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THE APPROXIMATE SUBDIFFERENTIAL OF
COMPOSITE FUNCTIONS

A. JOURANI AND L. THIBAULT

This paper deals with the approximate subdifferential chain rule in a Banach space.
It establishes specific results when the real-valued function is locally Lipschitzian
and the mapping is strongly compactly Lipschitzian.

0. INTRODUCTION

In [8] we have proved that, under the metric regularity assumption (a general

constraint qualification), a point Z is a local minimum to the constrained problem
(P) minimise g(z) subject to z € C and G(z) € D

(where g: X —» R and G: X — Y are locally Lipschitz at  and C and D are two
closed subsets of the Banach spaces X and Y respectively) if and only if Z is a local
minimum to the unconstrained problem

(P") minimise f o F(z) overall z € X

where F(z) = (g(z), G(z), kd(z; C)) e Rx Y xR and f(s, y,t) = s + kd(y, D) +1¢.
Obviously f and F are also locally Lipschitz. When Y is finite dimensional Clarke’s
formula says that, for z := F(%),

(1) B(foF)@)Ccw| |J 8z"0F)@)

2* €8, f(2)

and hence, because of the convex closure operation T6, one cannot get directly Lagrange
multipliers for problem (P} by applying formula (1) and the well known principle 0 €
0c(f o F)(Z). One of the most important properties of the approximate subdifferential
introduced by Mordukhovich [9] is that it satisfies formula (1) without the convex
closure operation, that is

(2) aafoFYBC |J dalz"oF)@)

2t €8, f(2)
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whenever X and Y are both finite dimensional (see [3, 9, and 7]) and hence by using
our reduction procedure above we can easily derive Lagrange multipliers (relative to the
approximate subdifferential) for problem (P) by writing 0 € d4(f o F)(Z). Moreover
these multipliers are also multipliers relative to the Clarke subdifferential since the
approximate subdifferential for any locally Lipschitz function is included in the Clarke
subdifferential.

Ioffe [6] has extended formula (2) to the case where X and Y are general Banach
spaces and F' admit a strict prederivative with compact values. Our aim in this paper is
to prove (when X and Y are Banach spaces) formula (2) for the larger class of strongly
compactly Lipschitzian mappings F', a variant of the class of compactly Lipschitzian
mappings introduced by the second author in {10]. Many results of this article are
largely inspired by the papers [2] and [6] of Ioffe. Because of the importance, in our
opinion, of this composition formula, and in order to make the paper self-contained we

recall all the notion that we use and we give detailed proofs of the main results.

1. PRELIMINARIES

Throughout the paper X and Y are Banach spaces and we denote by Bx, By,
B% and By the closed unit balls of X, Y, X* and Y* respectively and B(v, s) =
{z: ||v —z|]| < s}. By {(.;.) we denote the canonical pairing between the space and its
dual and also the inner product in any Euclidean subspace L C X. We also write

LY ={z* € X*: (z*;2) =0, Vze L}
If f is an extended-real-valued function on X, we write for any subset D of X

f(z), fzeD

400, otherwise.

fo(z) = {

The function

d” f(=z; h) = liminft ™} (f(2 + tu) — f(=))

10

is the lower Dini derivative of f at z and

9= f(z) = {a* € X* : (2*;h) <d~f(s;h), Vhe X}
9 f(z) = {=* € X" : (a";h) <d"f(z;h) + e |h]l, Vhe X}

and

are the Dini subdifferential and the Dini e-subdifferential of f at z.
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REMARK. For any locally Lipschitz function f one has
d” f(z;h) = ]jrﬁ(i)nft_l(f(z +th) — f(z)).

DEFINITION 1.1: A collection L of closed subspaces of X will be called admissible
if
(a) every z € X belongs to some L € L;
(b) for any L;, Ly € L thereis an L € L containing both L; and L,.

EXAMPLE: The family F of all finite dimensional subspaces of X is an admissible
one.
In all the sequel limsup 8~ f,1r(z) will denote the weak-star superior limit set,
5

T—T

that is

limsupd~ foyr(z) ={c* € X* :2* =w* —limz}, z] € 0™ fz,+L(z) and z; 4, z}

z—T

where ¢ —2» % means that z — 7 and f(z) — f(z).

DEFINITION 1.2: [4] Let F be the previous collection and f be a lower semicon-
tinuous function on X with |f(Z)| < +00. The A-approximate subdifferential of f at
T is defined by

daf(E) = n limsup 8~ fz4L(2).

