
processes.

Key words: plumes/thermals, turbulence simulation, turbulent convection

1. Introduction

For incompressible, turbulent flows at a low Mach number, when the buoyancy effects
are dominant, the variations in density are substantial and, in fact, dominate the flow
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physics. In these flows, the scalar field (temperature, density or concentration) cannot
be considered a passive variable. In turbulent flows in which temperature/density is
a passive scalar, thermal/concentration fluctuations are produced by instabilities in the
velocity field (Lumley & Panofsky 1965; Wyngaard & Coté 1971). In contrast, buoyancy
forcing introduces variable density effects that modify turbulence transport and production
mechanisms. In pure buoyancy-driven flows, the scalar gradients are coupled to the
momentum through the buoyancy term (density–gravity term) as a source term in the
momentum equation. This is very different from the case of momentum-driven flows,
such as turbulent jets, in which scalar fields, such as temperature and concentration of
species, are passive and hence uncoupled from the momentum. In particular, a density
field is required to determine buoyancy effects in a buoyant flow. Therefore, it is necessary
to simultaneously measure both density and velocity fields. The combined temporally and
spatially resolved velocity and density data are then used to determine parameters such as
the Favre-averaged velocity and turbulence statistics. Hence, experimental data are limited
(Shabbir & George 1994; O’Hern et al. 2005). Large-eddy simulation (LES) has been used
to study buoyancy-driven convection and successfully resolve the turbulence (Nieuwstadt
& de Valk 1987; Bastiaans et al. 2000; Pham et al. 2007; Yan 2007; Devenish et al. 2010;
Bhimireddy & Bhaganagar 2021; Chen & Bhaganagar 2021).

Turbulent buoyant plumes are generated by a continuous supply of buoyancy, such
as a thermal source or a release of gas, and are very significant in both natural and
engineered systems. Due to the spatial variations of the density, a turbulent plume is
formed that actively mixes with the ambient. This mixing of the ambient fluid with the
plume is entrainment. The lighter (or denser) fluid entrains the surrounding ambient
heavier (or lighter) fluid through the plume interface. This is a fundamental fluid
dynamic problem which is very complicated and still not well understood. A systematic
comparison of different entrainment theories was summarized a few years ago (van
Reeuwijk & Craske 2015). Nonlinear mechanisms result in the simultaneous generation
of velocity fluctuations and temperature (and density) fluctuations. Further, a combination
of shear- and buoyancy-generated processes contribute to the production of turbulence
(Wyngaard & Coté 1971; Darisse, Lemay & Benaïssa 2015; Charonko & Prestridge
2017). The focus of this manuscript is to make significant advancement in understanding
the dynamical interactions between the thermodynamics and the flow in the generation
of turbulence and the transport processes in buoyant plumes. Most of the works on
free-shear flows have focused on turbulent jets, however, our current understanding of
the turbulence energetics for pure buoyancy-generated convection is extremely limited.
Buoyancy-generated turbulence processes with substantial density variations within the
flow are critical in applications such as thermal convection in the atmosphere; wildland
smoke plumes; mixing of different density fluids in an acceleration/gravitational field,
as in Rayleigh–Taylor (Rayleigh 1882; Taylor 1950) and Richtmyer–Meshkov (Richtmyer
1960; Meshkov 1969) instability flows; and mixing of the temperature and salinity
fields in large-scale ocean currents and the thermohaline circulation (Adkins, McIntyre
& Schrag 2002; Wunsch 2002; Wunsch & Ferrari 2004). Theory, modelling and even
empirical knowledge of turbulence processes in buoyancy-generated turbulence are less
well developed (Chen & Rodi 1980; Gouldin et al. 1986; Pitts 1986; Dimotakis 2005).

Experiments and numerical simulations of buoyant plumes have contributed to our
understanding of the scaling laws of the mean flow and turbulence intensity. Plumes attain
self-similar radial profiles for both the mean axial velocity and the mean temperature
(Shabbir & George 1994; Ezzamel, Salizzoni & Hunt 2015; Bhimireddy & Bhaganagar
2021). Batchelor (1954) and Morton, Taylor & Turner (1956) have proposed similarity
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solutions for mean axial velocity and mean buoyancy in terms of Bo, the rate at which
buoyancy is added at the source, z, height, r, radial distance, and g′, buoyancy acceleration.
Recently, the LES of area-released thermal plumes at high Reynolds numbers and for
very high surface heat flux conditions conducted by Bhimireddy & Bhaganagar (2021)
demonstrated that the radial profiles of mean temperature and mean buoyancy reach a
self-similarity state with a Gaussian distribution. In their study, the LES was in good
agreement with the theoretical prediction of the −1/3 and −5/3 power laws for the
centreline mean temperature difference and mean velocity of an axisymmetric plume. The
axial mean velocity develops a similarity solution of the form wc = B1/3

o z−1/3eA1(r/z)2

and the axial buoyancy has a form θc = B2/3
o z−5/3eA2(r/z)2

, where wc and θc denote the
mean centreline velocity and temperature, respectively, and A1 and A2 correspond to
the Gaussian similarity coefficients for wc and θc. Higher-order turbulent quantities such
as turbulent intensity and turbulent stresses also evolve with self-similar radial profiles
(Papanicolaou & List 1988; Wang & Law 2002; Ezzamel et al. 2015). The experiments
of Shabbir & George (1994) and LES of Bhimireddy & Bhaganagar (2021) have shown
that, for thermal plumes, turbulence reaches a quasi-steady values as follows: the range for
root-mean-square values of axial velocity fluctuations (wrms) is 0.31–0.35, radial velocity
fluctuations (urms) is 0.21–0.24 and temperature fluctuations (θrms) is 0.48–0.53.

The budget equations for the Reynolds stresses and the temperature and scalar variance
will provide insights into modelling of the velocity and scalar fields and understanding
of the interactions between these fields. In particular, it is important to understand what
the differences are in the energetics between a passive scalar and an active scalar. Most
of the analyses of the energetics on buoyancy-driven flows (turbulent jets and plumes)
have focused on buoyant jets in the regime in which the momentum flux dominates the
buoyancy flux (Pitts 1991a,b; Panchapakesan & Lumley 1993; Chassaing, Harran & Joly
1994; Amielh et al. 1996; Djeridane et al. 1996; Talbot, Aftabi & Chemia 2009; Charonko
& Prestridge 2017). The results have revealed that, similar to variable-density shear layers,
Rayleigh–Taylor and Richtmyer–Meshkov mixing, the effect of variable density mixing in
buoyant jets is mainly observed in the modification of the turbulent mass flux and gradient
stretching processes to turbulent kinetic energy (TKE) production (Charonko & Prestridge
2017).

Additional insight into the energetics can be obtained from the TKE and the scalar
spectrum. For turbulent mixing of a passive scalar, the works of Kolmogorov (1941),
Obukhov (1949) and Corrsin (1951) have established a one-dimensional scalar spectrum
that follows the −5/3 law of the power spectra. However, it is not clear if this scaling
holds good for an active scalar as well. Some experimental evidence indicates that the
spectral energy decays faster than the −5/3 power of the wavenumber and contradicts
the theoretical predictions at higher wavenumbers in the plume region (Papanicolaou &
List 1988). Chen & Bhaganagar (2021) observed the existence of a −3 power law for the
energy spectra at low wavenumbers. This study was the first one to reveal the existence
of a buoyancy regime in thermal plumes before the flow transitions to the classical −5/3
inertial regime.

Turbulent mixing contributes significantly to entrainment, as both shear- and
buoyancy-generated sources contribute to the generation of TKE. With an active scalar
transport, we hypothesize that a combination of velocity and thermodynamic instabilities
dominate the turbulence production processes. Reynolds stresses and the correlations of
temperature and velocity fluctuations, as well as density and velocity fluctuations, play an
important role in turbulence generation. In this work, we address the following questions:
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What are the fundamental pathways for generating turbulence (source terms of the TKE
equation vs those of temperature variance equations vs those of the density variance
equation)? What are the dominant transport processes (pressure distribution vs turbulence
transport, turbulent mass transport and turbulent heat transport)? What is the nature of the
spectra of velocity, temperature and density fluctuations? An in-house LES tool will be
used to resolve the turbulence.

The overall goal of the study is to improve our understanding of the energetics and the
turbulence budget mechanisms for pure buoyancy-generated flows. In the present work,
we analyse the transport processes of Reynolds stresses, the temperature variance and
density variance in the axial and horizontal directions, along with the spectral analysis
of TKE, temperature and density fluctuations to understand the key mechanisms that
contribute to turbulence production, transport and mixing processes. The budget equations
of turbulent mass and heat flux will provide an understanding of the transport processes.
It should be noted that the Favre-averaged Reynolds stresses have a coupling between the
density and the velocity fluctuations, and are a measure of the deviation caused due to
the variable-density nature of the flows. To the authors’ knowledge, this is the first time
wherein the energetics are derived and analysed for pure buoyant plumes.

