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Abstract

Let H be a Krull monoid with finite class group G such that every class contains a prime divisor (for
example, a ring of integers in an algebraic number field or a holomorphy ring in an algebraic function
field). The catenary degree c(H) of H is the smallest integer N with the following property: for each
a € H and each pair of factorizations z, 7’ of a, there exist factorizations z = 2y, ...,z = z’ of a such that,
for each i € [1, k], z; arises from z;_; by replacing at most N atoms from z;_; by at most N new atoms.
To exclude trivial cases, suppose that |G| > 3. Then the catenary degree depends only on the class group
G and we have c(H) € [3, D(G)], where D(G) denotes the Davenport constant of G. The cases when
Cc(H) € {3,4,D(G)} have been previously characterized (see Theorem A). Based on a characterization
of the catenary degree determined in the paper by Geroldinger et al. [‘The catenary degree of Krull
monoids I’, J. Théor. Nombres Bordeaux 23 (2011), 137-169], we determine the class groups satisfying
c¢(H) = D(G) — 1. Apart from the extremal cases mentioned, the precise value of c(H) is known for no
further class groups.
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1. Introduction and main results

As the title of this paper indicates, we continue the investigation of the arithmetic of
Krull monoids. All integrally closed noetherian domains are Krull, and holomorphy
rings in global fields are Krull monoids with finite class group and infinitely many
prime ideals in each class. A Krull monoid is factorial if and only if its class group is
trivial, and if this is not the case, then its arithmetic is described by invariants, such as
sets of lengths and catenary degrees. We recall some basic definitions.

Let H be a Krull monoid with class group G. Then each nonunit a € H can be
written as a product of atoms, and if @ = u; - ... u; with atoms uy,...,u; of H,
then k is called the length of the factorization. The set of lengths L(a) of all
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possible factorization lengths is finite, and if |L(a)| > 1, then |L(a")| > n for each n € N.
We denote by L(H) = {L(a) | a € H} the system of sets of lengths of H. This is an
infinite family of finite subsets of nonnegative integers which is described by a variety
of arithmetical parameters. The present paper will focus on the three closely related
invariants, namely the set of distances, the 7(H) invariant, and the catenary degree.
If L={my,...,m} CZis a finite set of integers with [ € N and m; < --- < my, then
A(L) ={m; —m;_y | i € [2,1]} C Nis the set of distances of L. The set of distances A(H)
of H is the union of all sets A(L) with L € L(H). If

T(H) = sup{min(L \ {2}) | 2 € L € L(H)},

then T(H) < 2 + sup A(H). The catenary degree c(H) of H is defined as the smallest
integer N with the following property: for each a € H and each pair of factorizations z
and 7’ of a, there exist factorizations z = zy, . ..,z =z’ of a such that, for eachi € [1, k],
z; arises from z;_; by replacing at most N atoms from z;,_; by at most N new atoms.
A simple argument shows that H is factorial if and only if ¢(H) = 0, and if this is not
the case, then 2 + sup A(H) < c(H).

The study of these arithmetical invariants (in settings ranging from numerical
monoids to Mori rings with zero-divisors) has attracted a lot of attention in the recent
literature (for a sample, see [7—11, 14, 24, 25]). Our main focus here will be on Krull
monoids with finite class group G such that each class contains a prime divisor. Let H
be such a Krull monoid. Then |L| = 1 for all L € L(H) if and only if |G| < 2. Suppose
that |G| = 3. Then the Davenport constant D(G) is finite, 1(H) > 3, and there is a
canonical chain of inequalities

T(H) <2+ max A(H) < c(H) < D(G). (%)

In general, each inequality can be strict (see [18, page 146]). However, for the Krull
monoids under consideration the main result in [18] states that 7(H) = c(H) holds
under a certain mild assumption on the Davenport constant. Our starting point is the
following Theorem A (the first statement follows from [19, Theorem 6.4.7], and the
characterization of ¢(H) € [3,4] is given in [18, Corollary 5.6]).

TueEOREM A. Let H be a Krull monoid with finite class group G where |G| > 3 and each
class contains a prime divisor. Then c(H) € [3, D(G)], and we have:

(1) c(H) =D(G) if and only if G is either cyclic or an elementary 2-group;

(2) c(H) =3 if and only if G is isomorphic to one of the groups C3,C, ® C,, or
C30Cs;

(3) c(H) =4 if and only if G is isomorphic to one of the groups C4,Cy ® C4,Cr ®
Cr®Cy, orC38 C3 0 Cs.

We formulate an important result of the present paper.

THeorEM 1.1. Let H be a Krull monoid with finite class group G where |G| > 3 and
each class contains a prime divisor. Then the following statements are equivalent:
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(@) c(H)=D(G)-1;
(b) T(H)=D(G) - 1;
(¢) G isisomorphic either to Cg_l ® Cy4 for some r > 2 or to Cy & Cy, for some n > 2.

In order to discuss the statements of Theorem 1.1 and their consequences, let H be
a Krull monoid as in Theorem 1.1. Then the inequalities in (+) and the fact that A(H)
is an interval with 1 € A(H) [20] imply that either of the conditions

max A(H) =D(G) -3 or A(H)=[1,D(G) - 3]

is equivalent to the conditions in Theorem 1.1. The precise value of the Davenport
constant is known for p-groups, for groups of rank at most two, and for some others.
Thus we do know that D(Cg‘1 ® C4) = r+ 3 and that D(C, & C»,) = 2n + 1. But the
value of D(G) is unknown for general groups of rank three or for groups of the form
G = CJ. Even less is known for the catenary degree c(H) and for (H). Their precise
values are known only for the cases occurring in Theorem A and Theorem 1.1.

As mentioned at the very beginning, holomorphy rings in global fields are
(commutative) Krull monoids with finite class group. In recent years factorization
theory has grown towards the noncommutative setting (for example, [1, 3]) with a
focus on maximal orders in central simple algebras (they are noncommutative Krull
monoids; see [4, 32]). Combining these results with Theorem 1.1 above, we obtain the
following corollary.

CoroLLArY 1.2. Let O be a holomorphy ring in a global field K, and R a classical
maximal O-order in a central simple algebra A over K such that every stably free left
R-ideal is free. Suppose that the ray class group G = C4(O) of O has at least three
elements, let d denote a (suitable) distance on R, and C4(R) the d-catenary degree of
R. Then the following statements are equivalent:

(@) cq(R)=D(G) - 1;
() R =DG)-1;
(¢) G isisomorphic either to Cg_l ® Cy4 for some r = 2 or to Cy & Cy, for some n > 2.

Sets of lengths are the most investigated invariants in factorization theory. A
standing (but wide open) conjecture states that for the class of Krull monoids under
consideration sets of lengths are characteristic. To be more precise, let H and H’
be Krull monoids with finite class groups G and G” with |G| > |G’| = 4 and suppose
that each class contains a prime divisor. As usual, we write £(G) = L(H) and
L(H") = L(G’) (see Proposition 2.1). Then the conjecture states that £L(G) = L(G")
implies that G and G’ are isomorphic. For recent work in this direction we refer to
[6, 28, 29] or to [19, Section 7.3], [15] for an overview. It turns out the extremal
values of 7(H) discussed in Theorem 1.1 are the main tool for deriving an arithmetical
characterization of the associated groups. Thus we obtain the following corollary.

CoroLLaRrY 1.3. Let G be an abelian group:

(1) if LG) = LICS" & Cy) for some r > 2, then G = C5' & Cy;
2) if L(G) = L(Cy & Cy,) for some n =2, then G = Cy & Cyy,.
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In Section 2 we gather together the required concepts and tools. Section 3 studies
sets of lengths in monoids of zero-sum sequences over finite abelian groups, and is
confronted with problems belonging to structural (or inverse) additive number theory.
Clearly, the irreducible elements of the monoids are precisely the minimal zero-sum
sequences, and we mainly have to deal with minimal zero-sum sequences of extremal
length D(G). The structure of minimal zero-sum sequences of length D(G) is known
for cyclic groups and elementary 2-groups (in both cases there are trivial answers), and
for groups of rank two [13, 26, 30]. Apart from that, structural results are available
only in very special cases [27, 31], and it is precisely this lack of information which
causes the difficulties in Section 3 (see Propositions 3.5-3.8). The proofs of the
main results are given in Section 4. They substantially use transfer results (as partly
summarized in Proposition 2.1, and also the transfer machinery from [4, 32]), the work
from [18] (which relates the catenary degree and the 7(+) invariant of Krull monoids),
and all the work from Section 3.

2. Preliminaries

We denote by N the set of positive integers and by Ny the set of nonnegative
integers. For n € N, C, denotes a cyclic group of order n. For integers a, b € Z,
[a,b] ={x € Z|a < x < b} is the discrete interval between a and b. Let A, B C Z be
subsets. Then A+ B={a+b|a€ A,b € B} denotes their sumset. If A = {ay, ..., a;}
is finite with |A| =/ e Ngand a; < --- < aq;, then A(A) = {a; —a;_1 | i € [2,]]} C N is the
set of distances of A. By definition, A(A) = 0 if and only if |A| < 1.

By a monoid we always mean a commutative semigroup with identity which
satisfies the cancellation law (that is, if a, b, ¢ are elements of the monoid with ab = ac,
then b = ¢ follows). Let H be a monoid. Then H* denotes the unit group, q(H) the
quotient group, Hyq = H/H* the associated reduced monoid, and A(H) the set of
atoms of H. A monoid F is factorial with F* = {1} if and only if it is free abelian. If
this holds, then the set of primes P C F is a basis of F, we write F' = ¥ (P), and every
a € F has a representation of the form

a= l_l PP @ with Vy(a)eNy and Vv,(a)=0 foralmostall p € P.
peP
Ifa € F, then |a| = ¥ ,cp Vp(a) € Ny is the length of a and supp(a) = {p € P | v,(a) > O}
C P is the support of a.
Let G be an additively written abelian group and Gy C G a subset. Then (Gy) C G

denotes the subgroup generated by Gy. A family (e;);c; of elements of G is said to be
independent if e; # 0 for all i € I and, for every family (m;);c; € Z\P,

Z mie; =0 implies m;e; =0 foralliel.
iel
The family (e;);e; is called a basis for G if G = P, _(e:).

Arithmetical concepts. Our notation and terminology are consistent with [19]. We
briefly gather some key notions. The free abelian monoid Z(H) = ¥ (A(H,eq)) is the
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factorization monoid of H, and the unique homomorphism 7 : Z(H) — Hyeq satisfying
n(u) = u for all u € A(Hyeq) is the factorization homomorphism of H (so 7 maps a
formal product of atoms onto its product in H,eq). Fora € H,

Zy(a) =Z(a) = 7 '(a) c Z(H) is the set of factorizations of @, and
Ly(a) = L(a) ={|zl | z€ Z(a)} is the set of lengths of a.