LeF zioi

REMARK. The set-valued mapping = — 84 f(z) is upper semicontinuous in the follow-
ing sense: 04 f(z) = limsup 84 f(z), (see [4]).
DEFINITION 1.3: [4] One says that X is a weak trustworthy space ( WT-space)

if for any two lower semicontinuous functions f! and f2 on X and any € > 0

8 (f* + £2)(=) C limsup (87 f*(21) + 8 f*(=2))-

T 2%

i=1,2

EXAMPLE: Every separable space is a WT-space (see [5]).

LEMMA 1.4. Let T: X — Y be a surjective continuous linear operator between
two Banach spaces X and Y andlet M: Z =3 Y be a multifunction with nonempty
values where Z is a metric space. Then

771 (1 1~ timswp M(2)) < ||~ imsup T (M (),

z—z
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where || | — limsup denotes the strong superior limit set.
PRrROOF: Let Tz € limsup M(z). Without loss of generality we may assume that
z—Z
there is 2, — % and yn, € M(2,) such that y, — Tz. From the surjectivity of T one
has (see for example [1]) the existence of @ > 0 and r > 0 such that

d(z', T7(y)) < ad(y', T=')
for all ' € B(z, r) and y' € B(Tz, r), where d(v, D) = inf{||v —v'||: v' € D}. So
there is ng € N such that for n > ny one has y, € B(Tz, r} and
d(z, T7*(yx)) < ad(yn, Tx),
and hence there is z, € T7'(yn) such that
d(z, ©,) < 2ad(yn, Tz)

which implies that z € lim sup T~ !(y,) C limsup T7*(M(z)). 0

n—+oo z—Z

The following lemma and the next propositions will be used in Section 2.

LEMMA 1.5. Let L be a finite dimensional subspace of X, f! and f? two lower

semi-continuous functions on X and § > 0. Then

8 (f' + £%), (=) Climsup (87 7, 41(21) + 87 f2, 1 1(=2) + L).

1=1,2

PROOF: Let P: L — X be the imbedding operator and let P*: X* — X*/L' be
the canonical projection. For each h € L we set gi(h) = f1, (¢ + Ph) and gy(h) =
fzz_'_L(:c + Ph). It is not difficult to see that for any u,, us € L

d”g1(u1, h) =d™ f;, py,+1(z + Pu1, Ph) and d”ga(uz, h) = d™ f2, p,,L(z + Puz, Ph).

Let us note that 8, 7 p, 41(z + Pu1) = (P*)" (87 g1(u1)) since for P*z € 8] g1 (u1)
we have for all h€ L

(P*z*, h) < d”g1(u1, h) + €||R||
=d” fz1pu +L(z + Pu1, Ph) +¢||h|

which is equivalent to z* € B:le+Pul+L(z + Pu). So as L is a WT-space

8. (g1 + 92)(0) C Lim sup (a:gl(ul) + a:gz(uz))
Fa
u; —0

=1,2
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and hence becasue the surjectivity of P* and Lemma 1.4 it follows that

a7 (f + fz),“,(z) = (P*)7 (87 (g1 + 92)(0))

(P I - timsup (8, g1(u1) + 5 ga(u2))
9
i
Cll Il = limsup (P*) ™" (87 g1(w1) + 8 g2(w2))
u,—"O
1=1,2

C lim sup (P*) ™" (87 g1 (1) + 8 g2(u2))

9y

u,—0

i=1,2

C limgs.up[(P")_1 (87 91(w1)) + P~ (87 92(u2)) + L]

i=1,2

C km sup(8] 2y py, +£(2 + Pu1) + 87 f2, pu,+r(z + Puz) + L*]
u;—iro

i=1,2

C limsup[9; £, 41 (1) + 0 f2,4 (=) + L]

T

=1,2

1

In the sequel we shall denote by d(S; .) the distance function to a subset S of X .

The notation z —— Z will mean z —> % and = €S.

ProrPosiTION 1.6. [4] Let £ be an admissible collection of WT-subspaces

of X. Then
84f(=) = () limsupd; forr(=).
Lec ,,L.;
el0

Moreover if S is a subset of X which is closed around z € S (that is SN B(z, r) is
closed for some closed ball B(z, r)), then

04d(S;7) = n limsup 8] d.+(S; z).

