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SOME INTEGRAL EQUATIONS WITH KUMMER’S
FUNCTIONS IN THE KERNELS

BY
TILAK RAJ PRABHAKAR

1. Introduction. Since 1963 several authors ([13], [2], [6], [14], [10], [11], [12], [9])
have considered integral equations each one of which is contained as a special case
in one of the two equations

(L) K%a, b, o)f(x) = ”’—}2‘,})—“(: b, c(e—)1(1) dt =° (),

1) Kabofe = [ ER R @b, cv- )/ d = o)

for Re >0 and x € [, B].

In this paper we make a systematic use of the fractional integration operator
J* (see §2) to prove results on the linear operator K?(a, b, ¢) and to discuss theorems
on the solutions of (1.1). The technique used immediately suggests that the cor-
responding results on K,(a, b, ¢) and the related equation (1.2) also hold.

The functions f and g belong to the class of measurable (in the Lebesgue sense)
complex-valued functions defined for almost all x in [«, 8]. Functions in this class
which are equal almost everywhere in [«, 8] are not regarded as distinct. Indeed,
all the integral equations considered are understood to hold for almost all x in
[, B].

The restriction Re >0 is imposed throughout the paper to ensure the con-
vergence of the Lebesgue integrals used but the methods of the paper can be applied
to obtain solutions of (1.1) and (1.2) for Re 5 <0 also, provided the integrals are
interpreted as convolutions of generalized functions and the discussion is in the
domain of generalized functions (see [3] and [5]).

2. Linear operators J* and K%(a, b, ¢). L is the space of (equivalent classes of)
complex-valued functions f of a real variable which are L-integrable on a finite

B
interval [e, 8], >0 and is normed by | f|| =J [f(@)] dt.

The operator J*. For complex p with Re x>0 the linear operator J* on L into
itself is defined by

@0 TH)(x) = L (t r?)) G sy dr for almost all x € [« B].
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It is simple to see that J* is bounded. If the integral equation
2.2) J'if=g, Rep>0

has a solution f'e L, then its uniqueness is ensured by a well-known theorem; also
the solution is denoted by J ~#g. Thus when Re u <0, J*=(J~#)~1, We set Jo=f
and denote by L, the subspace of functions g in L such that g=J*f with fe L and
Re u>0. If 0<Re p<Re v, then it is easily verified that L,=L, <L, the inclusion

being proper.
It is a standard result: if Re x>0, Rev>0, and fe L, then
2.3) JUVf = JEEVf,

Indeed (2.3) holds for all complex p and » with Re p#0, Re v#0, Re (u+v)#0,
provided that fis in a suitable L, such that J'fand J***f both exist in L. If Re p=0
and fis in L, with Re A>0, then J*f is defined by

2.4) Jif = J-UJLEAf

and is in L.

The operator K*(a, b, ¢). We begin with the following general lemma which will
be of frequent use and is a generalization of the standard theorem on the existence
and integrability of the fractional integral (2.1).

LemMMA 1. If Re u>0 and f€ L, then the integral

B—xpt
fx T R b c(x—1)f(2) dt

defines a function in L where ,F, is, in the standard notation, Kummer’s confluent
hypergeometric function and a, b, ¢ are complex parameters, b#0, —1, =2, ...

Proof. It suffices to show that

B B
2.5) f dx f (=X)L Fa(a, b, c(x—1))/(E)] dt < co.

Since F,(a, b, z) is an entire function of z, it easily follows that the double integral
(2.5) does not exceed M (Re p)~*(BRe* —a®e4)| f|l, M being a bound of |,Fi(a, b,
—cu)| for Osu<f—e.

LemMA 2. If a, b, and ¢ are complex numbers with Re b>0, then for almost all
x € [, B]
p B(t—x)P-1
(2.6) (K%a, b, o) f)(x) = “To) 1Fu(a, b, c(x—1)) f(2) dt
defines a linear bounded operator K*(a, b, c) on L into L.
In particular when ¢=0, we get that operating on L

(V)] K*(a, b, 0) = J°.
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Proof. This follows from Lemma 1 with p=>5 and a few simple verifications.
3. Properties of K#(a, b, c). We require

LemMma 3. If Re p and Re b are positive, then

G.1) f @ 1{2’; 1(’}8;'11&(‘1, b, c(v—1)) dv

(t_x)b+u—1

= Tor 1Fi(a, b+p, c(x—1)),

t (v__x)b—-l (t_v)u—l

G2 )T Tw

1Fi(a, b, c(x—v)) dv

(t_x)b+u—1

= m—- 1F1(03 b+ﬂ, C(x—t)).