Then H is atomic (that is, each nonunit can be written as a finite product of atoms)
if and only if Z(a) # 0 for each a € H, and H is factorial if and only if |Z(a)| = 1
for each a € H. Furthermore, for each a € H, L(a) = {0} if and only if a € H*,
and for all nonunits the present definition coincides with the informal one given in
the Introduction. In particular, L(a) = {1} if and only if a € A(H). We denote by
L(H) = {L(a) | a € H} the system of sets of lengths of H, and by

A(H) = U A(L) the set of distances of H.
LeL(H)

Distances occurring in sets of lengths L with 2 € L (in other words, in sets of lengths
L(uv) with atoms u, v € H) will play a central role. We define

T(H) = sup{min(L \ {2}) | L€ L(H) with2 € L}

and observe that 7(H) < 2 + sup A(H). Before we define catenary degrees we recall
the concept of the distance between factorizations. Two factorizations z,7' € Z(H) can
be written in the form

I=UL ..UV .. Vy and Z,ZI/t] et UWL oLt Wy
with
{Vl,...,vm}m{Wh...,Wn}20,
where [,m,n € Ng and uy, ..., U5, Vi, .oy Vi, Wi, ..., Wy € A(Hpeq). Then ged(z, 7)) =
up - ... u, and we call d(z,7’) = max{m, n} = max{|z gcd(z,z")7'|, |z’ gcd(z,z") 7|} € N

the distance between z and 7. It is easy to verify that d : Z(H) X Z(H) — Nj has all
the usual properties of a metric.

Let a€ H and N € Ny U {oc0}. A finite sequence zy,..., 2 € Z(a) is called an
N-chain of factorizations if d(z;_1,z;) < N for all i € [1,k]. We denote by c(a) the
smallest N € Ny U {co} such that any two factorizations z,z’ € Z(a) can be concatenated
by an N-chain. Note that ¢(a) < sup L(a), that c(a) = 0 if and only if |[Z(a)| = 1, and if
|Z(a)| > 1, then 2 + sup A(L(a)) < c(a). Globalizing this concept we define

Cc(H) = sup{c(b) | b € H} € Ny U {0}

as the catenary degree of H. Then c(H) = 0 if and only if H is factorial, and if H is
not factorial, then 2 + sup A(H) < c(H).

Krull monoids. A monoid homomorphism ¢ : H — F is said to be a divisor
homomorphism if ¢(a) | ¢(b) in F implies that a | b in H for all a,b € H. A monoid
H is said to be a Krull monoid if one of the following equivalent properties is satisfied
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(see [19, Theorem 2.4.8] or [22]):

(a) H is completely integrally closed and satisfies the ascending chain condition on
divisorial ideals;

(b) H has a divisor homomorphism into a free abelian monoid;

(c) H has adivisor theory—this is a divisor homomorphism ¢ : H — F = #(P) into
a free abelian monoid such that for each p € P there is a finite set £ C H with
p = ged(p(E)).

Let H be a Krull monoid. Then a divisor theory is unique up to unique isomorphism
and the group C(¢) = q(F)/q(¢(H)) depends only on H, and hence it is called the class
group of H. We say that a class g = [a] = aq(¢(H)) C q(F) € C(¢), with a € q(F),
contains a prime divisor if gN P # 0. A domain R is Krull if and only if its
multiplicative monoid R®* = R \ {0} of nonzero elements is Krull. Thus property (a)
shows that every integrally closed noetherian domain is Krull. If R is Krull with finite
class group such that each class contains a prime divisor, then the same is true for
regular congruence submonoids of R [19, Section 2.11]. For monoids of modules
which are Krull we refer the reader to [2, 5, 12].

Next we discuss a Krull monoid having a combinatorial flavour. It plays a universal
role in all arithmetical studies of general Krull monoids. Let G be an additive abelian
group and Gy C G a subset. Following the tradition in combinatorial number theory,
elements S € ¥(Gyp) will be called sequences over Gy (for a recent presentation of
their theory we refer to [21], and for an overview of their interplay with factorization
theory we refer to [15]). Let S = g1 -...- g = [seq, 8’ € F(Gy) be a sequence
over Go. Then h(S) = max{v,(S) | g € Go} denotes the maximum multiplicity of S,
o(§)=g1+---+g €Gisthesumof S, and

2(8) = {Zgi |0+1C [l,l]} ={o(T) |1+ T is asubsequence of S} c G
iel
denotes the set of subsums of §. We say that S is zero-sum free if 0 ¢ Z(S') and that
S is a zero-sum sequence if o(S) = 0. Obviously, § is zero-sum free or a (minimal)
zero-sum sequence if and only if —S = (—g;) - ... - (—g;) has this property. The set

B(Go) =1{S € F(Go) | o(S) = 0} € F(Go)

of all zero-sum sequences over G is a submonoid of ¥ (Gy), and since the embedding
B(Gy) — F (Gyp) obviously is a divisor homomorphism, property (b) shows that B(Gy)
is a Krull monoid. For each arithmetical invariant «(H) defined for a monoid H, we
write *(Gyp) instead of *(B(Gy)). This is the usual convention and hardly likely to lead
to misunderstanding. In particular, we set L(Go) = L(B(Gy)), HGyp) = H(B(Gy)), and
A(Gyp) = A(B(Gp)). The set A(Gy) = A(B(Gy)) of atoms of B(G) is the set of minimal
zero-sum sequences over Gy and

D(Go) = sup{|A[ [ A € A(Go)} € N U {eo}

is the Davenport constant of Go. If Gy is finite, then A(Gy) is finite and hence
D(GO) < 00.
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Suppose that G is finite abelian, say G=C,, ®---®C,, with 1 <n;|---|n,.
Then 1 + }/_,(n; — 1) < D(G). We will use without further mention the fact that
equality holds for p-groups and for groups of rank r <2 [19, Ch. 5]. Furthermore,
we will frequently use the fact that, if exp(G) + 1 = n, + 1 = D(G), then r =2 and
G=(C,8C,. If S € F(G) is zero-sum free of length |S| = D(G) — 1, then X(S) =
G\ {0}, and if S € A(G) with |S| = D(G), then X(S) = G (see [19, Proposition 5.1.4]).

Suppose that |G| > 3. Then B(G) is a Krull monoid whose class group is isomorphic
to G and each class contains precisely one prime divisor [19, Proposition 2.5.6].
Furthermore, its arithmetic reflects the arithmetic of more general Krull monoids as
summarized in the next proposition (for a proof see [19, Section 3.4]).

Prorosition 2.1. Let H be a Krull monoid, ¢ : H —» F = ¥ (P) a divisor theory,
G = C(p) the class group, and suppose that each class contains a prime divisor. Let
ﬁ F(P) — F(G) denote the unique homomorphism satisfying B(p) = [p] for each
pEP, andlet = ﬂonp H — B(G):

(1) for each a € H, we have Ly(a) = Lgg)(B(a))—in particular, L(H) = L(G),
A(H) = A(G) and T(H) = (G);

(2) |G| <£2ifand only if D(G) <2 if and only if |L| = 1 for all L € L(G);

(3) ifIG| = 3, then c(H) = ¢(G).

3. On sets of lengths L € £(G) having extremal properties

In this section we mainly study sets of lengths of zero-sum sequences over finite
abelian groups. We start by recalling two results from [18].

Lemma 3.1. Let G be a finite abelian group with |G| > 3, say G = C,, @ --- ® C,,, with
L<ny|---|n:

(1) ¢(G) < max{[3D(G) + 1], (G)};

(2) UG) =z max{n,, 1 + Xi_;1ni/2]}

Proor. See [18, Proposition 4.1 and Theorem 4.2]. O

Lemma 3.2. Let G be an abelian group with |G| > 3, and let U,V € A(G) with
max L(UV) > 3.

(1) Let K C G be a finite cyclic subgroup. If Y.,cx Vi(UV) > |K| and there exists a
nonzero g € K such that vg(U) > 0 and v_y(V) > 0, then LLUV) N [3,|K]] # 0.
(2) IfL(UV)N[3,0rd(g)] = 0 for some g € G, then v,(U) + v_g(V) < ord(g).

Proor. (1) See [18, Lemma 5.2].
(2) Let g € G. If vo(U) = 0 or v_,(V) = 0, then the assertion is clear. If vo(U) > 0
and v_,(V) > 0, then the assertion follows from (1) with K = (g). O

Let A be a zero-sum sequence over a finite abelian group G and suppose that 0 { A.
If
A=U;-...-. U=V -...- V,
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where k,/ e Nand Uy, ..., U, Vi,..., V; € A(G), then obviously

1 k
2 < Z Vil = |A| = Z \U| < kD(G).
i=1 i=1

These inequalities will be used implicitly in many of the forthcoming arguments.

Lemma 3.3. Let G = C4 & Cy. Then 7(G) = ¢(G) = 5. Moreover, if U,V € A(G) with
L(UV)N[2,5] ={2,5}, then (supp(UV)) = G.

Proor. First, we prove the moreover statement. Let U, V € A(G) with L(UV) N [2,5] =
{2,5}. Then T({supp(UV))) > 5. Since for every proper subgroup K of G we have
IK) <(C, & Cy) < D(G) = 5 by Theorem A, it follows that (supp(UV)) = G.

Recall that D(G) = 7, and note that it suffices to prove 7(G) < 5, since then combing
with [18, Proposition 4.1.2 and Corollary 4.3] yields 5 < (G) = ¢(G) < 5.

Let U,V € A(G) with max L(UV) > 5 be given. Since max L(UV) < min{|U]|, |V]} <
D(G) =17, it follows that min{|U|, |V|} € {6,7}. We have to show that there exists a
factorization UV = Wy - ... - W, with Wy, ..., W, € A(G) and k € [3, 5]. We start with
two special cases.

First, suppose that V = —U and |U| = 7. Then [19, Theorem 6.6.7] implies that
4 € L(UV), and thus the assertion follows.

Second, suppose that there exist Wy, W, € A(G) such that WiW, | UV, 5 > |W,| >
[W5|, and |W;W>| > 7. Then there exist k € Ns3, Wi, ..., W, € A(G) such that UV =
W] -...-Wk,and

2k=2)<|W3-...- Wi | =|UV|=[WW,| <14 -T7=7

implies k < 5, and the assertion follows.