Lec ,.i.i
e]0

REMARK. Following Ioffe [2] we see that for any € > 0 and any L € £, each z* €
07 d-4.L(S;z) satisfies (z*, h) < (1 +¢)||h|| forall h € L. Therefore z* € (1 + €)B,«+
L' (where B, is the closed unit ball of X*) and hence

87 de41(S;2) C 87 deyn(S;2) N (1 + €)By + L.
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As the reverse inclusion is obvious we obtain
8, ds11(S;2) = 8; das1(S;2) N (1 +€)Bx + L+
which ensures that

04d(S;T) = ﬂ limsupd; d41(S;2) N {1 + ¢)BY%.

LeL 5.3
cl0

0

THEOREM 1.7. [4] Let f be a lower semicontinuous function on X with
|f(Z)| < +oco and let g be a Lipschitz function at . Then

Oa(f + 9)(F) C 84 f(F) + Dag(Z).

ProrosiTIiON 1.8. [12] Let F be a mapping from X into Y which is Lips-
chitz at . Then
ly — F(z)ll < (k+ 1)d(GrF; <, y)
for all z and y belonging to some neighbourhood of ¥ and F(Z) respectively, where

k is a Lipschitz constant of F' at T and GrF denotes the graph of F, that is GrF =
{(z,y) e X xY:y=F(z)}.

2. THE MAIN RESULT

DEFINITION 2.1: [8] A mapping F: X — Y is said to be strongly compactly
Lipschitzian at  if there exists a multifunction R: X = Comp(Y), where Comp(Y') is
the collection of all non void || ||-compact subsets of Y, and a function 7: X x X — Ry
satisfying the following properties:

(1) Lmr(z, h)=0,
it
(2) thereis p > 0 such that forall h € uBx, = € B(Z;u) and all t € |0, g

t~1(F(z + th) — F(z)) € R(h) + ||h|| (=, th)Bx,

(3) R(0) = {0} and R is upper semicontinuous.

REMARKS.
(1) I F is strictly differentiable at T, then F is strongly compactly Lips-
chitzian at Z.
(2) If Y is finite dimensional, then F is strongly compactly Lipschitzian at
Z if and only if it is Lipschitzian at Z.
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Let us recall some results concerning these mappings. The proof of the following
is similar to the one established by Thibault [11].

ProrPosiTION 2.2,
(1) Every strongly compactly Lipschitzian mapping at T is Lipschitzian at
T.

(2) The sum of two strongly compactly Lipschitzian mappings is strongly
compactly Lipschitzian.

The proof of the following result is inspired by Ioffe {2].

PROPOSITION 2.3. Let F: X — Y be astrongly compactly Lipschitzian map-
ping at T, ¢ > 0 and € > 0. Then there is v > 0 such that for all L € F there exists a
w*-neighbourhood U of 0 in Y* such that for all z € B(Z;v), v* € U with ||v*|| <,
o >0 and all 2* € 3;(v*o F)_, ;(z) one has

z* € (20 4+ €)B% + L.

PROOF: Since F is strongly compactly Lipschitzian at T there are g > 0, a multi-
function R: X 3 Comp(Y) and a function r: X x X — R satisfying the conditions
(1), (2) and (3) of Definition 2.1. Let € > 0 and ¢ > 0 be given. The compactness of
the closed unit ball By, of L in (X;|| ||) ensures the existence of elements hy, ..., hy
of By such that

(2.1) BrC L:Jl (h,- + 2(75:5—)&)

where k is a Lipschitz constant of F at T. The compactness of R(uh;), for j =
1,...,p,in (Y;] ||) also ensures the existence of vy, ..., vg; in R(p hj) such that

9
R(ph;) C H (v.- + gBy).
For each j = 1,...,p put U; = H;L + (ue)/(8b)By,, where H; is the subspace of
Y generated by {vi,...,v,;} and where b = max sup ||z||. Then for each
=P L6 R(why)
j=1,...,p Uj is a w*-neighbourhood of 0 in Y* and for all v* € U;, with ||v*|| < ¢,
and z € R(puh;j)