The rest of the paper is organized as follows. In § 2, the numerical method and
problem set-up are discussed. Section 3.1 focuses on the TKE budget analysis. In § 4, the
fluctuations of thermodynamic variables are discussed, including the transport equations
and spectra. The correlations of TKE and thermodynamic variables and the dominant
mechanisms are addressed in § 5. Finally, the conclusions are presented in § 6.

2. Large-eddy simulation

2.1. Governing equations
Large-eddy simulation within a weather research and forecasting (WRF) model was
developed and validated to simulate thermal buoyant plumes (Bhaganagar & Bhimireddy
2020b; Bhimireddy & Bhaganagar 2021). A thorough performance assessment of WRF
has been conducted to accurately resolve the micro-scale turbulence (Bhaganagar &
Bhimireddy 2017; Bhimireddy & Bhaganagar 2018a,b; Bhaganagar & Bhimireddy 2020a).
For the sake of completeness, the numerical framework is presented here. The governing
equations are the compressible Euler equations with eddy viscosity and gravitational
forces as follows:

∂ρ

∂t
+ ∂ρui

∂xi
= 0, (2.1a)

∂ρui

∂t
+ ∂ρujui

∂xj
= − ∂p

∂xi
+ ∂τij

∂xj
− δ3iρg, (2.1b)

∂ρθ

∂t
+ ∂ρujθ

∂xj
= ∂

∂xj
ρPr−1

t μt
∂θ

∂xj
− δi3

h0g
Cp

, (2.1c)

∂ρqm

∂t
+ ∂ρujqm

∂xj
= ∂

∂xj
ρPr−1

t μt
∂qm

∂xj
+ Qp, (2.1d)

∂ρK
∂t

+ ∂ρujK
∂xj

= μt

(
∂ui

∂xj
+ ∂uj

∂xi

)2

− μtN2 − ρ
CK3/2

l
, (2.1e)

where ρ is the mixture density, ui is the velocity component in the i direction, θ is
the potential temperature, qm is the mass fraction of the mth species and K is the
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modelled TKE. Also, p is the pressure, τij is the modelled stress tensor given by
τij = μt(∂jui + ∂iuj − (2/3)δij∂kuk, δ is the Kronecker delta function, Cp is the specific
heat capacity at constant pressure and h0 is the heat flux applied at the source only.
The gravitational term g is considered as a body force, which acts in the negative
vertical direction. The eddy viscosity, μt, is defined as μt ≡ Ckl

√
K where Ck = 0.1

and l is a length scale given as l = min[(�x�y�z)1/3, 0.76
√

K/N] if N > 0, otherwise
l = (�x�y�z)1/3. The Brunt–Väisälä frequency, N, is computed as N2 = (g/θ)∂3θ .

Further, Prt is the turbulent Prandtl number which is defined as Pr−1
t = 1 +

2l(�x�y�z)−1/3. From observations, Prt � 0.66 along the centreline in all plumes.
Ideal gas is assumed in the equation of state, and therefore, potential temperature can be

related in the equation of state, p = p0(ρRθ/p0)
γ , where R is the specific gas constant and

γ is the specific heat ratio. In the following discussion, horizontal and vertical velocities,
u1 and u3, will be presented as u and w. For the spatial directions x1 and x3, they will be
replaced by x and z.

Besides the small-scale turbulence modelled in (2.1e), large-scale quantities, including
density, velocities, temperature and mass fraction, are resolved in the conservation laws
(2.1a–d). Note that density (ρ) is calculated based on the local mass fraction. In addition,
the system simulates buoyancy effects without the Boussinesq assumption.

2.2. Physical problem
The physical problem that is being investigated in this study is as follows: the physical
domain is filled with ambient fluid that is at rest and maintained at a constant temperature.
A circular region of the source at the bottom boundary with diameter D(=400 m) is heated
with a constant surface heat flux (h0). The heating causes a temperature difference between
the surface and the ambient fluid and convection is initiated (see figure 1). In this work,
three different gases are studied: heated air (thermal), heated methane (CH4) and heated
sulphur dioxide (SO2). In addition to the surface heat flux, for CH4 and SO2 cases, the
gases are released with a constant surface density flux at the source. Chemical reactions
and phase change are not considered in the presented simulations.

A representation of turbulent buoyant plume is shown in figure 1, in which the
λ2-criterion is plotted. A buoyancy source at the bottom of the domain generates an
upward buoyancy flux which induces entrainment of the ambient fluid as the plume rises.
Turbulence velocity fluctuations and temperature fluctuations are generated by the plume.

The coordinate system is Cartesian, and the horizontal directions are represented by
the x and y axes and the vertical direction is represented by the z axis. The domain
size, (Lx, Ly, Lz) = (10D, 10D, 17.5D). The initial conditions are the hydrostatic pressure
conditions, ∂3p = −ρg, and the equation of state with reference state specified at the sea
level. Additionally, zero velocity conditions are imposed throughout the domain due to
quiescent ambient conditions. Periodic boundary conditions are imposed on the horizontal
(transverse) direction. At the top of the domain, a constant pressure is specified based on
hydrodynamic relations and a no-slip condition is imposed at the bottom.

The simulations have been performed for seven different cases. The details of the
cases are provided in table 1. Cases 1–5 represent the release of heated air referred
to as the thermal plume. The surface heat flux ho for these cases varies in the range
0.0044–0.024 kg s−3. Cases 6 and 7 are for CH4 and SO2 released with ho of 0.024 kg s−3.

The Reynolds and Froude numbers are calculated based on time-averaged flow
variables after the plumes reach the stationary state. The dimensional parameters are
h0, g′

0, �ρ and R; the resulting non-dimensional parameters are the Reynolds number
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Figure 1. The λ2 vortex criterion (Jeong & Hussain 1995) of a thermal turbulent buoyant plume coloured
with ambient temperature subtracted from potential temperature.

Case 1 2 3 4 5 6 7

species air air air air air CH4 SO2
R 287 287 287 287 287 159 638
h0 (kg s−3) 4.4 × 10−4 8.8 × 10−4 1.3 × 10−3 1.8 × 10−3 2.4 × 10−3 2.4 × 10−3 2.4 × 10−3

�ρ 0.988 0.977 0.972 0.967 0.961 0.979 0.971
g′

0 (m s−2) 0.082 0.145 0.185 0.237 0.272 0.189 0.061
Γ 0.80 0.76 0.74 0.71 0.68 0.65 0.8
l∗ 0.31 0.32 0.35 0.37 0.37 0.7 0.5
z∗ 1.62 1.63 1.63 1.75 1.75 6.35 2.08
Re 6.02 × 107 9.12 × 107 1.15 × 108 1.33 × 108 1.47 × 108 7.00 × 107 5.38 × 107

Ret 9.9 × 105 1.7 × 106 2.0 × 106 2.1 × 106 2.2 × 106 1.7 × 106 1.6 × 106

Resgs 4.4 × 103 4.4 × 103 4.4 × 103 4.4 × 103 4.4 × 103 2.1 × 103 4.5 × 103

RK 0.20 0.14 0.13 0.15 0.15 0.05 0.1
M 1.8 × 10−2 2.4 × 10−2 2.6 × 10−2 3.1 × 10−2 3.4 × 10−2 3.0 × 10−2 1.4 × 10−2

Mt 3.8 × 10−3 5.9 × 10−3 6.2 × 10−3 7.8 × 10−3 8.0 × 10−3 8.8 × 10−3 6.5 × 10−3

Fr 1.091 1.089 1.110 1.141 1.149 1.149 1.1629
At 2.35 × 10−2 2.30 × 10−2 2.35 × 10−2 2.61 × 10−2 2.69 × 10−2 8.77 × 10−2 2.95 × 10−2

Table 1. Scaled parameters of the source and the plume: R is the specific gas constant, h0 is the heat flux of the
source; �ρ = (ρ0 − ρ∞)/ρ∞ is the density difference between the source (ρ0) and the ambient (ρ∞); g′

0 is the
initial reduced gravity at the source defined as g′

0 = (T0 − T∞)g/T0, where T0 is the temperature at the source
and T∞ is the ambient temperature; z∗ is the streamwise location of maximum mean velocity normalized by D;
l∗ is the half-width of the plume at z∗ normalized by D. The following dimensionless quantities are measured
at z∗: Re = w̄l∗/ν with viscosity obtained from the air temperature while Ret = w′′l∗/νt with eddy viscosity
νt; Resgs = √

TKEsgs�z/νt, where sgs represents subgrid scale; RK is the ratio of subgrid-scale TKE to the

resolved TKE; M = w̄/c, where c is the speed of sound; Mt = w′′/c; Fr = w/

√
g′

0D and At = (ρ0 − ρ)/(ρ0 +
ρ).
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10–1

100

z/D

100

101

Figure 2. The axial distributions of mean axial velocity (w̄, solid), density variance (ρ′2, dashed), vertical
turbulent heat flux (˜T ′w′′, dash-dotted) and axial Reynolds stress (R33, dotted) along the centreline for case 5.

and the Froude number. The resolution for all the simulations is 1002 × 700. The
grid-independence test increased the resolution from 402 × 250 to 2002 × 1400, and found
that the temporal-spatial evolution of both centreline velocity and the plume height saturate
at 1002 × 700. The simulations have been validated by comparing the mean centreline
velocity and plume height against experimental measurements (Ai, Law & Yu 2006) and
with theoretical analysis (Bhamidipati & Woods 2017). Good agreements were obtained
with those predictions in the literature. In addition, comparison between 1002 × 700 and
2002 × 1400 showed that the relative errors of the resolved vorticity are <2 % and the
error of the modelled dissipation is O(10−6).