Assume to the contrary that UV has no factorization of length k € [3,5]. Then
none of the two special cases holds true. By [17, Lemma 3.6], UV has a zero-sum
subsequence W; € A(G) of length |W;| € [2,4], and suppose that |W;| is maximal.
Then there is a factorization

UV=W;-...-W, withk>3 and W,,...,W, € AG).

By assumption we have k > 6. Since k =7 would imply that V = —-U and |U| =7, it
follows that kK = 6. We distinguish three cases.

Case 1. |Wh|=2.

Since |W;| is maximal, we get |[W;| =--- = |W;| =2, and thus |UV| € {12, 14} and
V =-U. Since we are not in the first special case, it follows that |U| = 6, say
U=g1-...-gs.

If h(U) =3, say g; = g» = g3, then W = (—g1)g48586 € A(G) with W | UV, a
contradiction. Thus h(U) < 2. Since D(Cg) = 3, supp(U) contains at most two
elements of order 2, say ord(g;) = --- = ord(g4) = 4. Since D(C, ® Cy4) =5, it follows
that supp(U) generates G. Recall that the maximal size of a minimal generating
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set of G equals r*(G) = 2, and that every generating set contains a basis (see
[19, Appendix A]). Thus the elements of order four contain a basis.

Suppose that there are two elements with multiplicity two, say g; = g3 and g, = g4.
Then (g1, g2) is a basis of G and g5 = ag; + bg, with a, b € [1, 3]. Thus there is a zero-
sum subsequence W € A(G) with |W| > 2, W | UV and supp(W) € {gs,81,82,—&1,—&2},
a contradiction.

Suppose that there is precisely one element with multiplicity two, say g; = g3. Then
(g1, 82) 1s a basis of G and there is an element in supp(U) of the form ag; + bg, with
a€[l,3] and b € {1,3}. As above we obtain a zero-sum sequence W with [W|> 2, a
contradiction.

Suppose that h(U) = 1. Then (g1, g2) is a basis of G. Then there is one element in
supp(U) which is not of the form {g; + 2g»,2g1 + g2,2g1 + 2g>}, and hence it has the
form ag; + bg, with a, b € {1, 3}, and we obtain a contradiction as above.

Case 2. |Wy| =4.
Since k=6, |UV| < 14 and |W | =4, we get |[W,| = = [Wg| =2 and |U| = |V| =T7.
By [19, Example 5.8.8], there exists a basis (e}, e;) of G such that

4
U= e? l—l(avel +e)
v=1

with ay,a;,a3,a4 € [0,3] and a; + a; + a3 + a4 = 1 mod 4. We set X = gcd(Wy, U).
Then there are X, Y,Z € F(G) such that U = XZ, V = Y(-Z) and W; = XY. After
renumbering if necessary, there are the following three cases:

X= e%, X =ei(aie; +e) or X =(ae +e)laze; + ey).

IfX = e%, then (—ep)(aje; +e3) - ... (ageq + e3) is a minimal zero-sum subsequence
of UV of length five, a contradiction.

Suppose that X = (aje; + ex)(aze; + e3). If a3 # ay, then (aze; + e;)(—aqe; — ez)e?
has a zero-sum subsequence of length four or five, a contradiction. Suppose that a; =
ayq. Then (e, aze; + ey) is a basis, and after changing notation if necessary, we may
suppose that az = 0. Then (aje; + ex)(aze; + ;) € {ea(e) + €2), 2e; + ex)(—e; + €2)}.
In the first case e?(el + e5)(—ey) and in the second case (—e;)’(—e; + €2)(—e3) is a
zero-sum subsequence of UV of length five, a contradiction.

Suppose that X = e (aje; + e»). If two of the ay, a3, a4 are distinct, say a, # as, then
(arer + er)(—aze; — ez)ef(—el)2 has a zero-sum subsequence of length greater than
two, a contradiction. Suppose that a; = a3 = a4. Then (e, €} = aze; + e2) is a basis.
Then U = e?(el + 6’2)6’23 and e?(el + €})(—€}) is a minimal zero-sum subsequence of
UV of length five, a contradiction.

Case 3. |W,| = 3.

After renumbering if necessary, we may suppose that |U| =7, |V| € {6,7}, [W,| €
{2,3}and |W3| = --- = |Wg| = 2. By [19, Example 5.8.8], there exists a basis (e, ;) of
G such that

4
U= e? n(avel +e))
v=1
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with ay,a;,a3,a4 €[0,3] and a; + a; + a3 + a4 = 1 mod 4. Thus U has a subsequence
S of length |S| = 4 such that —S is a subsequence of V.

Suppose that there are two distinct elements in {aje; + ey, ..., ase; + ez}, say
(aje; + e2) and (areq + e3), such that (aje; + ex)(aze; + e2) | S. Then either (ae; + e3)
(—aze; — ez)e? or (—aje; — ex)(are) + ez)e? contains a zero-sum subsequence of length
four or five, a contradiction.

Now we suppose that this does not hold and distinguish three cases.

Suppose that vS = e(aje; + ex)(aze; + ex)(aze; + e2). Then ay = a; = a3 = a,
and since (e, ae; + e;) is a basis of G, we may suppose that a =0. Then U =
eies(e) + e2) and (—e)es(ey + e;) is a zero-sum subsequence of UV of length five, a
contradiction.

Suppose that § = e%(alel + ey)(are; + e3). Then a; = a», and since (e, ae; + ¢3)
is a basis of G, we may suppose that a = 0. Then U = eje3(ae; + e2)((1 — a)e; + e3),
and either (—ez)e?(ael +ep) or (—ez)e?((l — a)e; + e;) has a zero-sum subsequence of
length greater than or equal to four, a contradiction.

Suppose that S = e? (aje; + e3). Again we may suppose that a = 0 and find a zero-
sum subsequence of UV of length greater than or equal to four, a contradiction. O

Lemma 3.4. Let G be a finite abelian group with |G| > 3 and U € A(G) with |U| = D(G).

(1) Ifgi, 82 h €supp(U), then g1 # 2g», and if ord(h) = 2, then g\ # 2g» + h.

(2) Let g€ G with vo(U) =k > 1 and ord(g) > 2 and suppose that |supp(U)| > 2.
Then there exists some W € AG) such that W | (-g)g™*U and |W| e
[3,D(G) - 1].

Proor. (1) Assume to the contrary that g = 2g,. Since |U| = D(G), it follows that
Zl(g]l U) = G \ {0}. Hence there exists some W € F(G) such that W | g]‘l Uando(W) =
-2 If g2 | W, then g1 g5 'W is a proper zero-sum subsequence of U, a contradiction.
If g 1+ W, then g, W is a proper zero-sum subsequence of U, a contradiction.

Assume to the contrary that ord(h) =2 and g; = 2g, + h. There exists some
W € F(G) such that W | gl‘1 Uando(W)=—g,+ h. If go | W, then glgEIW is a proper
zero-sum subsequence of U, a contradiction. If g, + W and i | W, then eh™'Wisa
proper zero-sum subsequence of U, a contradiction. If g, ¥ W and & 1+ W, then g,hW
is a proper zero-sum subsequence of U, a contradiction.

(2) Since |(—g)*g™*U| = |U| = D(G), there exists some W € A(G) such that
W (—g)g ™ U. Itis easy to show that |W| # 2. Assume to the contrary that |W| = D(G).
Then W = (—g)*¢ ¥ U and ord(g) = 2k > k + 1. Let i € supp(U) \ {g}. Since Z(h~'U) =
G \ {0}, there exists some T € F(G) such that T | A~'U and o1(T) = (k + 1)g. If g 1 T,
then g*~!T is a proper zero-sum subsequence of U, a contradiction. Suppose that
g|T,say T = g'Ty witht € [1,k] and Ty | g*U. Then W’ = (-g)*"*!T} is a zero-sum
subsequence of W = (—g)*g*U. Since W is an atom, it follows that W’ = W. This
implies that Ty = g™¥U, a contradiction to Ty | T | A~' U. O
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ProrosiTion 3.5. Let G be a finite abelian group with D(G) > 5. Then the following
statements are equivalent:

(a) G isisomorphic to Cy ® Cy, withn > 2;
(b) there exist U,V € A(G) with L(UV) ={2,D(G) - 1, D(G)}.

Proor. (a) implies (b). Let (ey, e;) be a basis of G with ord(e;) = 2 and ord(e;) = 2n
with n>2. Then D(G) =2n+ 1, U = e1e3" '(e; + €2) € AG) and L(U(-V)) =
{2,D(G) - 1,D(G)}.

(b) implies (a). Since D(G) € L(UV), it follows that |U| = |V| = D(G) and V = -U.
Let A € A(G) with A | U(-U). Then |A| € {2,3,D(G)}, and if |A| = D(G), then
U(-U)A™! is an atom of length D(G). Since |U| = D(G), it follows that (U) = G.
By [19, Theorem 6.6.3], G is neither cyclic nor an elementary 2-group. Therefore,
[supp(U)| = 2 and we may write U = g]f‘ o gowithgy,...,8,€G pairwise distinct,
§s>2,ky,..., ks €N, and ord(g;) > 2.

We continue with the following assertion:

(Al) ifordg; > 2 for some i € [1, s], then there exist distinct elements h, h, € supp(U)
such that g; = hy + hy;

(A2) ifordg; > 2 for some i € [1, 5], then there exist distinct elements f, f> € supp(U)
such that g; = f] + f>, ord(f}) > 2 and ord(f;) = 2.

Proor or (A1). Leti € [1, s] with ord(g;) > 2. By Lemma 3.4(2), there exists an atom
W € A(G) such that W | gi_k"(—gi)k"U and |W| € [3,D(G) — 1]. Then W | U(-U) implies
|[W| =3. Thus W = (—g;)*h; with hy | U or W = (=gi)h hy with hih, | U. In the first
case h) = 2g;, a contradiction to Lemma 3.4(1). Thus the second case holds, and again
Lemma 3.4(1) implies that &, and A, are distinct. O

Proor or (A2). Let i€ [1,s] with ord(g;) > 2, say i = 1. By (Al), we may assume
that g; = g» + g3 and hence ord(g;) > 2 or ord(gz) > 2. Assume to the contrary that
ord(gy) > 2 and ord(gs) > 2. Again by (A1), there are distinct Ay, hy € supp(U) such
that g, = hy + hy. Then {hy,hy} N {g1, g3} # 0, otherwise (—g;)hhrg3 would be an atom
of length four dividing U(-U). Since g, = g + h; with i € [1,2] cannot hold, we obtain
that g, = g3 + h with h € {h;, h;}. Repeating the argument we infer that g3 = g, + 1/
with &’ € supp(U). It follows that 2 + 4’ = 0, which implies that & = #’, ord(h) = 2, and
g1 = 2g3 + h, a contradiction to Lemma 3.4(1). O

Since ord(g;) > 2, by (A2) we may assume that g = g, + g3 with ord(g;) > 2 and
ord(gs) = 2. If s =3, then G = (supp(U)) = (g1, 82, 83) = (82, 83) = C2 & (o, Wwith
n > 2. Assume to the contrary that s > 4. We distinguish two cases.