Proof. If Re >0, Re p>0 and z is a complex number, then it is easily verified
[9, (3.7)], that

1(1—g)p-1g0m1
(3.3) fo o i i@ b z5) ds = I‘(b .

Substitutions s=(t—v)/(t—x), z=c(x—1) in (3.3) at once give (3.1) while s=(v—x)/
(t—x), z=c(x—1t) lead to (3.2).

) 1F1((1, b+l~"" Z)

THEOREM 1. If Re b>0 and Re n> —Re b, then operating on L
(3.4 J*K¥a, b, ¢) = Kf(a, b+p, ¢).

Proof. (i) Suppose first that Re p>0. For fe L, K%, b, c)f is in L so that
J*K5(a, b, c)f also exists in L and for almost all x € [, B]

(35 J*K%a,b,0f) = | g F(’; )” @=2""% 4, f g rg JFi(a, b, c(o—D)f () dt.

Changing the order of integration in the repeated integral and using (3.1) we
immediately get the result in this case; the change is justified since the repeated
integral in (3.5) can be easily verified to be absolutely convergent for almost all x

in [e, B].
(ii) Suppose next that 0>Re n> —Re b. Since Re (b+p)>0 and fe L, (i) gives

J*K¥a, b+p, O)f = Ka, b, o)f

which leads to (3.4) in this case also.
(iii) Finally suppose that Re u=0. By case (i)

Jr*eK8a, b, o) f = Kf(a, b+p+1, c)f.
Also by case (i), J*K%(a, b+p, ¢)f = K5a, b+p+1, o)f.
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Equating the left sides, we find that
K%a, b+p, o) f = J-WU 4K, b, ¢)f

= J*K¥a, b, c)f,
using (2.4).
THEOREM 2. If Re b>0, fe L and p is any complex number such that J*f exists
in L, then
(3.6) J*K®(a, b, c)f = K%(a, b, ¢)J*f;

that is to say, the operator K®(a, b, ¢) commutes with J*.
Proof. (i) Let Re >0; then for fe L, J4fis in L and for almost all x € [«, B]

B(u__x)b-—l _ ,B(t_u)u—l

. ——I“(—b)‘—’ lFl(a, b, c(x u)) du fu *—F(H——f(t) dt.
Provided the order of integration in the repeated integral can be inverted, the right
side is, for almost all x € [e, 8], equal to

(3.7 K¥%a, b, o)J*f(x) =

8 Elu—x)P- 1 (t—u) -1
J; f(t) dt fx F(b) P(,U.) lFl(a’ b, c(x—u)) du
B ( t— x)h +u-1
B fx L+w)
evaluating the inner integral by (3.2). We thus arrive at
K%a, b, c)J'f = K¥a, b+p, ©)f
which combines with the preceding theorem to give the desired result; as in that
theorem the correctness of the inversion in the order of integration can be verified
by Fubini’s theorem.
(ii) When Re <0, set J*f(x)=4¢(x) for almost all x in [«, B]. Since ¢ is in L
and —Re u>0, by case (i)
J~"K%(a, b, c)p(x) = K¥(a, b, )J ~*¢(x);
but K?(a, b, c)$ exists in L so that

K%(a, b, c)p = J'K*(a, b, ©)f

1F1 (a, b+p, c(x—1))f(2) dt,

and the result follows.
(iii) Let Re p=0. Since J*f exists in L, by case (i) and definition of J*,

J1teK¥a, b, c)f = K*(a, b, ¢)J**if = K*(a, b, c)J*J"f.
By case (i) again, since J4fe L,
K*a, b, 0)J*(J*f) = J*K*(a, b, c)(J*f).