When buoyant plumes rise from their sources, their structures begin developing as the
heat is transferred to the mean flows. Such energy transfer further results in the generation
of TKE, thermodynamic fluctuations and other turbulent structures. Figure 2 shows the
spatial distributions of mean flow and other turbulent variables along the centreline from
case 5. Starting at the source, all the quantities have a monotonic increase and reach their
maximum. Mean vertical velocity, w̃, peaks first at z/D ≈ 2, followed by ρ′2 and ˜T ′′w′′
at z/D ≈ 3. Finally, the vertical fluctuating velocity, w′′, reaches its peak last at z/D ≈ 5.
The following discussion shows a strong dependence of the plume structures on these three
characteristic locations. The values of T̃ ′′2 and ρ′w′′ show similar distributions to ρ′2 and
˜T ′′w′′, and therefore are not presented.

3. Statistics of Reynolds stresses

3.1. Spatial distributions
The notation used in this manuscript is as follows – for an instantaneous flow variable
q, the Reynolds time-averaged quantify (q̄) is defined as q̄ = Σn

i qi/n, where, n is
the number of instantaneous time steps after the flow reached stationary state. Unless
otherwise stated, the normalization has been performed based on the maximum value
along the centreline. The symbol ∗ denotes the normalized value with respect to the
maximum value at the centreline. The Favre-averaged variable is defined as q̃ = ρq/ρ̄.
The Favre-averaged fluctuations are, therefore, defined as q′′ = q − q̃. For the rest of
the manuscript, fluctuations represent the Favre-averaged fluctuations. Tensor notation
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z/D
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33

(b)(a)

(c)

Figure 3. (a) Centreline distributions of R11 normalized by the peak value. (b) Centreline distributions of R33
normalized by the peak value. (c) Ratio of R33 and R11 at the centreline. Solid lines: thermal plumes (grey),
methane (black, dashed) and sulphur dioxide (black, dash-dotted). Solid lines: thermal plumes, grey levels
from light to dark correspond to case 1–5 in ascending order. Black dashed and dash-dotted lines represent
methane and sulphur dioxide plumes, respectively. Grey dash-dotted lines: z/D = 2 (vertical) and R33/R11 = 1
(horizontal).

is used to represent all higher-order tensors. The Reynolds stresses, Rαα are defined as
Rαα ≡ ˜u′′

αu′′
α .

We begin the analysis by examining the axial distribution of axial (R∗
33) and horizontal

(R∗
11) components of the TKE, as plotted in figure 3(a,b). Here, R11 is the average from

both transverse directions. since our data show that the plumes are axisymmetric. The
existence of two plume distinct regimes – the initial and the mixing stages are evident. It
should be noted that for starting plumes, the mean flow accelerates from rest and reaches
a maximum velocity at around 2D − 3D above the source. Meanwhile, TKE reaches its
maximum near z/D = 5. This stage (z/D � 5) is referred to as the initial stage. During
the initial stage, turbulence (velocity fluctuations and thermodynamic fluctuations) is still
developing and without significant radial expansion (see figure 1).

The plume next enters the mixing stage in which the turbulence starts to decay;
meanwhile, much more significant radial expansion is observed. This stage is referred
to as the mixing stage. This occurs around z/D > 5. During the initial stages, both the
components of the Reynolds stresses increase from the source value and reach their peak
value at z/D ≈ 5, beyond which they decrease exponentially with an exponent of −1
during the mixing stage. Even though a minor scatter exists in the mixing stage, the
comprehensive analysis shows a consistent and monotonic decrease in the region from
z/D = 5 to z/D = 17.5. Similar spatial trends have been observed for other thermal, CH4
and SO2 cases. There is no observable trend with Reynolds number. To further understand
the differences between the components of the Reynolds stresses, the ratio of R33 and
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R11 is plotted in figure 3(c). Unlike R33 and R11 which peak at around 5D, R33/R11
peaks at approximately 2D instead. Further ahead, this ratio decreases with height and it
slowly approaches an asymptotic value of unity. This suggests a tendency towards isotropy.
The approach-to-isotropy process indicates that, further away from the source, the two
components of the Reynolds stresses are dominated by similar mechanisms.

For thermal plumes, monotonic increase with Re and Fr is observed in the maximum
value of R33/R11. Such trends are reasonable as budget analysis will later reveal that
buoyancy is a dominant mechanism in the Reynolds stress and dissipation is a counterpart.
For species plumes, the difference can be realized through the Atwood number as high At
is associated with increasing mixing in buoyancy-driven flows (Luo et al. 2020; Taha et al.
2022).

3.2. Budget analysis
To understand the mechanisms that control the Reynolds stresses, the budget equation for
Reynolds stresses is presented next

ρ̄ũk
∂Rαα

∂xk
= PB + PS + Π + ε + M + T . (3.1)

In (3.1), the left-hand term is the mean convection equation On the right-hand side, PB
and PS are the production terms and Π is the pressure dilatation, ε is the dissipation, M
is the mass-flux contribution and T is the summation of all transport terms. The explicit
form of each term is given as follows:

PB = −2ρ′u′′
αgα (3.2a)

PS = −2ρ̄Rαk
∂ ũα

∂xk
(3.2b)

Π = 2p′ ∂u′′
α

∂xα

(3.2c)

ε = −2σ ′
αk

∂u′′
α

∂xk
(3.2d)

M = 2u′′
α

∂σαk

∂xk
(3.2e)

T = −∂ρ̄u′′
αu′′

αu′′
k

∂xk
− 2

∂p′u′′
α

∂xα

+ 2
∂σ ′

αku′′
α

∂xk
. (3.2f )

The three terms in T are turbulent, pressure and viscous transport. The derivation of (3.1)
is provided in Appendix A.

To get a better understanding of the contribution of the axial vs the radial components to
the TKE, we study the axial and the horizontal components of the TKE budget separately.
In addition, TKE is further decomposed into the vertical (R33) and horizontal (R11)
components.

The budget terms of R33 along the centreline are plotted in figure 4(a). The results are
shown for case 5 (thermal plume). Each term is obtained using the resolved quantities,
except the dissipation, which adopts both the resolved and modelled terms. Among all
the terms, buoyancy production is the most dominant mechanism, and pressure dilatation,
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Figure 4. (a) Budget of R33 from case 5 (thermal plume): convection (•); PB (−−); PS (· · · ); Π (�); ε (�);
M (∇); T (×). (b) Decomposition of transport: turbulent transport (dashed); pressure transport (solid); viscous
transport (�). Vertical grey lines: ρ′ρ′

max (dash-dotted) and R33,max (dashed).

production by mean flows, transport terms and dissipation are also important. Only the
mass-flux contribution is negligible. Due to axial symmetry, production only contains
R33∂3ũ3 along the centreline. The spatial evolution along the centreline can be divided into
three major regions: buoyant production, pressure-dilatation and dissipation terms increase
from the source to z/D ≈ 3 (as marked by vertical dash-dotted line where ρ′2

max occurs),
and they peak around z/D = 3. Meanwhile, the transport changes sign from positive
(towards the source) to negative (away from the source). As the plume continues to ascend
from z/D ≈ 3 to z/D ≈ 5 (as marked by the vertical dashed line where R33,max occurs), the
contributions from buoyancy and dilatation reduce. It is interesting to note, however, that,
at the same time, production by mean flows reaches its maximum in this region. During
the mixing stage (z/D � 5D), all the terms decrease and they tend to zero. Comparison of
the pressure dilatation and the transport shows that the two terms are counteracting each
other far away from the source. Negative pressure dilatation in the initial stage suggests
that energy is being transferred out of R33 through pressure and dilatation due to strong
anisotropy. As the turbulent flows approach an isotropic state in the mixing stage, pressure
dilatation is reduced significantly.