Case 1. There is an i € [4, s] such that ord(g;) > 2, say i = 4.

By (A2), we may assume that g4 = hy + hy with ord(h;) > 2 and ord(hy) =2. We
assert that {g1, g2, 83} N {g4, h1, Mo} = 0. Assume to the contrary that this does not hold.
Taking into account the order of the elements and that |{g1, ..., g4}| = 4, we have to
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consider the following three cases:

e if hy = g3, then g; + g4 = g» + h; and hence (—g1)(—g4)g2h; is an atom of length
four dividing U(—U), a contradiction;

o if h) =gy, then (—g4)grg3hy is an atom of length four dividing U(-U), a
contradiction;

e if h; =g, then (—g4)g1g3h is an atom of length four dividing U(-U), a
contradiction.

Thus we have {g1, g2, g3} N {g4, h1, ha} = 0. Obviously, (-g1)g283, g1(—g2)(—g3),
(—g4)h1hy and g4(—h1)(—hy) are atoms of length three dividing U(—U), and therefore
their product (—g1)g283 - 81(=82)(=g3) - (=ga)h1hy - ga(=h1)(—hy) divides U(-U), a
contradiction to L(U(-U)) = {2,D(G) — 1, D(G)}.

Case 2. ord(g;) =2 forall i € [4, s].

If ky > 2 and k, > 2, then (—g;)%¢5 is an atom of length four dividing U(-U), a
contradiction. Thus k; =1 or ky =1, say k; =1. Since g +kogr + g3+ -+ g5 =
oU)=0and (ky + 1)g, = g4 + -+ + g, it follows that ord(g,) = 2(k; + 1). Thus

exp(G)+s-3<D@G)=|U|=ky+5s—1<2kp+1)+s5s—-4<exp(G)+s—4,
a contradiction. O

ProrosiTion 3.6. Let G be a finite abelian group with D(G) > 5. Then there are no
U,V e AG) with L(UV) ={2,D(G) — 1} and |U| = |V| = D(G).

Proor. Assume to the contrary that U, V € A(G) with these properties do exist. If
A € A(G)with A | UV, then |A| € {2,3,4,D(G)}. Since Z(U) = (V) = G and G cannot
be cyclic, it follows that |supp(U)| > 2 and |supp(V)| > 2. We distinguish two cases.

Case 1. For all A € A(G) with A | UV we have that |A| € {2, 3, D(G)}.

Then UV has a factorization of the form UV =W, -...- Wpg)-1 where
Wi, ..., Wpe)-1 € A(G), IWD(G)—2| = IWD(G)—II =3, and all the other W; have length
two. Thus we may set

U=gi-...-gihthshs and V =(=g1)- ... (=g)(=h2)(=h3)(=hs),

where [ € N, g1,..., 85, h1,...,hs € G not necessarily distinct such that iy = hy + h3,
h6 = h4 + h5 and {h],h4,h5} N {]’lz,h:;,/’l(,} =0.

Since V(—ge)~! is a zero-sum free sequence of length D(G) — 1, there exists a
subsequence T of V(-g¢)~' such that of(T) = hy. Thus Ths(~hs) is a zero-sum
subsequence of UV. Since T'(—hg) is zero-sum free, we obtain that T hs(—he) is an atom
of length |Ths(—hs)| € {3, D(G)}. If |[Ths(—he)| = 3, then |T| = 1, which implies that
hy | V. If [Ths(—he)| = D(G), then Ths(—he) = V, which implies that &5 | V. Therefore,
we obtain that A4 € supp(U) N supp(V) or hs € supp(U) N supp(V). Without loss of
generality, we assume that /4 € supp(U) N supp(V).
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We start with the following assertions:

(A1) ord(hy) > 2, (=2h4)* | U and (-2h4)* | V;
(A2) ifg; ¢{hy,...,he} for somei € [1,]], then ord(g;) = 2.

Proor oF (Al). Since —g; # hy for all i € [1,[], we obtain that hy € {—hy, —h3, —h¢},
which implies that ord(h4) > 2.

By the symmetry of U and V, we only need to prove that (=2h4)* | U. For any
g € supp(U) with g # hy, consider the sequence Ug~'hy. Since [Ug™'hy| = D(G) and
Ug~'hy | UV, there exists a atom A with A | Ug™'hy and |A| = 3 by Lemma 3.4(2). Note
that h3 | A. Therefore, —2hy | Ug™'. If ord(hs) = 3, then hy = —2h4 and A = h3, which
implies that hﬁ | U. If ord(hy) > 3, then —2hy # hy. Thus we can choose g = —2hy,
which implies that (—2h4)* | U. o

Proor or (A2). Letie€ [1,] such that g; ¢ {hy,...,hs} and assume to the contrary that
ord(g;) > 2. Let v = v, (U) = v_, (V). By Lemma 3.4(2), we obtain that there exists
an atom W such that W | ¢g7"(-g)"U and |W| = 3. By Lemma 3.4(1), v_g(W) = 1.
Thus there exist fi, f> € supp(U) such that g; = f; + f>. Obviously, fifatg1--..- &
If filgi-...-g and f5 | hihshs, then f, = g; + (—f1). Since f, is an element of an
atom of length three, we can substitute f, by g;(—f1) to get an atom of length four, a
contradiction. Therefore, ff> | hihshs. If fifo = hahs, then g; = hg, a contradiction.
By the symmetry of &4 and /s, we only need to consider ff> = hyhy. Since (—g;)hhy
is an atom, g;hs(—hy)(—h3)(—he) can only be a product of two atoms, which implies
that g; € {h», h3, h¢}, a contradiction. O

We continue with the following two subcases.

Case 1.1. ord(hy) > 3.

By (A1), we have (=2h4)* | U and (=2h4)* | V. Thus, for any i € [1,1], g; # —2h4
and —g; # —2h4. Therefore, we obtain that 7| = hs = —2h4 and —hg = h4, and hence
—hy = —h3 = =2hy4. Then —2hy = hy = hy + hy = 4hy, which implies that ord(h4) = 6.
By (A2), we obtain that U = g - ... - ghy(—2hy4)? with ord(g;) = - - - = ord(g;) = 2 and
ord(hy) = 6. Since D(G) > 5, we get [ >2. Then6+[—1=exp(G) +[-1<D(G) =
|U| =1+ 3, a contradiction.

Case 1.2. ord(hy) = 3.

By (A1), hi | U and hi | V. Thus hj | hihahs(=hy)(—h3)(—hg). But hg * hihghs
(—hy)(—h3)(—hg). Without loss of generality, we can assume that hy = hs = —h3 = —hg,
hy # ha, and —hy # hy.

Suppose that v, (U) > 1 and v_;,,(V) > 1. Then —h; |V and h, | U. Since h; +
(=hy) + hy = 0, we have that (—hl)hzhft is an atom of length four and divides UV, a
contradiction. Thus, by symmetry, we may assume that v_;,(U) = 1. Then h, t U.
Gathering the g;, which are equal to 4, and renumbering if necessary, we obtain that
U=g -...- gsh‘]’hi with s € [0,{], v = v;,(U), ord(g;) = --- = ord(g,) = 2 (by (A2))
and ord(hy) = 3.

If s =0, then vh; = hy and G = (h;), a contradiction.
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Suppose that s > 1. Since 20(U) = 2vh, + 4h4 = 0, we obtain that 244 = 2vh; and
6vh; = 0. Since (—hy)""'h3 | V, we obtain that (—/;)"~'h} is zero-sum free and, for
any j € [v+ 1,2v], we have jh; € 2((—h1)v‘1h§). This implies that ord(/,) > 2v. Thus
6v/ ord(h;) < 3, which implies that ord(%;) = 3v or 6v. But o-(h‘{hi) = 3vh; # 0, hence
ord(h;) = 6v = exp(G). Therefore,

exp(G)+s—-1<DG)=|U|l=5s+v+2<6v+s-3<exp(G)+s-3,
a contradiction.
Case 2. There exists an A € A(G) with A | UV and |A| = 4.

Then UV has a factorization of the form UV = W; - ... - Wpg)-1 where

Wi, ..., Wpi)-1 € A(G), [Wp)-1l =4, and all the other W; have length two.

Conversely, note that for any A’ € A(G) with A’ | UV and |A’| = 4, UV(A’)~! can only
be a product of atoms of length two because D(G) > 5. We start with the following

assertion.
(A3) If g € supp(U) N supp(V), then ord(g) = 2.
Proor or (A3). Let U =g;-...-ghithp and V = (-gy) - ... (—g)h3hy where [ € N,

81s---,81,h1, ..., hsy € G not necessarily distinct and Wp)-1 = hihohzhs. Let g €
supp(U) N supp(V). If g = g; for some i € [1,]], then g | V, —g | V, and hence g = —g.
If g=—g;forsomeie[l,/],theng| U, —g| U, and hence g = —g.

It remains to consider the case where g € {hy, i} N {h3, ha}, say by = h3 = g. We will
show that this is not possible. Assume that this holds, choose an % € supp(U) \ {g}, and
consider the sequence X = h™'Uhs. Since |X| = D(G), there exists an atom A € A(G)
such that A | X and |A| € [3,4]. Note that hh3 | A.

Suppose that |A| = 3. Then there exists 4’ € supp(U) such that h’ = —h; — h; = -2g.
If i’ = hy, then hihyhs is a proper zero-sum sequence of Wp(g)-1, a contradiction.
Otherwise, h’' € {g1,..., g}, hence =" = 2g € supp(V), a contradiction to h3 = g €
supp(V) (recall Lemma 3.4).

Suppose that |A| = 4. If hy | A, then (note that k) + hy + h3 + hy = 0) A = hihyhshy
and —hy4 | V, a contradiction. Thus h; 1 A, and a similar argument shows that /4 1 A.
This implies that A = g;g;h1h; with i, j € [1,[]. Then A and A’ = (—g;)(—g;)h2h4 are
two atoms of length four dividing UV, a contradiction. O

Clearly, there are precisely two possibilities for U and V which will be discussed in
the following two subcases.