.y o BE
(2.2) (v*;2) < e
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P

If we take U = [] U; then U is a w*-neighbourhood of 0 and satisfies relation (2.2)

j=1

p
for all »* € U with ||v*|| < cand z € .UlR(;th). Because of (1) of Definition 2.1 if we
J=

put r(z) = imsupr(z, h) one can get ¥ € ]0, p[ such that for all z € B(Z;7)
h—o0

(2.3) cr(z) <

| m

Let ¢ € B(%v), ¢ > 0 and »* € U with |[v*|| £ ¢ be fixed and let z* €

0;(v*oF)_ ;(z). Thenforall j=1,...,p

(*;phj) < d7(v* o F),, 1 (z;phj) + po||h;]|
<l

tlo

minf t 71 (v*; F(z + tph;) — F(z)) + po

because ||h;|]| < 1. As z € B(Z;v) C B(Z; p) it follows that foreach j=1,...,p

(z*;uhj) < sup  (v%;2) +pr(z) o"|| + po

zEH(th)
and hence by (2.2) and (2.3)
. pe  pe
S A WG I
(= phs) S -+ +po
which implies that
(2.4) (z*; hj) < % + 0.

But for any h € B where exists, by (2.1), some j € {1, ..., p} such that

[

—hill € —
Ih ksl < 5

which together with relation (2.4) implies that

(z*;h) = (2*;h — hj) + (2"; h;)

N

sckuh-h,-n+a||h_h,-||+g+a

N

fto+ito
) 3
=€ + 20.
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By the homogeneity of this it follows that for all h € L
(z*; k) < (e + 20) [|A]l

and hence z* € (¢ + 20)B% + Lt. 0
In the sequel Fx and Fy denote the families of all finite dimensional subspaces
of X and Y respectively.
Some techniques in the proof of the following proposition come from Ioffe [6].
PROPOSITION 2.4. Let F: X — Y be a strongly compactly Lipschitzian map-
ping at T and let k be a Lipschitz constant of F' over z + §B, and §J = F(Z). Then
the following assertions are equivalent:
(@) (2%, —v") € (k+1)|ly*|| 84d(GrF;%, 7)
(i) (z*, —v") € R104d(GrF;Z, V)
(1) =z* € da(y* o F)(z).
ProoF: Since F is strongly compactly Lipschitzian at Z, there are a multifunction
R: X =3 Comp(Y), a function z: X x X » Ry with lim »(z, ') =0 and 5 > 0
K0
such that for all z € B(z, s), t €]0, s[ and h € Bx
(2.4.1) t7)(F(z + t(sh)) — F(z)) € R(sh) + s||k|| (=, t(sh))By.

Let L € Fx. Then the closed unit ball By, of L is a compact subset of (X, || ||) and
from the upper semicontinuity property of R the set R(sBp) is a compact subset of
(Y, ]| ). Put Vi = cly[vect(R(sBL))]. Then Vi is a separable subspace of Y and for
all M € Fy the subspace M + V = cly[M + V] of Y is also separable and hence the
family {Lx M + V}rxme Fx xFy is an admissible family of WT'-subspaces of X xY
(see [5] and the example following Definition 1.3).

(1) (i) — (ii): this implication is obvious.

(2) (i) — (ii1): let (2*, —y*) € R404d(GrF;7%, §). Then there exists (u*, —v*) €
04d(GrF;z, y) such that (z*, —y*) = A(u*, —v*), with A > 0. Then by the remark
following Proposition 1.6 for each L € Fx and each M € Fy there are nets €; | 0

with €; < 1, z; —» F and (u}, v}) = (u*, v*) such that
1 3

(ul, —v}) € (a;d(zhp,(q))mm(cm; zi, F(z;))) N(1+¢&)Bk-

For any fixed ¢ > 0 there exists i and a > 0 such that z; € T + (6/2)Bx and
r(zi, ') < 1/2¢ for all i > iy and ||A'|| < a, since lim r(z, ') = 0. Let i > iy be

K —0
[|k]] = 1 and let ¢, | O be such that

t, (v} F(z;i + ta(sh)) — F(z;)) —» d (v o F),..1(zs;sh).
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From (2.4.1) there are a, € R(sh) C Vi and b, € sr(z;, tn(sh))By such that
(2.4.2) 171 (F(2: + tn(sh)) — F(2;)) = an + bn.