Decomposition of the transport terms is shown in figure 4(b), and it indicates that
viscous transport is negligible while turbulent and pressure transports have similar
distributions during the initial stage (z/D < 5) near the source. Such trends change
completely during the mixing stage, After the plume enters the mixing stage, the two
terms start acting against each other. As a result, the overall transport contributions become
negligible in the mixing stage. Similar results regarding the budget terms are observed in
different gas plumes. Overall, the budget analysis of thermal plumes shows an interesting
result that axial velocities are strongly related to density fluctuations as multiple terms
change their trends at the peak of ρ′2. More discussion regarding such a discovery will be
provided in the following sections.

To further understand the most dominant term, the buoyant production terms for the
different thermal plumes (cases 1–5) are plotted in figure 5(a). With an increasing heat
flux at the source, the buoyancy contributions increase correspondingly. For all the cases,
the peak production occurs near the corresponding location of ρ′2

max regardless of the
source conditions. In figure 5(b), the buoyancy contributions in thermal, methane and
sulphur dioxide plumes with identical heat release are plotted. The peak location shifts
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Figure 5. (a) Buoyant production of R33 in thermal plumes; (b) buoyant production of R33 in plumes with
different species. Same colours as in figure 3.
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z/D
Figure 6. Budget of R11 from case 5: convection (•); pressure dilatation (�); mass-flux contribution (∇);

transport (×); dissipation (�).

toward the source for heavier gases (smaller specific gas constant R). In addition, the
heavier is the gas, the higher is the buoyant production. For the same heat release from the
source, heavier plumes contain more energy per unit volume, and hence result in stronger
buoyancy contributions. For the heavier plumes, the peak location closer to the source is
due to the stronger gravitational forces exerted on the gases.

Next, the budget analysis of R11 is presented in figure 6. Unlike R33, there is no
production term. The figure shows that the transport of R11 is strongly dominated by
pressure dilatation and dissipation. The dominant pressure dilatation in R11 shows that
energy is redistributed to R11 through pressure and dilatational effects. Similar to R33, R11
also shows significant dependence on density fluctuations. Both the dominant terms peak
near the maximum of ρ′2 near z/D ≈ 3. A strong dependence on dilatation motions is
shown in the transport of R11 during the initial stage.

Overall, the TKE budget analysis at the centreline reveals that TKE production is
initiated by buoyancy production (closer to the source) in the initial regime of the plume;
Rijũi,j becomes important in turbulence generation during the mixing stage. Energy is
transferred from the mean flow to axial Reynolds stress. Pressure redistribution is the key
process that distributes the energy from the axial to the radial components of Reynolds
stress. A complex relation of the pressure transport and turbulent transport drives the
mixing of the axial Reynolds stresses. The turbulent transport of the radial Reynolds stress,
which will be shown later, plays an important role in the entrainment process.
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Figure 7. Radial profiles of R33 budget from case 5 (thermal plume): convection (•); PB (−−); PS (−·); Π

(�); dissipation (�); M (∇); vertical (+) and horizontal (×) components of T at (a) z/D ≈ 2 and (b) z/D ≈ 5.
Vertical grey dashed lines represent the boundary of the source.
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Figure 8. Radial profiles of R11 budget from case 5 (thermal plume): convection (•); Π (�); M (∇); ε (�);
vertical (+) and horizontal (×) T at (a) z/D ≈ 2 and (b) z/D ≈ 5. Vertical grey lines represent the boundary
of the source.

Budget analysis along the centreline provides a basic understanding on the turbulent
development within the plumes. However, as the plumes enter the mixing stage, significant
radial developments are observed. Figure 7 shows the distributions of R33 budget terms
along the transverse direction at different heights. Both production terms are still the
dominant terms along the transverse direction; and peak turbulence production occurs
radially away from the centreline. Off-centre peak during the developing stage (z/D � 5)
is expected, and slowly disappears during the mixing stage (z/D > 5).

The radial profiles of R11 terms are shown in figure 8. Near the centreline, pressure
dilatation and dissipation are the dominant budget terms. Further away from the centre,
transverse transport dominates the budget terms and the direction of the transport is
radially towards the centreline. This observation is consistent throughout the plumes at
different heights and indicates that the turbulent transport terms are the main contributors
to entrainment.

To understand the influence of transport processes on the plume dynamics, the radial
profiles of transverse transport terms (with the exception of molecular transport which
is insignificant) at a height of 2D, 5D and 10D above the source are plotted in figure 9.
From the budget analysis of R33, the transport is radially outwards near the source (2D).
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Figure 9. (a) Radial profiles of R33 turbulent transport terms from case 5 (thermal plume) at z/D ≈ 2 (· · · ),
z/D ≈ 5 (−−) and z/D = 10 (−). (b) Radial profiles of R11 turbulent (lines) and pressure (◦) transport from
case 5 at z/D ≈ 2 (· · · ), z/D ≈ 5 (−−) and z/D = 10 (−).

As the plumes transition from the initial to the mixing stage, the direction of transport
reverses at z/D ≈ 5. Near the plume top, i.e. at z/D = 10, the transport term becomes
negligible. For R11, the radial pressure transport dominates the transport processes at all
heights. The radial transport is mainly towards the centreline. Summing the transport
processes, turbulence transport is the main mechanism for vertical mixing, while the
pressure transport dominates the horizontal mixing processes. The mixing can thus be
quantified in terms of turbulent and pressure transport for axial and vertical mixing,
respectively.

3.3. The TKE spectra
In classical, inertia-dominated turbulence, the source of TKE production is at the large
scale and the sink of the turbulence dissipation is at the small scale, and the energy is
cascaded in the inertial regime and eventually in the dissipative regime. The spectral slope
in the inertial regime follows the classical −5/3 power law. In atmospheric turbulence,
and in thermally stratified turbulence, the existence of a buoyancy-dominated regime
at low wavenumbers has been demonstrated, wherein, the spectral slope of the energy
cascading follows the −3 power law. The LES study of Chen & Bhaganagar (2021)
demonstrated, for the first time, that the energy spectrum for thermal plumes follows the
−3 power law and the energy cascades from the low wavenumber buoyancy regime to
the high wavenumber dissipative regimes. To further understand the difference between
different species, the energy spectra of thermal, methane and sulphur dioxide plumes
are presented at two different heights in figure 10. Here, Euu and Eww represent the
energy spectra of horizontal and vertical velocity fluctuations. Similar to the thermal
plumes, a buoyancy regime with −3 slope is observed in methane and sulphur dioxide
plumes during both the initial and mixing stages. In addition, figure 10 also shows
that plumes with lighter gases contain slightly more TKE. Overall, the energy spectra
from different species have consistent energy containing buoyancy regimes in their
spectra.

Following the proposal of a −3 buoyancy range from Lumley (1964), multiple studies
further suggested E(κ) = cN2k−3 (Billant & Chomaz 2001; Lindborg 2006). In figure 11,
the compensated spectra, Eww/(N2k−3

h ) and Euu/(N2k−3
h ), at z/D = 5 from different

plumes are plotted against the wavenumber. The asymptotic states are observed at high
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Figure 10. Spectra of vertical (black, Eww) and transverse (grey, Euu) velocities from thermal plume (−),
methane (−−) and sulphur dioxide (−·) at (a) z ≈ 2D and (b) z = 10D. Here, kh represents the horizontal
wavenumber.
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Figure 11. Compensated spectra of (a) vertical velocity and (b) transverse velocity from thermal (−),
methane (CH4) and sulphur dioxide (SO2) plumes at z/D = 5. Same colours and lines as in figure 3.

wavenumbers for all plumes. Those saturations are also captured when the spectra are
presented at different heights for case 5 in figure 12. The plotted compensated spectra
clearly show and support the buoyancy range with a −3 spectral slope. From the two
figures, we can infer that the coefficient c, instead of being a universal constant, depends
on the species and plume height. Further investigations are required to quantify the values
of c.

4. Characteristics of thermodynamic fluctuations

In active scalar mixing, the dynamic interactions between the scalar (density and
temperature) and the velocity fields generate the temperature fluctuations. This is unlike
passive scalar mixing, in which temperature fluctuations are only generated from the
velocity fluctuations. The analysis of the temperature variance equation, analogously to
the turbulent kinetic energy equation, will provide the answers to the key mechanisms that
generate and transport the temperature fluctuations. Further evidence is obtained from
the previous discussion, where a connection between the Reynolds stresses and density
fluctuations was evident. In the next section, we will discuss the thermodynamic variables
that actively contribute to the turbulent plume dynamics.
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Figure 12. Compensated spectra of (a) vertical velocity and (b) transverse velocity of thermal plume (case 5)
at z/D = 2 (−), z/D = 3 (−−), z/D = 5 (−·) and z/D = 10 (· · · ).
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Figure 13. Centreline distributions of (a) ρ′2 and (b) T̃ ′′2, each normalized by its maximum. Same lines as in
figure 3. All distributions are aligned at z/D = 2 (grey, dash-dotted).