Case2.1. U=g\" ... g/ ny" h2 =" n " hyhy and
V=(=g)" . (=) (=h)" T (=ho) T (=h3) T (=ha) T (—h3)(—ha)
where ki,...,k,ry, ..., €N, g1,...,8,h,...,hy are pairwise distinct, and

hiha(=h3)(=hs) = Wp)-1.
We start with the following assertions:

(A4) foreach g; €{g,...,g} with ord(g;) > 2, we have that g; = h; + h;
(AS) r1:r2:r3:r4:1;
(A6) ord(g;) =2foralliel[l,I].
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Proor oF (A4). Letie[1,[] such that ord(g;) > 2, say i = 1. Then, by Lemma 3.4(2),
there exists an atom A € A(G) such that A | (—gl)k‘g;k'U and |A| € [3,4]. We
distinguish four subcases depending on the multiplicity of v_g, (A) and on |A].

Suppose that v_g, (A) = 3. Then |A| = 4. Since A { UV(WD(G),I)‘l, we must have
that 4, | A or hy | A. Then A = (—g;)h; with i € [1,2], say i = 1. It follows that
A = g?hz(—h3)(—h4) is a zero-sum subsequence of UV(A)~!, which implies that A’
is a product of atoms of length two, a contradiction.

Suppose thatv_, (A) = 2. Then |A| = 4 by Lemma 3.4(1). Since A  UV(WpG)-1 )1,
we must have that iy |A or hy | A. If hihy | A, then A = (—g])zh]hz, and hence
A = g%(—h3)(—h4) is an atom of length four and divides UVA~!, a contradiction.
By symmetry, we may assume that /; | A and h, + A. Thus A = (—g;)*h1h, where
he {gz, s 8l hl, hg, h4} and (—h)(—l’l3)(—h4) | V. Therefore A’ = g%hz(—h3)(—h4)(—h)
is a zero-sum subsequence of UVA~!, which implies that A’ is a product of three atoms
of length two, a contradiction.

Suppose that v_4 (A) = 1 and |A| = 4. Since A 1 U V(WD(G)_l)*], we must have that
h1 | A or hz | A If h1h2 | A, then A = (—gl)hll’lzh, where h € {gz, s 8l h], hz, h3, h4}
and (—h)(—h3)(—hy4) | V. Hence A’ = g;(—h3)(—h4)(—h) is an atom of length four and
divides UVA~!, a contradiction. By symmetry, we may assume that /; | A and h, { A.
Thus A = (—gy)hihl’ where h, ' € {g>,..., &, M, h3, hy} and (=h)(=h")(=h3)(=hy) | V.
Thus A’ = g(=h)(=h")hy(—h3)(~hy) is a zero-sum subsequence of UVA~!, which
implies that A’ is a product of three atoms of length two, a contradiction.

Suppose that v_g, (A) = 1 and |A| = 3. Since A UV(WD(GH)‘I, we must have that
hi|Aorhy|A. If hhy 1 A, by symmetry we may assume that /) | A and &, 1 A. Thus
A = (—g1)hh, where h € {g,, ..., g, h1, h3, hy} and (—h)(=h3)(=h4) | V. It follows that
A’ = g1(=h)hy(—h3)(—hy) is a zero-sum subsequence of UVA~!, which implies that A’
is a product of two atoms, a contradiction. Therefore, h1h; | A and g; = hy + h. |

Proor oF (AS5). By symmetry it is sufficient to show that r3 = 1. Assume to the
contrary that 3 > 2. We proceed in several steps.

(1) In the first step we will show that h; = g; + h; for some i € [1,/].

By Lemma 3.4(2), there exists an atom A € A(G) such that A | h;"* "V (=h3)~'U
and |A| € [3,4]. We distinguish four subcases depending on the multiplicity of v_, (A)
and on |A|.

Suppose that v_;,(A) =3. Then |A|=4. Since A ¢ UV(WD(G)_I)‘I, we must
have that h; | A or hy | A. Then A = (—h3)3h; with i € [1,2], say i = 1. Therefore
A’ = h%hy(=hy) is an atom of length four and divides UVA™, a contradiction.

Suppose thatv_,(A) = 2. Then |A| = 4 by Lemma 3.4(1). Since A { UV(WD(G)_I)‘l,
we must have that 4 | A or hy | A. If hyhy | A, then A = (=h3)*h hy, which implies
that h3 = hy, a contradiction. By symmetry, we may assume that 4, | A and h; t A.
Thus A = (=h3)*h h, where h € {g1, ..., g, h1, hs} and (=h)(=h3)(—hs) | V. Therefore
A = h%hz(—hg,)(—]’m)(—h) is a zero-sum subsequence of UVA~!, which implies that A’
is a product of three atoms of length two, a contradiction.

Suppose that v_;,(A) =1 and |A| = 4. Since A ¢ UV(WD(G)_I)‘I, we must have
that hy | A or hy | A. If hihy | A, then A = (=h3)hhoh with h € {g], e ,g[,hl,hz,h4}
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and -1 | V. Hence h = —hy and —h = hy | V, a contradiction. By symmetry, we may
assume that i) | A and hy ¥ A. Thus A = (—h3)h hh' where h, b’ € {g1, ..., g, h1, ha}
and (—h)(=h")(—h3)(—h4) | V. Thus A’ = (=h)(—h’)hy(—h4) is an atom of length four
and divides UVA™!, a contradiction

Suppose that v_j,(A) =1 and |A| = 3. Since A+ U V(WD<G)_1)‘1, we must have
that h; | A or hy | A. If hihy | A, then A = (=h3)h1hy, which implies that iy =0, a
contradiction. Thus, by symmetry, we may assume that /; | A and s ¥ A. Then A =
(=h3)h1h, where h € {gy, ..., g h,hs}. By Lemma 3.4(1), we obtain that i ¢ {hy, hy}.
Therefore, h3 = hy + g; for some i € [1,1].

(ii) In the second step we will show that ord(g;) =2 forall j € [1,/]and r| = 1.

Assume to the contrary that there is a j € [1,/] such that ord(g;) > 2. Then
gj = hi + hy by (A4) and hence Ay = g;j(—h3)(—hs) and A, = gi(—h3)h; are two atoms
of length three and divide UV. It follows that UV(A;A;)"! is a product of atoms
of length two, but th(UV(A]AZ)_l) =V, (UV) >v_,,(UV) = V,hz(UV(AlAz)_l), a
contradiction.

Assume to the contrary that r; > 2. Since ord(g;) = 2 and A3 = h; + g;, we obtain
that h3(—h3)? and (—h;)hsg; are two atoms and divide UV, a contradiction.

(iii) In the third step we show that ord(h3) = 4r;.

Consider the sequence X = U(hg3_1h1)‘1(—h3)’3. Since |X| = D(G), there exists
an atom A € A(G) with A | X and |A| € {3,4,D(G)}. We distinguish three subcases
depending on |A|.

Suppose that |A| = 3. Since A { U V(WD(G)_l)*l and r; = 1, we must have that &, | A.
Thus A = (—h3)hoh, where h € {gy, ..., g, ha, —h3}. By Lemma 3.4(1), h ¢ {hy, —h3}.
Therefore, A and A’ = (—h3)h;g; are two atoms of length three and divide UV. It
follows that UV(AA’)~! is a product of atoms of length two but v, (U V(AA)™) <
V_,,(UV(AA")™1), a contradiction.

Suppose that |A| = 4. Then UVA~' is a product of atoms of length two, but
r=1=v, (UVA™") > v_, (UVA~!) = 0, a contradiction.

Suppose that |[A| = D(G). Then A = X and hence h; = —(2r; — 1)h3. By steps (i)
and (ii), we obtain that g; = 2r3h3 and 4r3h; = 0. Since Uhl‘1 is zero-sum free and
for each j e [1,2r; — 1], jh3 € Z(Uhl‘l), we have ord(h3) > 2r3, which implies that
01'd(h3) = 4}"3.

(iv) In the final step we will obtain a contradiction to our assumption that r3 > 2.
Clearly, similar arguments as given in steps (i)—(iii) show that r, > 2 implies that
ord(hy) = 4rp, and that ry > 2 implies that ord(hy) = 4r4. We proceed with the
following four subcases depending on r, and r;4.

Suppose that r, > 2 and r4 > 2. Since h3 = h; + g; and ord(g;) = 2, we obtain that
hy = hy + g; and hence 2h, = 2hy. Therefore, (—/»)hsg; and h3(—hs)* are two atoms
and divide UV, a contradiction.

Suppose that r, =r, = 1. Then U = g - ... ‘g,h?_lhlhz and

exp(G)+1-1<DG)=l+r+1<l-1+4r<exp(G)+1-1,

a contradiction.
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Suppose that , = 1 andry >2. Then U =g - ... 'glh;rlhff_lhlhz and
exp(G)+1-1<DG)=1l+r;+ry<l—1+4max{r;,ry} <exp(G)+1[-1,

a contradiction.
Suppose that ry = 1 andr, >2. Then U =g, - ... ~glh;3flh§2_1h1h2 and

exp(G)+1-1<DG)=1l+r;+r <l-1+4max{r,,r} <exp(G)+[-1,

a contradiction. |

Proor oF (A6). Assume to the contrary that there is an i € [1, ] such that ord(g;) >
2, say i = 1. Then (A4) implies that g; = h; + hy. Since gj,..., g are pairwise
distinct, it follows that ord(g;) =--- =ord(g)) =2 and ky =--- =k;=1. Thus U =
g]]“gg <o gihhy, 0=0(U) =kig) + g+ + g + g1, whence ord((k; + 1)g1) =2
and ord(g;) = 2(k; + 1) > 4. It follows that

exp(G)+1-1<DG)=Ul=k +1+1

< ord(gy)
2

+1<ord(g)+!-2<exp(G)+1-1,

a contradiction. O

Now by (A4)—(A6), U has the form U = g; - ... - gjhihy with ord(g;) = 2 for each
i €[1,1]. If exp(G) > 4, then

exp(G)+1-1<DG)=|U|=1+2<4+1-1,

a contradiction. Thus G must be an elementary 2-group. Since (gy,..., g5, h1) is a
basis of G, we have that hp = g1 +---+g/+hjand hy + hy =hs +hy =g +--- + g/
We can assume that h3 = hy + 3 ,c; gi for some O # 1 C [1,1] and hy = hy + Xicp1\1 &
Then Ay = h3hy [1ie; & and Az = hihy [1ieqi g &i are two atoms of lengths |A4], |A>| €
[3,D(G) —1]. If i € [1,2] and |A;| > 4, then UVAl.‘1 has to be a product of atoms of
length two, a contradiction. Thus it follows that |A| = |A;| = 3, whence / = 2, which
implies that D(G) = 4, a contradiction.