Thus J ~1J1*4K5(a, b, c) f exists and is equal to K%(a, b, c) J*f.
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THEOREM 3. If Re b, Re b’ >0, then operating on L
(3.9 K*%(a, b, 0)K*(a', b', ¢) = Kf(a+a',b+b, c).
Proof. For fin L and almost all x € [«, 8]
K%, b, c)K%(a', b', ¢)f(x)

(3.9) = :%IF@, b, c(x—u)) du :(’—11%2

xF(a, b, clu—1))f(¢) dt

x)b—l (t__u)b’—l

¢ = [ o CRZ O R b o)
x F(a’, b, c(u—1t)) du,

the reversal in the order of integration being valid if the repeated integral in (3.9)
is absolutely convergent a.e. in [e, 8]. By Theorem 1

fﬁ (t—u)’ -

Ty 1Fi(@’, o', c(u—1)) f(2)| dt
exists in L and by another application of the same theorem the absolute conver-
gence, for almost all x € [«, 8], of the repeated integral in (3.9) follows.
Putting v=(u—x)/(t—x) in the inner integral in (3.10), we write it as
(t—x)°*¥~1](x) where

1 Ub——l (l_v)b’—l

I(x) = L TG To) 1Fi(a, b, co(x—1))1 Fy(d', b, c(1—v)(x—1)) dv
G1) = PP Ao & S @n(@)a{eo(x=DMe( —n)(x =0}
' T Jo L) T®) wEodSo ®)n(®)am'n!
_ < (@n@)ucm M x— )t Y opem-1 ) tn—1
= .2, ThmTE +mmi] fo” (A—v)y* dv,

writing the series expansions for the Kummer’s functions which we recall are
entire functions, and inverting the order of integration and double summation.
The inversion is correct because the double series in (3.11) converges uniformly with
respect to v over the range of integration and for all x and ¢ in [e, 8].

Evaluating the Eulerian integral in terms of Gamma functions, we deduce that

% (@@ (= 1)
I6) = FG55) o2 o o

1 2 Cm(x—t)m 2 (a)m-—n(a,)n
(.12) = I‘(b+b’) 2o D) 2o (mn)in]

Z (a+a)y, c(x—1t)"
1"(b+b),,, o (b+b), ml
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in which we have summed the double series by diagonals instead of by rows, and
used an analogue of Vandermonde’s theorem. Thus we have

(3.13) I(x) = 1Fila+d',b+b', c(x—1))

1
r'e+d)
from which it follows that the repeated integral in (3.10) is, for almost all x € [«, B],
equal to

[ bbb, o0

and this establishes the theorem.

ReMARK. Theorem 2 does not follow as a particular case of Theorem 3 though
for ¢=0 both reduce to the standard result (2.3) on the product of fractional
integration operators.

THEOREM 4. If Re b>0 and f € L, then for almost all x € [e, B]

(3.14)  J*K¥a, b, o)f(x) = f(x)—ac fﬁ 1Fi(a+1,2, c(x—1))f(2) dt.

X

Proof. By Theorem 1, for almost all x € [«, 8]
J1-%K5(a, b, ¢)f(x) = K*(a, 1, ¢)f(x)
- f: Fi(a, 1, c(x—1))£(2) dt
which suggests that

d B
TKG@, b, Of @) = — 5 [ 3Fia L =)/ 0 de

— f()—ac fj Fia+1,2, cx—)f(¢) dt.

As a direct verification of this we show that

8
(3.15) J"{f(x)—ac f Fila+1, 2, c(x—1)f(t) dt}
=°K*(a, b, ¢)f(x) for x € [e, B].

Since fe L and Re >0, by suitable applications of Lemma 1 and Lemma 2, it
is immediate that the left-hand member in (3.15) exists a.e. in [, 8] and can be

written as

3.16) J(x)—ac ’ (u—;,(;%);——l du F Fi(a+1, 2, ctu—1)) f(¢) dt

3.17) = Jf(x)— rf(t)dt WD b a1, 2, cu—1)) d
. = xacx . T JFi(a+1,2, c(u—t)) du

by an application of Tonneli’s theorem to invert the order of integration.
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It is not difficult to verify that for complex z and Re 5> 0
1
\Fia,b,2) = 1+az f (1—s)=1,Fy(a+1, 2, z5) ds
0

which on putting s=(t—u)/(t—x), z=c(x—t) gives

(t—x)p-?

acft(u;x)f: 1Fia+1, 2, c—1)) du = —rp— {1

= L)