4.1. Statistical scalings

The streamwise distributions of density and temperature variance, ρ′2 and T̃ ′′2, along the
centreline are shown in figure 13. To have a consistent discussion with the budget analysis,
Favre averaging is adopted for temperature.

In addition, the difference between the normalized ˜T ′′T ′′ and T ′T ′ is ρ′T ′2/ρ̄2T̄2 ∼ M8
t

(Donzis & Jagannathan 2013). Such a difference is negligible under most atmospheric and
engineering problems (Donzis & John Panickacheril 2020).

All distributions are normalized by the peak value of the variance. In this figure, the
distributions are aligned at z/D = 2 since the thermodynamic fluctuations have their peak
at around z/D � 3. Similar to the Reynolds stresses, thermodynamic fluctuations increase
monotonically from the source to the peak, beyond which they decrease exponentially
with an exponent of −2.5. This is much faster compared with an exponent of −1 observed
for the Reynolds stresses. As the decay occurs faster compared with Reynolds stresses,
this indicates a faster decay of thermodynamic fluctuations with height compared with
their velocity fluctuation counterparts. At around z/D ≈ 10, the fluctuations of density
and temperature are already two orders smaller than their peak values.

A different normalization is presented. Figure 14 shows the thermodynamic variances
normalized by their local averages. A consistent exponent of −2.3 is observed for all the
cases. A clear dependence on Reynolds number and specific gas constant is observed.

954 A23-15

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

10
11

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.1011


C.H. Chen and K. Bhaganagar

10–4

10–5

10–6

10–7

10–8

10–4

10–5

10–6

10–7

10–8

100 101

–2.3 –2.3

z/D

Re RRe R

100 101

z/D

ρ
′2 /

ρ–
2

T
′′2

/T∼ 2

(b)(a)

Figure 14. Centreline distributions of (a) ρ′2/ρ̄2 and (b) T̃ ′′2/T̃2. Same colours as in figure 3. All
distributions are aligned at z/D = 2 (grey, dash-dotted).
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Figure 15. (a) Radial profiles of density variances at z/D = 2D (−); z/D = 3D (−−); z/D = 5D (−·); z/D =
10D (· · · ). (b) Radial profiles of thermal plumes (−); methane (−−; sulphur dioxide (−·). Solid lines: grey
levels from light to dark represent cases 1–5 in ascending order; ∗ represents the normalization by the local
centreline values.

With an increasing Re or a decreasing R, thermodynamic fluctuations increase with
respect to their local averages. However, significant differences exist in the normalized
values between the plumes. The normalized variances with different source conditions
reach an order of 100. Such a dependence implies a stronger acoustic generation with
compressibility effects, and those phenomena can have significant impacts on engineering
systems and natural environments.

The radial profiles of ρ′ρ′ at different heights are shown in figure 15(a). Near the
source (z/D = 2), an off-centre peak is observed. The peak decreases significantly with
height and disappears before z/D = 3. After the density fluctuations reach their peak near
z/D = 3, an obvious transverse development is observed and the profiles become wider.
Figure 15(b) further shows the profiles at z/D = 5 from different plumes. Despite having
different heat releases, the five different thermal plumes have very similar distributions.
In addition, the methane plume has slightly wider profiles. Similar to the centreline
distributions, ˜T ′′T ′′ has very similar distributions to ρ′ρ′ after normalization.
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4.2. Budget analysis
To understand physical mechanisms that control the thermodynamic fluctuations, we first
look at the transport of the density variance. The budget terms of ρ′2 are computed

ũj
∂ρ′2

∂xj
= Pρ + Pρ + Tρ + Πρ + πρ. (4.1)

Similar to (3.1), the term on the left-hand side of the equation is the convection. On the
right-hand side of the equation, Pρ and Pρ are the production by the mean flows and
density gradient, respectively, Tρ is the transport and Πρ and πρ are the density dilatation
connected with the mean flows and fluctuations, respectively. The explicit form of each
term is provided as follows:

Pρ = −2ρ′2 ∂ ũj

∂xj
(4.2a)

Pρ = −2ρ′u′′
j
∂ρ̄

∂xj
(4.2b)

Tρ = −
∂ρ′ρ′u′′

j

∂xj
(4.2c)

Πρ = −2ρ̄ρ′ ∂u′′
j

∂xj
(4.2d)

πρ = −ρ′2 ∂u′′
j

∂xj
. (4.2e)

Figure 16(a) shows that the evolution of ρ′2 is solely dominated by Pρ and Πρ while
other terms are at least one order smaller in comparison. From the figure, we can
understand that density fluctuations are generated through dilatation terms and diminished
due to the turbulence production from density gradient term. Since density and the
velocities are negatively correlated, Pρ is acting as a sink rather than as a source.

While the dilatation term is usually associated with compressibility effect, the effects
on the presented plumes are considered small due to the low Mach numbers. Instead,
density–velocity correlation, which exists in both Pρ and Πρ , is the main mechanism. The
nearly perfect cross-correlation between ρ and w will be discussed in § 5.

Both of the dominant terms peak near ρ′2
max. The density dilatation (Πρ) can be

further decomposed into vertical and horizontal components. The two components
are plotted in figure 16(b). The horizontal and vertical components make opposite
but similar contributions throughout the plume. The mirrored distributions of the two
different dilatation components indicate that dilatational motions occur when the vertical
and horizontal motions are unbalanced. Density fluctuations are generated during this
re-distribution process when the flows are anisotropic. During the initial stage, significant
contributions of Πρ result from strong anisotropy. Such contributions are slowly reduced
as the turbulent flows approach isotropy with an ascending plume. Overall, the main
contribution for the density dilatation comes from the imbalance of fluctuations through
ρ–w cross-correlation. Figure 16(c) shows another important term, Pρ , with different
heat sources and gases. With the increasing heat release from the source, Pρ grows
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Figure 16. (a) Budget of ρ′2 from case 5: convection (•); Pρ (· · · ); Pρ (−−); Πρ (�); πρ (�); Tρ (×).
(b) Distributions of vertical (−) and horizontal (−−) components of Πρ . Vertical grey lines: ρ′ρ′

max
(dash-dotted) and R33,max (dashed). (c) Distributions of Pρ : thermal plumes, grey levels from light to dark
correspond to cases 1–5 in ascending order. Black dashed and dash-dotted lines represent methane and sulphur
dioxide plumes, respectively.

correspondingly; Pρ is also found to be more prominent in heavier gases. Although
production from mean flow gradients was found to be important to Reynolds stresses,
the analogous term, Pρ , is negligible in the transport of ρ′ in buoyant plumes.

The contributions from the pressure and viscous effects are present, hence more terms
are involved in the transport of T̃ ′′2. The budget analysis of T̃ ′′2 is computed

ρ̄ũj
∂T̃ ′′2

∂xj
= PT + PT + ΠT + εT + TT . (4.3)

Besides the convection terms on the left side of the equation, PT and PT , on the right
side of the equation, are the production from the mean flows and temperature gradient,
respectively, ΠT is the temperature dilatation connected with the pressure, TT is the sum
of all the transport terms and εT is the dissipation. The explicit form of those budget terms
is given as

PT = − 2
Cv

pT ′′ ∂ ũj

∂xj
+ 2

Cv

T ′′σij
∂ ũi

∂xj
(4.4a)

PT = −2ρ̄˜T ′′u′′
j
∂T̃
∂xj

(4.4b)
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Figure 17. (a) Budget of T̃ ′′2 from case 5: convection (•); PT (· · · ); PT (−−); ΠT (�); εT (�); TT (×).
(b) Distributions of vertical (−) and horizontal (−−) components of ΠT . Vertical grey lines: ˜T ′′T ′′max
(dash-dotted) and R33,max (dashed). (c) Distributions of PT : thermal plumes, grey levels from light to dark
correspond to cases 1–5 in ascending order. Black dashed and dash-dotted lines represent methane and sulphur
dioxide plumes, respectively.

ΠT = − 2
Cv

pT ′′ ∂u′′
j

∂xj
(4.4c)

εT = 2
Cv

T ′′σij
∂u′′

i
∂xj

− 2
Cv

kT
∂T ′′

∂xj

∂T
∂xj

(4.4d)

TT = −
∂ρT ′′2u′′

j

∂xj
+ 2

Cv

∂

∂xj
kTT ′′ ∂T

∂xj
, (4.4e)

where Cv is the specific heat capacity at constant volume, TT contains both turbulent and
thermal transports and εT includes viscous and thermal dissipation.