Case2.2. U= glfl - -gf’h’_zhg3_lh£“_lh2 and
V= (=g - (=) (R A (= ha) T (—ha) T (—ha)(—ha)
where ki, ...,k ry,...,r4 €N, g1,..., 85, h, h3, hy are pairwise distinct with the only

possible exception that 3 = hy may hold, and h2(=h3)(=hg) = WbG)-1-
We start with the following assertions:

(A7) foreachie[1,[] we have ord(g;) = 2;
(A8) h3 = hy.

Proor ofF (A7). Assume to the contrary that there is an i € [1, /], say i = 1, such that
ord(gy) > 2.
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Then, by Lemma 3.4(2), there exists an atom A € A(G) such that A | (—g;)" gl_k' U
and |A| € [3,4]. Since A ¢ UV(WD(G)_l)*', we must have that 4 | A. We distinguish
four subcases depending on the multiplicity of v_g, (A) and on |A].

Suppose that v_, (A) = 3. Then |A| =4 and A = (—g1)*h. It follows that A’ =
g?h(—h3)(—h4) is a zero-sum subsequence of UV(A)~!, which implies that A is a
product of atoms of length two, a contradiction.

Suppose that v_g (A) =2. Then |A| =4 by Lemma 3.4(1). If h% | A, then A =
(—g1)*h*, and hence A’ = g3(~h3)(—hy) is an atom of length four and divides UVA™!, a
contradiction. If 4> f A, we obtain that A = (—g;)*hf, where f € {g>, ..., h3, hs} and
(=f)(=h3)(=hy) | V. Therefore A’ = g%h(—h3)(—h4)(—f) is a zero-sum subsequence
of UVA~!, which implies that A’ is a product of three atoms of length two, a
contradiction.

Suppose that V_g,(A) = 1 and |A] = 4. If h*| A, then A = (—g)h>f, where f €
{g2,..., 81 h h3, hy} and (=f)(=h3)(=h4) | V. Hence A’ = gi(=h3)(=hs)(-f) is an
atom of length four and divides UVA~!, a contradiction. If h*{ A, then A =
(=gDhff" where f, f" €{g2,..., &1 h3, ha} and (= f)(=f")(=h3)(=h4) | V. Thus A’ =
g1(=f)(=fh(=h3)(—hy) is a zero-sum subsequence of UVA~!, which implies that A’
is a product of three atoms of length two, a contradiction.

Suppose that v_, (A) =1 and |A| =3. If h? | A, then g, = 2h, a contradiction
to Lemma 3.4(1). If W2t A, then A = (—ghf, where f e{gs,...,g5hs3, hy} and
(=f)(—=h3)(—=hy) | V. It follows that A" = g{(—f)h(—h3)(—h4) is a zero-sum subsequence
of UVA™!, which implies that A’ is a product of two atoms, a contradiction. O

Proor or (A8). Assume to the contrary that i3 # hy. f 3 =r4y=1,thenU=g;-...-
gih" with [ > 1, ord(h) = 2r > 4, and hence

exp(G)+1-1<D@G)=U|=1l+r<2r+l-4<exp(G)+1-1,

a contradiction. Thus, after renumbering if necessary, we may assume that r; > 2. We
will show this is impossible.

By Lemma 3.4, there exists an atom A € A(G) such that A | hg(”_l)(—hg)”‘1 U and
|A] € [3,4]. Since A ¢ UV(WD(G)_l)‘l, we must have that 2| A. We distinguish four
subcases depending on the multiplicity of v_,,(A) and on |A].

Suppose that v_,,(A) =3. Then |A|=4 and A = (=h3)*h. Tt follows that A" =
h%h(—m) is an atom and divides UV(A)™!, a contradiction.

Suppose that v_;,(A) =2. Then |A| =4 by Lemma 3.4(1). If h? | A, then A =
(=h3)*h?, which implies that ks = hy, a contradiction. If A% A, we obtain that
A = (=h3)*hf, where f €{gi,...,g:hs} and (—f)(=h3)(=hs) | V. Therefore A’ =
h3h(—h4)(—f) is an atom and divides UVA~!, a contradiction.

Suppose that v_,,(A) =1 and |A|=4. If h* | A, then A = (—h3)h*f, where
f S {gl, v 8l ]’l, h4} and (—f)(—h3)(—h4) | V. Hence h4 =2h— ]’l3 = —f | V, a
contradiction. If h> { A, then A = (=m3)hff’ where f, f €lgi,...,g: hs} and
(=) (=) (=h3)(=hs) | V. Thus A" = (= f)(=f")h(=hs) is an atom and divides UVA~!,
a contradiction.
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Suppose that v_;,(A) = 1 and |A| = 3. Since h*(—h3)(—hs) is an atom, we obtain
that 1> A, and hence A = (—=h3)hf, where f € {g1,...,8:, hs) and (= f)(=h3)(=hs) | V.
If f = hy, then h = 2h4, which implies a contradiction to Lemma 3.4(1) (recall that
f=hy|Uandh=2hy|U). If f+# hy, by (A7) ord(f) = 2 and hence 2h = 2h3, which
implies that h3 = hy4, a contradiction. |

Now, by (A7) and (A8), U and V have the form
U=gi-...-ghy70 and V=g ... g(=h)2(=h3)",

where [ > 0,73 >2,r>2, g1,...,85,h3, h € G are pairwise distinct and 2/ = 2h3.
Ifr;=2,thenU =g -...-gh", ord(h) = 2r, and

exp(G)+1-1<D@G)=U|=1+r<2r+1-2,

a contradiction. Considering V and assuming that r = 2, we again end up with a
contradiction. Therefore we obtain that r3 > 3 and r > 3.

If r3 >4 and r > 4, then h*(=h3)* and (—h)zhg are two atoms of length four and
divide UV, a contradiction.

Thus by symmetry, we may assume that 3 = 3 and r > 3.

Suppose that /[ =0. Then o(U) = hs + rh = 0, which implies that G = (h), a
contradiction.

Suppose that [ > 1. Then 2h3; + 2rh = 0, which implies that 2(r + 1) = 0. Thus
ord(h) = 2(r + 1) or ord(h) = r + 1. If ord(h) = 2(r + 1), then

exp(G)+I-1<D@G)=U|=l+1+r<l-1+2(r+ 1) <exp(G)+1-1,

a contradiction. If ord(h) = r + 1, then h = h3 + g; + - - - + g; and hence (—h)h3g; - .. .-
g is an atom and divides UV (h*(=h3)*)"!, a contradiction. o

Proposition 3.7. Let G be a finite abelian group with D(G) > 5. Then the following
statements are equivalent:

(a) G is either an elementary 2-group, or a cyclic group, or isomorphic to C, ® Cy,
withn >2;
(b) thereexist U,V € A(G) withL(UV) = {2,D(G) — 1} and |U| -1 =|V|=D(G) - 1.

Proor. (a) implies (b). Suppose that G is an elementary 2-group and let (e, ..., e,) be
a basis of G with ord(e;) =--- =ord(e,) =2. Then D(G)=r+ 1, U =¢; ... - e,ey €
A(G), whereeg=e; +---+e,V=e-...-e,_1(eg + €,) € AG), and L(UV) = {2, r}.

Suppose that G is cyclic, and let e € G with ord(e) = |G| = D(G). Then U = ¢l ¢
AG), V = (=e)"1(=2¢) € A(G), and L{UV) = {2,|G]| — 1}.

Suppose that G is isomorphic to C, & Cy,, with n > 2, and let (e}, e;) be a basis of G
with ord(e;) = 2 and ord(ey) = 2n. Then D(G) =2n+ 1, U = ele%”‘l(el + ep) € A(G),
V = (=ey)*" € AG), and L(UV) = {2,2n).

(b) implies (a). Assume to the contrary that G is neither an elementary 2-group, nor
a cyclic group, nor isomorphic to C, @ Cy, for any n > 2. Then D(G) > exp(G) + 1.
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Let A € A(G) with A|UV. Then |A]| € {2,3,D(G) — 1, D(G)}. Furthermore, if
|A| = 3, then UVA~! is a product of atoms of length two, and if |A| € [D(G) — 1, D(G)],
then UVA~! € A(G).

Since L(UV) ={2,D(G) — 1} and |U| -1 =|V| = D(G) — 1, U and V have the form

U=g\' ... g% and V=(-g - g)(-g)" " (~g2)* " (=g)" ... (=g,

where s,ki,...,ks €N, g1,...,gs € G are pairwise distinct with the only possible
exception that g; = g, may hold.

Since G is not cyclic, s > 2. Suppose that s = 2. If g; = g, then D(G) = k; + kp =
ord(g), which implies that G is a cyclic group, a contradiction. Suppose that g; # g».
Since D(G) > exp(G) + 1, Lemma 3.2(2) implies that v, (U) +V_, (V) =k; +k — 1 <
ord(g1) and v, (U) + V_g, (V) = k» + k» — 1 < ord(g>). Then

D(G) =k +k <

d 1 ord 1
or (g21)+ Lo (g22)+ <1 +exp(G) < D(G),

a contradiction.
Thus from now on we suppose that s > 3, and we continue with the following
assertion:

(A1) There exist atoms U’, V' € A(G) such that UV = U’V’, say

, 4
7k kx,

U=g"'..-g and
V' = (=g) = 88D (=g (=g - (g
where s',kj,....k, €N, g|,...,g,, € G are pairwise distinct with the only

possible exception that g} = g}, may hold, and g} + g} & supp(U’).

Proor or (A1). If g; + g» ¢ supp(U), then we can choose U’ = U and V' = V.

Suppose that g; + g» € supp(U), say g3 = g1 + g2. Then v_,, (V) =k3 +1>2 and
hence ord(gs) > 2. By Lemma 3.4(1) and |U| = D(G), it follows that g; # g». We claim
that k; = 1 or k, = 1. Indeed, if k; > 2 and k; > 2, then A = g;g>(—g3) is an atom and
A? | UV, a contradiction.

Suppose that s = 3. Without loss of generality, we can assume that k; = 1.
Since D(G) > exp(G) + 1, Lemma 3.2(2) implies that v,,(U) +V_o, (V) =ky +ky — 1 <
ord(gz) and v, (U) + V_g, (V) = k3 + k3 + 1 < ord(g3). Then

ord(gy) + 1 N ord(gz) — 1

D = =1 <1
(G) =|U] +hky+ks <1+ > >

<1+ exp(G) < D(G),

a contradiction.