Note that ||b,] < se¢ for n large enough. As R(sh) is a compact set we may assume
that a, — a € VL. Thus

(ul; sh) < (v];a) + ei(||sh]| + |la||) + Hrﬁ%nft"ld(G'rF; z; + tsh, F(z;) + ta)

< (v a) + ei(llsh]] + lla)) + lm inf £ d(GrF; 2i + tash, F(z:) + tna)

< (vi5a) + ei(llshll + llafl) + se
because by (2.4.2) (z; + tnsh, F(z:) + ta(an + bs)) € GrF and ||by|| < €s. As an — a,
[18a]] < s, |lvi]l €2, |la|]| < (k+€)s and lLm (v};an + bn) = d™ (v} o F)z‘,+L(z;, sh)
one has

(ul;h) < d7 (v o F),  (zi;h) + ei(k+1+¢) + 3e.
Thus for E(e, i) = €i(k + 1 + €) + 3¢ one has
ui € Og(.,y(vi 0 F)yyp (i)

If we write v?oF = (v} — v*)o F +v*oF we can get, by Lemma 1.5, some nets u; — T,
vi = T, 2] € O, (v o F),,+1(us) and g} € [85(‘,,.)((1),? —v")o F),  p(vi) + LY

such that 2z} + ¢} 2%, 4*. But v} —v* 2% 0 and (v —v*); is bounded and hence by
Proposition 2.3 one has the existence of i(€) > i such that ¢} € (¢ + 2E(e, i))B} + Lt
for all 1 > i(e). Thus

u” € limsup (95, (07 © F)yyp(wi) + (¢ + 2E(e, ))By + L)
310
C limsup (8, (v* o F),,z(<) + L)

z2—Z
el0

and hence
u* € ﬂ limsup (8; (v* o F), (=) + L*)
LeFx %5
= lim sup (8- (v* o F), 1 (z) + L)

el0
LeFx

= limsup9; (v* o F),, ()

= 04(v* o F)(3).
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It follows that z* € AQ4(v* o F)(T) = da(Av* o F)(Z) = 8a(y* o F)(Z).
(3) (i) — (i): Let z* € 8a(y* o F)(Z). Then for each L € Fx there are nets

z; - T, € | 0 and =} ¥, 2* such that z} € 8, (y* oF)z‘,+L(1:,-) which means that
forall he L

(w3;B) < liminf ¢! ((y* o F), (e +th') — (y* o F)ML(Z,-)) +es |||
K —h
= lir:1l(i)nft_l(y*; F(z; + th) — F(z:)) + €: || A

because y* o F is Lipschitz at T. This and Proposition 1.8 imply that for all M ¢ Fy,
heLandveY

(255 h) — (y°%59) < (b + 1) " || d~dia, pey+ Exae(GrFs 2, F(as); b, v) +es(lA] + [lo])

which gives by Proposition 1.6 that (z*, —y*) € (k + 1) ||y*|| 94d(GrF; %, F(z)). 0O

THEOREM 2.5. Let F: X —» Y be a strongly compactly Lipschitzian mapping
at T and let f: Y — R be a Lipschitz function at § = F(Z). Then

da(foF)z)C |J 8aly o F)3).

¥* 04 f(7)

PROOF: Since f and F are Lipschitz at § and F respectively we have (see Propo-
sitions 1.8 and 2.2) the existence of o > 0 such that for all z € B(Z, ) and y € B(7, @)

foF(z) < f(y)+klly—F(z)| and |y - F(2)|l < (k' +1)d(GrF;z, y)

where k and k' are the Lipschitz constants of f and F respectively. If we put s(z, y) =
f(y) + k(¥ + 1)d(GrF;z, y), we note that for all z € B(Z, a) and y € B(¥, a)

foF(z)< s(z,y) and foF(z)=s(z, F(z)).

For each (h,v) € X x Y and for all finite dimensional spaces L and M of X and Y

respectively we have

t_l[(f ° F)z+L("’ +th)—(fo F)z-}-l;(z)]
<t [8(a, F(z))+Lxm (T + th, F(z) + tv) — 8(z, F(z))+LxM(z, F(z))]

for all ¢ small enough and z sufficiently close to Z and hence

d(foF),, (2, h) < d”s(z, F(z))+Lxm(2, F(z);h, v),
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which implies that

07 (f o F)_, 1 (2)X{0} C 87 s(z, F(z))+LxM (2, F(z)).

Therefore we obtain that

da(f o F)z)X{0} C n limSllpa—s(z,F(z))+LXM(z) F(z))
LM *7%

C n Emsup 87 s(z,y)+LxMm(Z, ¥) = 84s(Z, 7).
L, M@ ¥)—=E7)

So Theorem 1.7 ensures that
daf o F(Z) x {0} C {0} x 84f(y) + k(k' +1)0ad(GrF;%, )
and hence it suffices to use Proposition 2.4 to complete the proof. 0
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