The budget terms in (4.4) are shown in figure 17(a). Similar to ρ′2, the evolution of
T̃ ′′2 is dominated by the temperature dilatation and the production of temperature gradient
terms.

Section 5 will further show a very strong correlation between T ′′ and w′′. The two
dominant budget terms are therefore associated with cross-correlation rather than the
compressibility.

In contrast to ρ′2, PT is functioning as a source rather than as a sink, and the dilatational
motions are negative. However, the dilatation mechanisms are also significant in the initial
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Figure 18. (a) Radial profiles of ρ′ρ′ budgets at z/D ≈ 3 (solid lines) and z/D ≈ 5 (dashed lines): ũj∂jρ′ρ′

(•); Pρ (lines); Πρ (�). (b) Radial profiles of ˜T ′′T ′′ budgets at the same heights: ρ̄ũj∂j ˜T ′′T ′′ (•); PT (lines); ΠT
(�).

stage in which turbulence is highly anisotropic, just as was observed in ρ′2. Further,
decomposition of ΠT , as shown in figure 17(b), shows opposite distributions of vertical
and horizontal dilatations. Similar to density, the dilatational effects occur in response
to anisotropic motions and contribute to T̃ ′′2. In figure 17(c), PT from different plumes
is presented. The production increases with heat source and with increasing density
difference between the source and the ambient fluid (i.e. heavier gases).

In addition to the centreline distributions, budget terms are also compared in the
transverse directions. Figure 18 shows the dominant terms of ρ′ρ′ and ˜T ′′T ′′. Consistent
with the centreline distributions, Pρ and Πρ are still the main mechanisms for density
in the radial transport. Similarly, PT and ΠT are the dominant terms for radial transport
of temperature. Other budget terms are negligible, and thus they are not included in the
figure.

4.3. Thermodynamic spectra and baroclinicity
Besides the knowledge of the spatial development, it is also important to understand at
what scales the thermodynamic fluctuations exist. Figure 19(a,b) shows the evolution
of two-dimensional horizontal spectra of density and temperature in wave space. As the
plumes ascend, the mixing processes reduce the energy content of the plumes. Although
the magnitude of the spectra drops significantly over the intermediate scales, a slight
increase is observed at the larger scales. The decrease at intermediate wavenumbers
reveals larger Taylor microscales. Such an impact on the plume structure and other
physical/chemical phenomena requires further investigation. It is interesting to note that
a consistent spectral slope of −2.7 is observed throughout the plume for both density and
temperature fluctuations. In the literature of stratified turbulence, a range of slopes has
been reported from −2.5 (Waite 2011) to −3 (Carnevale, Briscolini & Orlandi 2001). The
spectral slope in the present work is consistent with the reported range.

The density and temperature spectra of thermal, methane and sulphur dioxide plumes
at two different heights are plotted in figures 20(a,b) and 21(a,b). Similar to the TKE
spectra, the figure shows a monotonic increase with the Reynolds number and a decrease
with the specific gas constant. A similar dependence on Re and R implies a close relation
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Figure 19. Spectra of (a) density and (b) temperature from thermal plume (case 5) at z ≈ 2D (solid), z ≈ 3D
(dashed), z ≈ 5D (dash-dotted) and z ≈ 10D (dotted).
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Figure 20. Density spectra from thermal (grey, solid), methane (black dashed) and sulphur dioxide plumes
(black dash-dotted) at (a) z ≈ 5D and (b) z ≈ 10D. Same colours and lines as in figure 3.
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Figure 21. Temperature spectra from thermal (grey, solid), methane (black dashed) and sulphur dioxide
plumes (black dash-dotted) at (a) z ≈ 5D and (b) z ≈ 10D. Same colours and lines as in figure 3.

between velocities and thermodynamic variables. A possible correlation will be discussed
by examining the turbulent mass and heat fluxes, ρ′u′′

i and T̃ ′u′′
i in the following section.

The LES work of Chen & Bhaganagar (2021) has shown that, for thermal plumes,
the baroclinic terms are the most important mechanisms that contribute to the
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Figure 22. Cosine angle between the density and pressure gradients of (a) thermal (solid), methane (dashed)
and sulphur dioxide (dash-dotted) plumes at z ≈ 5D and (b) thermal plumes at z ≈ 2D (solid) z ≈ 3D (dashed)
z ≈ 5D (dash-dotted) z ≈ 10D (dotted). Same grey lines as in figure 3.

vorticity dynamics. To further understand how the misalignment between density and
pressure changes across the plumes, figure 22 shows the probability distribution function
(p.d.f.) of the cosine angle between ∇ρ and ∇p. In figure 22(a), the p.d.f.s of different
species and heat sources at z/D ≈ 5 are presented. The angle between ∇ρ and ∇p
increases with Reynolds number. On the other hand, an opposite trend is found with the
specific gas constant. The density gradients become more aligned with pressure gradients
for buoyant plumes. The change implies that the vorticity intensity is reduced when
lighter gases are released into the plumes. Such a change indicates a possible weaker
turbulent mixing. The p.d.f.s of ∇ρ·∇p in thermal plumes at different heights are plotted
in figure 22(b). With the ascending plumes, the cosine angle shows a clear decrease.
However, the decrease in the initial stage (z/D � 5) is minor. When the plumes enter
the mixing stage (z/D > 5), the angles are reduced significantly. The significant reduction
of the misalignment not only points out the decrease in vorticity, but it also implies the
change in the turbulent structures, as substantial transverse evolution occurs.

5. Cross-correlations between velocity, density and temperature

5.1. Turbulent mass fluxes
In buoyant, variable-density flows, the mean scalar equation (density and temperature)
contains turbulent scalar flux and turbulent heat flux terms, and the budget of these terms
will provide guidance on the dominant mechanisms that control the correlations between
the scalars and the velocity. Based on the analysis of the Reynolds stress transport terms
and the variances of temperature and density, a similarity between the two suggests a
strong correlation between velocity and thermodynamic variables. We next discuss the
budgets of turbulent mass flux (ρ′u′′

i ) and turbulent heat flux (˜T ′′u′′
i ).

The spatial evolution of turbulent mass fluxes along the centreline is plotted in
figure 23(a,b). Both the axial and horizontal components are normalized by the root
mean square of the corresponding velocity and density fluctuations. The horizontal mass
fluxes fluctuate around zero along the centreline in thermal plumes, revealing a negligible
connection between ρ′ and u′′. However, the mass fluxes in methane and sulphur dioxide
plumes show a minor correlation, which is due to the density difference between the air
and the species. On the contrary, a near perfect anti-correlation is observed between ρ′
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Figure 23. Centreline distributions of ρ′u′′∗ (=ρ′u′′/(
√

ρ′2
√

ũ′′2 ) and ρ′w′′∗ (=ρ′w′′/(
√

ρ′2
√

w̃′′2 )).

and w′′. The negative correlation can be explained as due to mass conservation. The axial
fluxes are very close to unity near the source and slowly decrease with height. However,
the correlations are still above 0.5 even at z = 10D. The evolution of ρ′w′′ indicates that
density fluctuations are highly correlated with the axial Reynolds stress rather than with
the horizontal velocity.

The budget analyses of the Reynolds stress and thermodynamic variances have shown
that multiple mechanisms control the spatial development of density and the Reynolds
stresses. To understand the mechanisms involved in the correlations of these two variables,
the budget terms of turbulent mass fluxes are computed

∂ ũjρ′u′′
i

∂xj
= Bρ + Pρu + Pρu + Πρu + Φρ + ερu + Tρu. (5.1)

The turbulent mass-flux equation is governed by similar processes as the Reynolds stress
equation. The term on the left-hand side is the convection term and it represents the spatial
variation of the density and velocity correlation. The convection term is balanced by the
terms on the right-hand side. These terms include the buoyancy Bρ , production Pρu and
Pρu, dilatation Πρu, pressure distribution Φρu, dissipation ερu and transport Tρu. The
mathematical form of those terms is given as

Bρ = −ρ′2

ρ̄
gi (5.2a)

Pρu = ρ′u′′
j
∂ ũi

∂xj
+ ρ′2

ρ̄

∂σij

∂xj
(5.2b)

Pρu = −Rij
∂ρ̄

∂xj
(5.2c)

Πρu = −ρ̄u′′
i

∂u′′
j

∂xj
(5.2d)

Φρ = 1
ρ̄

p′ ∂ρ
′

∂xi
(5.2e)
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Figure 24. (a) Distributions of ρ′u′′
3 budget terms from case 5: convection (•); Bρ (−·); Pρu (· · · ); Pρu (−−);

Πρu (�); Φρ (�); ερu (�); Tρu (×). (b) Distributions of vertical (−) and horizontal (−−) components of Πρu.
Vertical grey lines: ρ′w′′

max (dash-dotted) and R33,max (dashed).