Thus we obtain that s > 4. Since g5 'U is a zero-sum free sequence of length
D(G) — 1, there exists a subsequence 7T, of g;lU such that o(Ty) = (ks + 1)g3.
Therefore, (—g3)***' Ty is a zero-sum sequence. Thus 7' has the form T = g, T, with

tef0,ks—1] and T, | g’l‘1 g]fgf -...- gk Then (-g3)*!'T, is a zero-sum sequence

without zero-sum subsequences of length two, which implies that (—=g3)**1~'T), is an
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atom of length |(—g3)*!~'T,| € {3,D(G) — 1,D(G)}. Since k3 + 1 — > 2, (—g3)*17' T,
cannot be an atom of length three by Lemma 3.4(1), hence r =0, Ty = T,, and
(-23)%*!T; can only be an atom of length D(G) — 1 or D(G). It follows that

((=g3)*1T)"'UV is also an atom and hence glj‘ g
Thus any sequence 7" with T | gglU and o(T') = (ks + 1)gs has the property that
ks ks
84 & IT.

We continue with the following two subcases depending on I(—g3)B+1Ty).

Suppose that |(—g3)4*!T)| = D(G) — 1. Since ((—g3)**'T)"'UV is an atom, we
obtain that ki =k, =1 and T, = (glgzg’,f)‘lU, which implies that 2(k; + 1)g3 = 0.
Since g;l U is a zero-sum free sequence of length D(G) — 1, there exists a subsequence
Wi of g;'U such that o(Wy) = (k3 + 2)g3. If g3 + Wy, then g? W, is a proper zero-
sum subsequence of U, a contradiction. If g3 | Wy, then g3' W | g;'U and o(g5' Wy) =
(ks + 1)g3, but g’j“ e ghy g5 Wy, a contradiction.

Suppose that |(—g3)%*! 7| = D(G). Since ((—g3)***'T|)"' UV is an atom, we obtain
that (k; = 1 and T = (g1g§3 Y'U)or (ky=1and T; = (g2g§3)‘1U). By symmetry, we
may assume thatk; =1, 7 = (g]g§3 )"'U, and hence g; = (—2k3; — 1)g3. Choose

U = (=g)""' T = ga(-g3)88 ' (—g3)0gh ... g% and
V' = ((—g)P T T)TUV = gi(—g) T g (—ga)k - (—go)h
then U’, V’ are two atoms with U’V’ = UV and g, + (—g3) = —g1 ¢ supp(U’). |

Thus from now on we may assume that g; + g» ¢ supp(U), and recall that s > 3. We
continue with three further assertions:

(A2) (supp(U) + supp(U)) N (supp(U) \ {81, &2}) = 0.

(A3) Leti € [3,s] with ord(g;) > 2. Then (—2k;g; = g1 and k; = 1) or (—2k;g; = g» and
ky =1).

(Ad4) If ky =1, then (g = —2gy and kp = 1) or 2g1 +2g, =0and ky = 1). If kp =1,
then (g = —2gr and k; = 1) or 2g; +2g, =0 and k; = 1).

Proor or (A2). Assume to the contrary that there exists an element 4 € (supp(U) +
supp(U)) N (supp(U) \ {g1, g&2}). Thus there exist i, j € [1, s] such that g; + g; = h with
he€{gs,...,g). Lemma 3.4(1) implies that g; # g;. Since A = (=h)g;g; is an atom
of length three, then A~'UV is a product of atoms of length two. It follows that
h =g + g € supp(U), a contradiction. O

Proor or (A3). By Lemma 3.4(2), there is an A € A(G) with A | g;ki(—gi)ki Uand|A| €
{3,D(G) — 1}. By (A2) and Lemma 3.4(1), we obtain that |A| # 3. Thus |A| = D(G).
If A= gl._k"(—gi)k"‘lU, then (2k; — 1)g; = 0, which implies that vy (U) + v_g (V) =
2k; > ord(g;). Lemma 3.2(2) implies a contradiction to D(G) > exp(G) + 1. Hence
A= (—g)T with T = (g'l._k"h‘1 U, where h € supp(U). Since T-'UV is an atom, we
obtain that (k; = 1 and h = g; = -2k;g;) or (k; = 1 and h = g, = —-2k;g;). O

PrOOF OF (A4). Suppose thatk; = 1. Then ¥ = (=g; — g2)g5> - . .. - &' has length D(G).
By our assumption on supp(U), Y has no zero-sum subsequence of length two.
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Therefore, Y has a zero-sum subsequence T of length |T| € {3, D(G) — 1, D(G)}. We
continue with the following three subcases depending on |T'|.

If T| =3, say T = (—g1 — g2)gig; With i, j € [2, 5] not necessarily distinct, then T
and T’ = g1g2(—gi)(—g;) are two atoms and 7’7 | UV, a contradiction.

If |T| = D(G), then Y = T is an atom, which implies that g, = —2g1, —g1 — g2 = &1,
and hence k; = 1.

If|T|=D(G)-1,thenk, =1, T = Yggl, and hence 2g; + 2g, = 0.

If k; = 1, then the assertion follows along the same lines. O

The remainder of the proof will be divided into the following three cases.

Case 1. |{i € [3,s]|ord(g;) > 2}| = 2, say ord(gz) > 2 and ord(g4) > 2.

By (A3), we can assume that (k; =1 and gy = —2k3g3 = —2k4g4) or (g1 =
—2k3g3,82 = —2ksgsand ky =k = 1).

Consider the sequence W = g]l“g’f(—gg)"3(—(5,74)"4g’§5 -...- g% Since |W| = D(G),
there exists an atom Z € A(G) such that Z | W and |Z] € {3, D(G) — 1, D(G)}. We
distinguish three subcases depending on |Z|.

Suppose that |[Z| = 3. By (A2) and Lemma 3.4(1), g1 = g3 + g4 or g2 = g3 + g4. If
g1 =83 + g4, then (—g| — g2)g38482 and g(—g3)(—g4) are two atoms and divide UV, a
contradiction. If g, = g3 + g4, then (—g1 — g2)g12324 and go(—g3)(—g4) are two atoms
and divide UV, a contradiction.

Suppose that |Z] = D(G) — 1. Since UVZ~! is a atom, we obtain that Z = ng‘1
or Z = ngl. Therefore, —2k3zgs — 2k4gqs = g1 or gr. Our assumption implies
that —2k3g3 — 2ksg4 = g» and g| = —2k3g3 = —2k4g4, which implies that 2g; = g;, a
contradiction to Lemma 3.4(1).

Suppose that |Z| = D(G). Then we obtain that 2k3g3 + 2ksg4 = 0. Our assumption
implies that k| = 1, g; = —2k3g3 = —2k4g4, and hence ord(g;) = 2. Therefore, 4k3g3 =
0, g1 = 2ksg3, and hence k3 > 2 by Lemma 3.4(1). Since gI'U is a zero-sum
sequence of length D(G) — 1, there exists a subsequence W of gl‘1 U such that (W) =
(2ks + 1)gs3. If g3 | W, then glgglw is a proper zero-sum subsequence of U, a
contradiction. Suppose that g3 ¥ W. Then g|(—g3)W is an atom and divides UV, which
implies that |g;(—g3)W| € {3,D(G) — 1, D(G)}. Since g3(—g3) | UV(g1(~g3)W)~!, then
UV(gi(-g3)W)™! is not an atom. Thus |g;(—g3)W| = 3, which implies that g3 €
supp(U) N supp(V), a contradiction to (A2).

Case 2. {i € [3,s]|ord(g;) > 2}| =1, say ord(gz) > 2.

By (A3), we may assume that k; = 1 and g; = —2k3g3. By (A4), we obtain that
(g2 =-2g1and k, = 1) or (2g; + 2g> = 0 and k, = 1). We continue with the following
two subcases.

Suppose that 2g; +2g, =0 and k; = 1. Since o(U) = g1 + g2 +k3gz +ga + -+ +
gs =0, we obtain that 2k3g;3 = 0 = —g, a contradiction.

Suppose that g, = —2g; = 4ksgs and k, = 1. If s = 3, then G = (g3) is cyclic, a
contradiction. Hence s > 4 and G = (g;,...,8s-1) = (g3, .-, &s—1), Which implies that
r(G) = s — 3 and exp(G) = ord(g3) is even. Since D(G) > exp(G) + 1, by Lemma 3.2(2),
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we infer that vy, (U) + V_g, (V) = 2k3 < ord(g3). Therefore, g1 = —2k3g3 # 0 implies
that ord(gs) > 2k3 + 2 > 4. Thus

d
eXP(G)+S—4SD(G)=|U|=k3+s_1S0r2(83)

—1+s—1<ord(g;)+s—4

which implies that ord(gs) = 4, a contradiction to g, = 4ksg3 # 0.

Case 3. |{i € [3,s]|ord(g;) >2}| =0.
Since o(U) = k1 g1 + kagr + g3 + -+ - + g, = 0, we obtain that 2k g + 2kg, = 0.
Suppose that g; = g». Then ord(g;) = 2(k; + k) > 4. It follows that

ord(g1)

DG)=ki+ky+s—-2= +s—-2<ord(g))—1+s5-2<DG),
a contradiction.

Thus g; # g,. Consider the sequence S = (—g; — gz)(—gl)k‘”ggzgg -...-gs. Since
|S| = D(G), there exists an atom Z € A(G) such that Z | § and |Z] € {3, D(G) — 1, D(G)}.
We distinguish three subcases depending on |Z].

Suppose that |Z]|=D(G). Then Z=S and g, =—2k; g, = 2k»g>. Hence 2k, —1)g, =0
and ord(g;) =2k, — 1. If s =3, then G = (g;) is cyclic, a contradiction. Hence
s>4and G =(gy,...,85-1) =(81,83,---,8s-1), Which implies that r(G) = s — 2 and
ord(g;) = exp(G) is even. Then ord(g;) > 2 ord(g,) > 6. Since D(G) > exp(G) + 1, by
Lemma 3.2(2), we infer that v, (U) + v_,, (V) = 2k; — 1 < ord(g;), which implies that
2k; < ord(g;). Since g, = —2k;g; # 0, we obtain that 2k; < ord(g;) — 2. Thus

d 2
exp(G) +s—-3<DG)=|U|=k +ky +5s-2< {Or (g1) + J+

ord(gy)
2

1+ s—2

ord(gi)
2

1+ —1l+s-2<ord(g))+s—-4

_ ord(g)) _
2

a contradiction.

Suppose that |Z| = D(G) — 1. Then there exists an element / | S such that Z = h~'§.
Since Z"'UYV is an atom, we obtain that (h = —g; — g>) or (h=g> and k, = 1). If
h=-gi — g, then Z7'UV = (-g1 — g2)g\' (-82)*""g5 - ... - g, is an atom of length
D(G) and hence the similar argument of the previous subcase |Z| = D(G) implies a
contradiction. Suppose that &z = g, and k;, = 1. By (A4), we obtain that k; =k, = 1.
Thus exp(G) + s — 3 < D(G) = |U| = s, which implies that exp(G) < 3, a contradiction.