Since f'is in L, for almost all x € [«, B]

—1Fi(a, b, c(x—1))}.

ae ["rwar [ S R@e 1,2, ctw-1) d
_ fﬁ (t cmg) — Fy(a, b, c(x—)}f(¢) dt
_ fB =07 iy a— [ 227 Fa b, ce— 1)) de

T'(®) « T
= J%(x)—K*(a, b, ¢) f(x),

where the existence of the double integral in (3.18) a.e. in [e, B] is ensured by the
absolute convergence for almost all x of the repeated integral in (3.16). This also
ensures the existence of the integral on the right in (3.18) which is written as the
difference of two integrals existing a.e. in [«, B]. Finally substituting the last ex-
pression in (3.17) we get (3.15) as desired.

(3.18)

COROLLARY 4.1. If Re b>0 and J ~°g exists in L, then the integral equation for
unknown fin L

(3.19 :Q—_%;-l 1Fi(a, b, e(x—1))f(t) dt =°g(x) fora < x <P

is equivalent to the integral equation for unknown fin L
B

(3.20) f(x)—ac f 1Fila+1,2, c(x—1))f(t)dt = Jbg(x) fore<x<8B.
X

LEMMA 4. If Re b>0 and f€ L, then a.e. in [o, 8]
K%(a, b, ¢)f(x) e* = e**K¥(b—a, b, —c)f(x).
Proof. It is immediate from Kummer’s first formula [4, (6.3(7))].
THEOREM 5. If Re b>0 and f € L, then for almost all x € [«, B]
(3.21) K%, b, o)f(x) = Jb~%e*J*e~*f(x) for Rea > 0,
(3.22) = e¢* Joe~* J*-of(x) for Rea < Reb.
Proof. (i) When Re a>0, by Theorem 1 applied twice
(3.23) J°K%(a, b, ¢)f = J°K*(a, a, ¢)f.
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Since f€ L and Re b, Re a>0, the functions on both the sides exist in L. We now
prove that under this assumption

(3.29) K%, b, ¢)f = J*~°K*(a, a, ¢)f.
If Re a<Re b, (3.23) gives
JeK¥%(a, b, ¢)f = J°K*(a, a, ¢)f = J°J°~°*K*(a, a, c)f
so that
K%a, b, c)f = J*~°K%(a, a, ¢)f;

the last function exists in L since Re (b—a)>0.
If Re a>Re b, (3.23) leads to

J°K*(a, a, ¢)f = J°K®(a, b, ¢)f = J°J*~°K%(a, b, ¢)f,
so that
K%, a,c)f = J*"°K¥(a, b, c)f
which gives
K%a, b, c)f = J~“"PK¥a, a, c)f,

the existence of the functions involved having already been noted.
If Re a=Re b, instead of (3.23) we use

JK%(a, b, o) f = JO~D*1Kb(a, a, c)f

also obtained by two applications of Theorem 1. Since K%(q, b, ¢)f exists in L,
this gives

K%a, b, o)f = J-JO-9+1Kb(q, a, ¢)f
= J*~°K¥a, a, c)f

using the definition (2.4).
Thus (3.24) is established for any complex a, with Re a>0. Noticing that

B (t___x)a—l

(3.25) K%, a, c)f(x) = . T@

ec(x—t)f(t) dt,

(3.21) follows immediately.
(i) When Re a<Re b, by Lemma 4
K%, b, ) f(x) =°e** Kf(b—a, b, —c)f'(x) for x € [e, B]
where f'(x)=e~°* f(x). But by the above case
Kf(b—a, b, —c)f'(x) = J* e~ *J*~% e°* f'(x)
and (3.22) follows.
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4. Existence and uniqueness of solutions of (1.1). It is proved that the existence
of J~%¢ in L is a necessary and sufficient condition for (1.1) to possess a solution
fe L. Uniqueness of solutions is ensured by

THEOREM 6. If Re b>O0, then the integral equation

@1 :(’}2‘—77;—-1 JFi(a, b, c(x—0)f(f) dt =°g(x) fora < x <p

cannot have more than one solution f in L.

Proof. Since K%(a, b, ¢) is a linear operator on L, it is enough to prove that
K*%(a, b, ¢) f=0 implies f=0. This, however, follows directly from Theorem 5 and
the uniqueness theorem for fractional integrals.