ερu = − 1
ρ̄

σ ′
ij
∂ρ′

∂xj
(5.2f )

Tρu = − 1
ρ̄

∂ρ′p′

∂xi
+ 1

ρ̄

∂ρ′σ ′
ij

∂xj
− 1

ρ̄

∂

∂xj

ρ′u′′
i u′′

j

ρ̄
. (5.2g)

The budget terms of ρ′w′′ are plotted in figure 24(a). The dominant terms in the
evolution of ρ′w′′ are Pρu and Πρu. This is consistent with the budget analysis of ρ′2
in which axial dilatation and the density gradient are the main mechanisms. However,
dilatational effects become negative and production becomes positive to the mass-flux
transport. During the initial plume development stage, Πρu has a monotonic increase.
As the flow enters the mixing stage, Πρu starts decreasing. The decomposition of Πρu
is shown in figure 24(b), in which the term is decomposed into horizontal and vertical
components. The two components show opposite signs throughout the plumes. Unlike the
main mechanisms in velocity and density, the dominant terms in ρ′w′′ peak at z/D ≈ 5
where R33,max occurs.

5.2. Turbulent heat fluxes
Besides the turbulent mass fluxes, the correlation between temperature and the velocities
can be realized through turbulent heat fluxes. Figure 25(a,b) shows the distributions
of ˜T ′′u′′ and ˜T ′′w′′ normalized by the corresponding root-mean-square temperature and
velocities. Similar to horizontal mass fluxes, a very weak connection can be seen between
temperature and horizontal velocities in thermal plumes as the horizontal heat fluctuates
around zero. A minor correlation exists in the plumes with methane and sulphur dioxide.
In contrast, the correlations of temperature and the vertical velocities show a perfect
anti-correlation near the source and slowly decrease as the plume rises. Similar to density,
the turbulent heat fluxes show that temperature fluctuations are strongly associated with
the axial motions.

As the correlation between temperature and the velocities exists, it is necessary to
identify the mechanisms that control the correlations. The budget terms of the turbulent
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Figure 25. Centreline distributions of ˜T ′′u′′∗ (=˜T ′′u′′/(
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heat fluxes are computed

ρ̄ũj
∂˜T ′′u′′

i
∂xj

= BT + PTu + PTu + ΠTu + ΦT + εTu + TTu. (5.3)

Similar to the mass fluxes, the spatial development of turbulent heat flux is controlled by
a balance of the terms on the right. The first three terms on the right are the productions
due to buoyancy (BT ), mean flows (PTu) and the temperature gradient (PTu). The following
two terms are contributions from dilatation (ΠTu) and pressure distribution (ΦTu). Finally,
the last two terms are dissipation (εTu) and transport (TTu). The explicit form of each term
is given as follows:

BT = −ρ′T ′′gi (5.4a)

PTu = −ρ̄˜T ′′u′′
j
∂ ũi

∂xj
− 1

Cv

pu′′
i
∂ ũj

∂xj
+ 1

Cv

σjku′′
i
∂ ũj

∂xk
(5.4b)

PTu = −ρ̄Rij
∂T̃
∂xj

(5.4c)

ΠTu = − 1
Cv

pu′′
i

∂u′′
j

∂xj
(5.4d)

ΦT = p′ ∂T ′′

∂xi
(5.4e)

εTu = 1
Cv

σjku′′
i

∂u′′
j

∂xk
− σij

∂T ′′

∂xj
− 1

Cv

kT
∂u′′

i
∂xj

∂T
∂xj

(5.4f )

TTu = −
∂ρT ′′u′′

j u′′
i

∂xj
− ∂p′T ′′

∂xi
+ ∂σijT ′′

∂xj
+ 1

Cv

∂

∂xj
kTu′′

i
∂T
∂xj

. (5.4g)

Here, ε contains both viscous and thermal dissipation and TTu includes turbulent, pressure,
viscous and thermal transport.

The budget terms of turbulent heat fluxes are plotted in figure 26(a). The figure
shows that the dominant terms for axial heat fluxes are the production of mean flow
and dilatational motions. Similar to ρ′w′′, both the dominant terms of ˜T ′′w′′ have a
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Figure 26. (a) Distributions of ˜T ′′w′′ budget terms from case 5: convection (•), BT (−·); PTu (· · · ); PTu (−−);
ΠTu (�); ΦT (�); εTu (�); TTu (×). (b) Distributions of vertical (−) and horizontal (−−) components of ΠTu.
(c) Distributions of transport terms: ∂zρT ′′w′′2 (−); ∂zp′T ′′ (−−); ∂zσ33T ′′ (−·); ∂zkT w′′2∂zT (· · · ). Vertical
grey lines: ˜T ′′w′′max (dash-dotted) and R33,max (dashed).

monotonic increase in the initial stage and peak at R33,max. As the plume enters the mixing
stage, the two mechanisms slowly decrease. The dilatation can be further decomposed
into vertical and horizontal motions. Figure 26(b) shows that the two components have
opposite distributions and counteract each other. In contrast to Reynolds stresses and
thermodynamic variances, both the dilatational effects of ρ′w′′ and ˜T ′′w′′ reach their
maximum near z/D = 5 at which the anisotropic phenomenon is weak. This observation
seems to suggest that Πρu and ΠTu have a strong dependence on w′′ rather than on the
density. More details will be presented in the following discussion. Besides the production
and dilatation, the pressure distribution and pressure transport (from figure 26c) are
also important. Unlike ρ′2, T̃ ′′2 and ρ′w′′ which are only dependent on production
and dilatation, the additional terms involved in the transport of ˜T ′′w′′ indicate a more
complicated correlation between temperature and velocity. Further investigations will be
conducted in future work.

Finally, we present the budget terms of ρ′w′′ and ˜T ′′w′′ at z/D = 5 where the variables
peak in figure 27. Consistent with the centreline distributions, the radial transport of ρ′w′′

is still dominated by Pρu and Πρu. For ˜T ′′w′′, the main terms are PTu, ΠTu, ΦT and TTu.
Despite the distance from the source, the figure shows that turbulent motions mostly occur
within x/D < 0.5.
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Figure 27. (a) Radial profiles of ρ′w′′ budgets at z/D ≈ 5: ∂j(ũjρ′w′′) (•); Pρu (−−) and Πρu (�). (b) Radial
profiles of ˜T ′′w′′ budgets at the same heights: ρ̄ũj∂j ˜T ′′w′′ (•); PTu (lines), ΠTu (�), ΦT (�) and TTu (×).
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Figure 28. Spectra of (a) ρu and (b) Tw from thermal plume at z ≈ 2D (solid), z ≈ 3D (dashed), z ≈ 5D
(dash-dotted) and z ≈ 10D (dotted). Same colours and lines as figure 19.

5.3. Spectra and characteristic scales
Turbulent fluctuations exist in a wide range of scales. As the axial dilatation is identified
as being the mechanism that contributes to thermodynamic fluctuations in the buoyant
plumes, it is important to identity the scales at which the interaction occurs. We plot the
spectra of the axial mass and heat fluxes in figure 28(a,b). The spectra are compared
at multiple different heights. The figure shows that the thermodynamic variables are
correlated with velocity at large scales. In addition, the spectra of the correlation resemble
the energy spectra of vertical velocity. The buoyancy range with −3 slope is observed in
both fluxes at different heights. The observed −3, instead of −2.7, slope confirms that
the velocities are dominant over the thermodynamic fluctuations in the correlation term.
The similarity between Eww, Eρw and ETw indicates that the correlation is influenced by
velocity fluctuations rather than the thermodynamic variables.

The present work has shown that vertical velocity strongly correlates with density and
temperature. From the spectra, we realize that these correlations are mostly influenced by
velocity fluctuations. To further understand the related temporal characteristics, we present
the characteristic time scales (Skamarock et al. 2014)

τ = k−3/2E(k)−1/2 (5.5)
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Figure 29. Characteristic time scales from the spectra of (a) vertical velocity (w′′), (b) density (ρ′) and
(c) temperature (T ′′) at z/D ≈ 2 (solid), z/D ≈ 3 (dashed), z/D ≈ 5 (dash-dotted) and z/D ≈ 10 (dotted).

in figure 29. From (5.5), τ(k) represents the characteristic time in synoptic scale, which
corresponds to the buoyancy range. The characteristic time scale of vertical velocity, τw,
reaches an asymptotic state in the buoyancy regime and such an observation is consistent
with other studies (Skamarock et al. 2014). Further, this asymptotic condition is invariant
with plume height. On the other hand, although the time scales for density and temperature
also asymptote at higher wavenumbers, the asymptotic value increases with increasing
plume height. The comparison of the time scales τw, τρ and τT suggest that the turnover
time scales of velocity are much smaller than the thermodynamic variables.