THEOREM 7. If Re b>0, then a necessary and sufficient condition for the integral
equation

4.2) : (—’ZFE(%E Fia, b, c(x—1)f(t) dt ="g(x) for x € [a, f]

to have a solution f in L is the existence of J ~°g in L.

Proof. Necessity. Suppose (4.2) has a solution fin L. Using (3.15) the equation
(4.2) can be written as

8
4.3) J”{f(x)—ac f JFi(a+1, 2, c(x—)f(¢t) dt} =°g(x).

X

Since this equation has a solution fin L and the expression in braces exXists in L, it
readily follows that J ~°g exists and is in L.

Sufficiency. Suppose that J ~®g exists in L. By Corollary 4.1, the integral equation
(4.2) is equivalent to

4.9 Jx)—ac f: Fila+1,2,e(x—1)f(t) dt =°G(x), x€ e, ]

with G=J ~%g. By the transformation x=a+8—x', t=a+B—1t', (4.4) is converted
into a Volterra equation of the second kind:

@.5) f'(x)—ac f Y Fa+1,2, ot = X)) di’ = G'(x) for X' € [, B

where f'(x")=f(x) and G'(x")=G(x).
Since G € L, it easily follows that G’ € L. Also it is clear from the analytic charac-
ter of ,F; that

|1 Fi(a+1,2, ¢’ —x"))| < M forall x', t' €l Bl

M a constant. Hence by a well-known theorem [8], the integral equation (4.5) has
a unique solution fin L and the sufficiency part follows.
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5. Explicit solutions of (1.1). In Theorem 10 we obtain an explicit solution of
(1.1) under the assumptions of Theorem 7. A transform pair comprising (1.1) and
an inversion integral is obtained in Theorem 9 under an assumption which has to
be slightly more restrictive. We begin with the following theorem which apart
from being of use in Theorem 10, is of some independent interest also.

THEOREM 8. If Re u>0, then the integral equation
(CRY) e~ Jip(x) =°J* e"* f(x), x €|, B]

has for each f € L a solution ¢ in L expressible by

52) $) = 1) =he [ L1402, cla=0)f @) d

and for each ¢ in L a solution f € L given by

8
(5.3) 169 = $0)+pe [ 1Fi1=p, 2, clx= ) dr.
Proof. (i) Suppose that fe L. From (3.15) with both @ and b replaced by n

J“{ F(¥)—pe f: Fi(u+1, 2, c(x—1)f () dt}

=°K*(u, p, ©)f(x) for x & [o, B].
Using (3.25) for the right-hand member, it immediately follows that
Jip(x) =°e*J e * f(x), x€ e, f]

where
30 = 1= pe [ SRt 1,2, clam0)f0) .

Also since f'e L is given, it is clear by Lemma 1 that ¢ is expressed as a difference
of two functions in L and is indeed itself in L.

(ii) Suppose that ¢ € L is given. If we replace f(x) by e**i)(x) and ¢(x) by e°* g(x),
then (5.1) becomes

JH* e* g(x) =°e®* J* f(x).

Clearly for ¢ € L, g is in L, so by first part with ¢ replaced by — ¢, this equation has
a solution ¢ € L given by

W) = g+ [ Bl 2, —ee=1)g0) d

which becomes (5.3) when put back in terms of fand ¢ and Kummer’s first theorem
is used.
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THEOREM 9. If Re I>Re b>0 and J~'g, J ~'f exist in L, then for x € [«, B]

5.5) [ (L}T’Z)—— JFi(a, b, c(e—0)f(t) dt =°g(x),

x

B (t—x I-b-1

. T0=b 1Fi(—a, I-b, c(x—1))J ~'g(¢) dt =°f(x)

(5.6)

imply each other.
Proof. In our notation, we are to show that

(5.7 K%a,b,0)f =g
(5.8) K¥(—a,l-b,0)J g =f
are equivalent. It is clear that under the assumptions of the theorem, f and g both
exist in L.

(i) First suppose that (5.7) holds. By direct substitution the left-hand member of
(5.7), which exists in L, equals

K*(a, b, c)K*(—a,l-b, c)J"'g = K¥(0,1,c)J "'g, by Theorem 3
=J(J 9 =g,

noting that for ¢ € L,

K0, L o) = [ L5 g0 a.

(ii) Suppose now that (5.8) holds. The left side can, again on a direct substitution,
be written as

K%(—a,l-b,c)J'[K*(a, b, ¢)f] = K*(—a, I-b, c)K*(a, b, c)J ~'f, by Theorem 2
= K40, 1, ¢)J"'f, by Theorem 1
=JU =1
THEOREM 10. If Re b>0 and J g exists in L, then the integral equation

B (t_x)b—l
= T

has the solution f in L given by

(5.9 1Fi(a, b, c(x—1))f(t) dt =°g(x) for x € [e, B]

(5.10) fx) = e*J2e-* Jo-b%(x) forRea > 0,
(5.11) = Jo-betx® J-oe=c* o(x) for Rea < Reb.

Proof. (i) Suppose Re a>0. By Theorem 5, equation (5.9) can be written, for
feL,as

JP-e eo* Jo e=c% f(x) =°g(x).
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This requires that
Jo e f(x) =" eme Jo (),
that is,
Jee e f(x) =° e”* (JHIg(x))).

By Theorem 8, this has a solution fin L. By the definition of J ~¢ such a solution is
given by

e=e* f(x) =0T~ e~ Jo(J ~'g)(x),

and this gives (5.10).
(ii) Suppose Re a<Re b. By Lemma 4, equation (5.9) is equivalent to

Kib—a, b, —c){ e °* f(x)} = e~ * g(x).

Since Re (b—a) >0, by case (i), this equation has the solution given by
e % f(x) =° e~x Job tx J-a g=cx g(x)

which gives (5.11).

REMARK 1. By specializing the parameters of ,F;, a device employed in [9, §7],
it is simple to obtain solutions of integral equations similar to (1.1) with the kernels
involving some classical polynomials or special functions. For example, our solu-
tion of the equation

1
[ w—orLscu—onsw) du = g, Rew> -1
solved by Srivastava [11] for ¢=1, is easily seen to be

f(x) —_ F(I;(-’:.:i)l)‘]—nva—l ecx J"’ e~ ¢x g(x)

REMARK 2. The results involving K#(a, b, ¢) can be verified to hold analogously
for a more general class of linear operators ,K2(a;; b;, b; ¢) on L defined by

oKE(ai; by, b; ) f(x) = J-j %

X pF(ays.oos @p3 b1,y ooy b1, b; c(x—1))f(2) dt

where ,F, is a generalized hypergeometric function with suitable p and g such that
the series representing ,F, either converges or terminates. Even the conditions for
the existence of solutions of

(5.12) Ki@i; b, b50)f =g

are the same as for (1.1); but from a consideration of Cauchy’s functional equa-
tion [1]

(5.13) Fx+y) = f(x)f(y)
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and the relation
(5.14) J K (ai; by, b; ) f = J° ,K(ai5 by, ar; ) f

analogous to (3.23) it follows that the solutions of (5.12) cannot be expressed in
an explicit form analogous to (5.10) in any case other than that discussed in the
paper, viz. p=g=1 and indeed the trivial one, p=¢=0.

REeMARK 3. The results can be extended to the case, b= oo provided for Re a>0,
Re ¢>0 (equivalently for Re a<Re b and Re ¢<0) the discussion is restricted to
a subclass R,[7] of functions f such that x%(x) is in L for suitable g; and for
Rea<Re b, Re ¢>0 (as also for Re a>0, Re ¢<0) it is restricted to a class of
functions of exponential type.

6. Integral equation (1.2). Define linear operators I* and K,(a, b, c) on L by

(6.1) I"(f(x) = : ("—lig)‘—l f()dt for Rep > 0,

6.2) Kua, b, )f(x) = :%lﬂ(a, b, c(x—1))f(t)dt for Reb > 0.

It is easy to discuss K,(a, b, ¢) using I* on the same lines as K?(a, b, c) has been
discussed using J*; of course

K, (a, b,0) = I’, operating on L.
The analogues of all the results proved on the operator K#(a, b, ¢) and the equation
(1.1) are valid for the operator K,(a, b, c¢) and the integral equation (1.2). The
results of [9] are special cases of only some of these analogues when «=0 and
c=1=+1.
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