The present study focused on the mechanisms for the evolution of Reynolds stresses and
thermodynamic fluctuations for active scalar mixing. The thermodynamic fluctuations are
attributed to the axial dilatation at large scales. In isotropic turbulence, thermodynamic
spectra mostly show a spectral slope ≈ −7/3 at the intermediate scales. On the contrary,
such a slope is not found in the present work. The thermodynamic spectra show a value
of −2.7, which is similar with the studies of stratified turbulence (Carnevale et al. 2001;
Waite 2011). Since buoyancy was found to be negligible in the cross-relations of velocity
and thermodynamic variables, the change of spectral slope from isotropic turbulence is an
interesting and important discovery.

6. Conclusions

Using the LES database, we studied the scaling, budget and spectra of turbulent kinetic
energy, thermodynamic variables and their cross-relations for turbulent buoyant plumes.
To assess the generality of the fundamental investigations, heat sources with a range
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of thermal flux conditions were presented. The different heat fluxes result in different
values of the Reynolds number, and the effects of released heat are discussed in terms of
dimensionless numbers. In addition to thermal plumes, additional cases of heated methane
and heated sulphur dioxide released from the source were also included in the study
for a comprehensive discussion. To account for the compressible nature, Favre averaging
was implemented. Two distinct stages, initial and mixing, were shown characterizing the
evolution of both velocity and thermodynamic fluctuations. Multiple mechanisms were
found to be attributed to TKE generation. The velocity fluctuations further contributed
to thermodynamic fluctuations, and the mechanisms that control the processes were
identified.

In the present work, it has been identified that the Reynolds stresses decay exponentially
with an exponent of −1 along the centreline during the mixing stage. The ratio of vertical
to horizontal stresses (R33 and R11) shows a strong anisotropy near the source. However, the
turbulence slowly approaches an isotropic state during the mixing stage. The discoveries
are consistent among thermal, methane and sulphur dioxide plumes. Budget analysis
shows that R33 is dominated by multiple terms, including buoyancy and mean-flow
production, dilatation and transport. The buoyant production dominates during the initial
stage, while the mean-flow production becomes important during the mixing stage. The
buoyant production shows a monotonic increase in magnitude with Re for thermal plumes.
Comparing with heated gas plumes with the same heat source, the buoyant contribution
becomes stronger for heavier species and it peaks closer to the source. For R11, only
dilatational contributions and dissipation are found to be important. The existence of a
buoyancy regime has been identified for both thermal and gas plumes. The energy spectra
for both axial and horizontal velocity components show a −3 spectral slope at different
heights. Lighter gas plumes have higher energy intensities at different heights compared
with the thermal plumes.

We have also studied the thermodynamic variables, particularly density and
temperature. The variances of both the variables reach their peak near z/D = 3 and the
values normalized by their maximum shows a scaling with an exponent of −2.5. When
density and temperature fluctuations are normalized by their local averages, the obtained
scaling shows a consistent −2.3 exponent for different plumes. In addition, the normalized
quantities increase with Re but decrease with R (gas constant). Budget analysis of the
variances of density and temperature shows that both the quantities are strongly dependent
on the axial dilatation motions and the production of thermodynamic gradients. The strong
correlation between the axial velocity and the density (and temperature) fluctuations is
the main dominating mechanism in the thermodynamic variance equation. The spectra of
density and temperature have a −2.7 slope at the intermediate scales with a systematic
dependence on Re and R. Within the plumes, the angles between pressure and density
gradients increase with Re but decrease with R. During the initial stage, the changes of such
angles are very minor. However, the misalignment between pressure and density decreases
significantly with height in the mixing stage. The drastic changes may have clear impacts
on turbulent mixing and energy dissipation, which will be further studied in the future.

To have a complete discussion on thermodynamic variables, cross-correlations between
velocity and thermodynamic variables are also discussed. The cross-correlations between
horizontal velocity and thermodynamic quantities are extremely weak for thermal plumes.
However, minor correlations exist for methane and sulphur dioxide plumes. On the
contrary, a strong correlation exists between the axial velocity fluctuations and both the
density and the temperature fluctuations. It has been confirmed from the budget analysis
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that thermodynamic fluctuations are generated by the axial velocity through dilatational
motions (correlation between the velocity and thermodynamic fluctuation).

Despite the existence of turbulence production in ρ′w′′ and ˜T ′′w′′, these two terms are
negligible. Finally, the spectra of the ρ′w′′ and ˜T ′′w′′ show that thermodynamic variables
are correlated with the velocity at large scales. With a clear buoyancy slope (−3), the
spectra further indicate that both the turbulent fluxes have a strong influence of the velocity
rather than the thermodynamic quantities. Finally, the time scale of the vertical velocity
obtained from the spectra reaches an asymptotic state in the buoyancy regime, which is an
indication that turbulent fluctuations have been captured quantitatively.

Our investigations reveal the fundamental structures of velocities and thermodynamic
fluctuations in turbulent buoyant plumes. The results provide a guidance on the important
mechanisms that govern the turbulence velocity and thermodynamic processes which
are important to engineering applications and environmental predictions. The present
work has important implications in developing turbulent models to simulate plumes at
very high Reynolds number. By accounting for the density effects and the correlation
between the velocity and the thermodynamics fields, realistic turbulence can be realized.
We acknowledge that some extreme events in turbulence which occur at small scales are
not captured in turbulence models. However, the presented spectra show that the discussed
phenomena mostly happen at large scales. The present work on the fundamental aspects of
turbulence generated in a buoyant plume with a detailed discussion of energy transfer and
thermodynamic structures within turbulent buoyant plumes is an important contribution
to buoyant convection studies.

The work has important implications for entrainment modelling in plumes. The present
study indicates the entrainment modelling should account for the correlations between
the scalar density field and the velocity fields. The mean scalar equation contains the
turbulent scalar heat flux and turbulence scalar flux terms which are due to the production
of turbulent mass flux/heat flux and axial dilatation. The radial transport of the axial heat
flux is dominated by these effects, which suggests a relation of the correlations between
the velocity and thermodynamics that influences the entrainment processes. Future work
will focus on modifying the existing theoretical formulations on entrainment using the
framework that has been developed in this study.
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Appendix A. Transport equation of Reynolds stresses

The mathematical derivation of (3.1) is presented in this section as a reference. The
equation of Reynolds stresses is obtained from Navier–Stokes equations

∂ρui

∂t
+ ∂ρujui

∂xj
= − ∂p

∂xi
+ ∂σij

∂xj
− ρgi. (A1)

By taking the Reynolds averaging of (A1), we have

∂ρ̄ũi

∂t
+ ∂ρ̄ũjũi + ρ̄Rij

∂xj
= − ∂ p̄

∂xi
+ ∂σ̄ij

∂xj
− ρ̄gi. (A2)

Subtracting (A2) from (A1) yields ρu′′
i

ρ
∂u′′

i
∂t

+ ρũj
∂u′′

i
∂xj

+ ρu′′
j
∂ ũi

∂xj
+ ρu′′

j
∂u′′

i
∂xj

= −∂p′

∂xi
+

∂σ ′
ij

∂xj
+ ∂ρ̄Rij

∂xj

+ ρ′

ρ̄

[
∂ p̄
∂xi

− ∂σij

∂xj
+ ∂ρ̄Rij

∂xj

]
− ρ̄gi. (A3)

The equation for the Reynolds stresses is, therefore, generated by averaging the product
of u′′

j with the equation for ρu′′
i , and summing with the average of the product of u′′

i with
the equation for ρu′′

j . Finally, (3.1) is formed by implementing the hydrostatic condition
(∂α p̄ = −ρ̄gα)

ρ̄
∂Rαα

∂t
+ ρ̄ũk

∂Rαα

∂xk
= −2ρ′u′′

αgα − 2ρ̄Rαk
∂ ũα

∂xk
+ 2p′ ∂u′′

α

∂xα

− 2σ ′
αk

∂u′′
α

∂xk

+ 2u′′
α

∂σαk

∂xk
− ∂ρ̄u′′

αu′′
αu′′

k
∂xk

− 2
∂p′u′′

α

∂xα

+ 2
∂σ ′

αku′′
α

∂xk
. (A4)

For stationary turbulent flows, the transient term can be dropped. A similar method can

also be applied to obtain the equation for ρ′2, T̃ ′′2, ρ′u′′
i and ˜T ′′u′′

i .
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