Suppose that |Z| = 3. Then UVZ~! can only be a product of atoms of length two.
But v, (UVZ™") = ki > V_g,(UV) 2 V_g (UVZ™"), a contradiction. o

ProposiTioN 3.8. Let G be a finite abelian group with D(G) > 5. Then the following
statements are equivalent:

(@) G is either an elementary 2-group, or isomorphic to Cg‘l ® C4 for some r > 2,
or isomorphic to C, ® Cy, for some n > 2;
(b) there exist U,V € A(G) with L(UV) = {2,D(G) — 1} and |U| = |V| = D(G) - 1.
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Proor. (a) implies (b). Suppose that G is an elementary 2-group, and let (ey, ..., e,) be

a basis of G withord(e;) =---=ord(e,) =2. ThenD(G) =r+1,U=¢;-... - e,_1e0 €
A(G), where eg = e; + -+ -+ e,_1, and L(U(-U)) = {2, r}.

Suppose that G is isomorphic to Cg‘l @ C4 for some r > 2, and let (eq,...,e,) be a
basis of G with ord(e;) = --- = ord(e,_1) =2 and ord(e,) = 4. Then D(G) =r+ 3, U =

er ... e_1ex(ey +e,) € AG), where eg = e + -+ + e,, and L(U(=U)) = {2,r + 2}.

Suppose that G is isomorphic to C, & C,,, for some n > 2, and let (e, e;) be a basis
of G with ord(e;) =2 and ord(e;) = 2n. Then D(G)=2n+1, U = e%" € A(G), and
L(U(-U)) = {2,2n}.

(b) implies (a). Clearly, we have V = —U, and for every zero-sum sequence W with
WUV and W # UV, it follows that W is either an atom of length D(G) — 1 or W is
a product of atoms of length two. We set U = glf' C 'gf’ with [, ky,...,k € N and
81,-..,81 € G pairwise distinct.

Suppose that / = 1. Then k; = ord(g;) = D(G) — 1. Thus k| is even and G =
G, ® Ck] .

Suppose that [ > 2. For each i € [1, 1], the sequence S; = gl._k"(—gi)"fU is either
zero-sum free or an atom; clearly, S; is an atom if and only if 2k;g; = 0. So we can
distinguish two cases.

Case 1. Foreachi e [1,I] we have 2k;g; = 0.

We claim that for any i € [1, /], the tuple (g1, ..., &i-1,&i+1---, &) 1s independent.
Clearly, it is sufficient to prove the claim for i = /. Assume to the contrary that
(g1, --.,&-1) is not independent. Then there is an atom W with W | gllc‘ e gll‘fl‘ .
(=g)% ... (=gi_)%" and |W| > 2. Then W is an atom of length D(G) — 1, and thus
WUV is also an atom of length D(G) — 1. But g;(—g;) | W™ 'UV, a contradiction.

After renumbering if necessary, we may suppose that
ord(g;) = min{ord(g),...,ord(g;)} and ord(g;) = min{ord(g;),...,ord(g;—1)}.

Suppose that [ = 2. By our assumption that ord(g;) > ord(g;), we obtain that

exp(G) = 1 <D(G) — 1 =k + ks = Ord;g Uy Ordég"‘) = ord(g,) - 2e1) — ord(g) > ord(s2)
<exp(G) — ord(s1) — ord(g>) < exp(G).

2

If D(G) = exp(G), then ord(g;) = exp(G), ord(g;) — ord(gz) = 2, and hence ord(g;) | 2,
which implies that ord(g,) = 2 and ord(g;) = 4 = D(G) = exp(G), a contradiction to
D(G) = 5. If D(G) = exp(G) + 1, then G = C, & Cy, for some n > 2.

Suppose that [ > 3. Then

D(G)—1:|U|:kl+...+kl:@+m+ord(g,)

2

ord(gz) e 0rd(§z-1)
<ord(gy) + - +ord(g._1) — (I - 2) < D(G).

< ord(g;) +
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Suppose that equality holds at the second inequality sign. Then

d d(g;-
o égZ) T w = ord(g)) + - - + ord(gi_1) — (I - 2).
Since ord(g;)/2 < ord(g;) — 1 foralli € [2,] — 1], it follows that then ord(g;) = 2 for all
i € [2,1—1]. Because of our assumption on the order of the elements, we infer that

ord(g;) = ord(g;) = 2, and hence G is an elementary 2-group.

ord(gy) +

Suppose that inequality holds at the second inequality sign. Then we have

ord(g>) I m =ord(g)) +---+ord(gi.)) - (I-2)-1.

ord(g;) + > 2

Since ord(g;)/2 < ord(g;) — 1 forall i € [2,] — 1], there exists an i € [2,] — 1], say i = 2,
such that ord(g;) =4 and ord(g;) =2 foralli e [3,/—1]. If [ =3, then G = C4 & C4
or G = C, ® Cy, but the first case is a contradiction to Lemma 3.3. If [ > 4, then
G= Clz‘2 ® Cy.

Case 2. There exists an i € [1,[] such that the sequence §; is zero-sum free, say i = 1.
We start with a list of assertions:

(Al) Let T, T’ € ¥(G) be distinct such that T | U, T’ | U, and o(T) = o(T’). Then
supp(T) Nsupp(T’) =0, TT’ = U and 20(T) = 0.

(A2) Let T,T’ € ¥(G) be distinct such that T | S, 7" | S1, and o(T) = o(T”). Then
supp(T) Nsupp(T’) =0, TT' =S and 20(T) = -2k, g;.

(A3) 2(U) =0G.

(A4) Ifie[1,[] with ord(g;) > 2, then ord(g;) > 2k;.

Proor or (A1). Obviously, T(-T") has sum zero and T(-T") | UV but T(-T") # UV.

So T(=T’) must be an atom of length D(G) — 1, which implies that supp(7) N
supp(T’) =0, TT' = U, and 20(T) = 0. o

Proor oF (A2). Obviously, T(—T"’) has sum zero, T(-T") | UV,and T(-T") # UV. So
T(—T’) must be an atom of length D(G) — 1, which implies that supp(7") N supp(7”) =
0, TT' =S, and 20(T) = =2k g;. O

Proor oF (A3). We will show that [Z(U)| = |G|. Clearly,

Z)={o(T) |1 #T e F(G), T | U}
=|{ge G |thereexist 1 # T with T | U and o(T) = g}|.

SinceUzglf -...-g;”,
WTeFG)|I1+#T,T|U}=U( +1)-...-(kh+1)-1.

By (A1), there are at most two distinct subsequences of U with given sum g € G.
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Therefore we obtain

(W) =Ho(T) |1 #T € F(G), T|U}Y
={TeFG)|1+T,T|U}
- % {T € F(G)| T | U and there is a divisor T’ of U
with T # T’ and o(T) = o/(T")}]
=ki+D)-...-(kk+1)-1

{T eFG) g tT.T= [| V. and ord(o(T)) = 2}‘
gesupp(T)

Next we study |2(S )|. Since S is zero-sum free of length |S ;| = D(G) — 1, it follows
that Z(S§1) = G \ {0}. Using (A2) for the second equality sign, we obtain that

IGl-1=ZS)DI=®( +1)-...-(kk+1)-1

{T € T(G) | T = (_gl)kl l_[ ng(U) and 20'(T) = —2k1gl}‘
gesupp(T)\{-g1}

A U
_ (HT eFG) g tTandT= [ g4 ord(o(T) = 2}’

gesupp(T)
+IT € F(G)IT = 1}|)
=[Z0) -1,
and hence X(U) = G. O

Proor oF (A4). Since S, is zero-sum free, it follows that ord(g;) > 2k;. Now let
i € [2,1] be given and assume to the contrary that ord(g;) < 2k;. Recall that ord(g;) >
Ve,(U) = k;. We set U = g¥U’. Then W’ = (=g;)* @)%/’ has sum zero and divides
UV. Thus W’ is an atom of length D(G) — 1 = |W’| = |U| and hence ord(g;) = 2k;.
Since (S 1) = G \ {0}, S| has a subsequence T such that o(T) = (k; + 1)g;. If g; + T,
then Tgf"_1 is a proper zero-sum subsequence of S, a contradiction. If g; | T, then
O'(gi_lT) =kig; = o-(gf"). By (A2), it follows that 0 = 2k;g; = Za-(gi‘lT) =-2k1g1 #0,
a contradiction. O

Now we distinguish two subcases.

Case 2.1. |{i € [1,1] | ord(g;) > 2}| > 3, say ord(g1) > 2, ord(gy) > 2 and ord(gsz) > 2.
We start with the following assertion:

(AS) there is a subsequence W of U with o(W) = g; — g2 such that W = géz W’ and
for any i | W’, ord(h) = 2.

Proor oF (A5). By (A3), there exists some W € ¥(G) such that W | U and o(W) =
g1 — & We claim that g; + W but ggz | W. Assume to the contrary that g; | W.
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Then O'(gIIW) =-g=0(g 'U). By (Al), this implies that 2g, = 0, a contradiction.
Assume to the contrary that géz t W. Then g,W | U and o(g, W) = g1 = 0(g1)- By (Al),
this implies that 2g; = 0, a contradiction. Thus W = g’f W’ with W’ | g? Ce gfl.

Leti € [3,]] such that g; | W’. We only need to show that ord(g;) = 2. Assume to the
contrary that ord(g;) > 2. We set X = Ug,-ggl, and then |X| = |U| = D(G) — 1. Suppose
that X has a zero-sum subsequence 7. Then gf."'“ | T and by (A4) we obtain that
ord(g;) > 2k;. Therefore, gi_k"T | U and gl._k"T * gl._kiU but O'(gi_k’T) =—kigi = O'(gi_k" V),
which implies that 2k;g; = 0 by (A1), a contradiction. Thus X is zero-sum free, and
|X| = D(G) — 1, which imply that £(X) = G \ {0}. Therefore, X has a subsequence T
such that o(T) = g| — g».-

Suppose that gf."'“ {T. Then T | U, and by definition of X we have g];z t T, which
implies that g,7 | U. Since o(g,T) = g = 0(g1), we obtain that 2g; = 0 by (Al), a
contradiction.

Suppose that ¢! | T. Then g;'T | U. Since o(g;'T) = g1 — g2 — gi = o(g;' W)
and g;'T # g;'W, we obtain that supp(g;'T) N supp(g;' W) =0and U = g;'T - g7'W
by (Al). Set T} = g;'T, then g];‘gf" | Ty and g5 £ T;. It follows that o(g; ' g2T1) = —g; =
o-(gl.‘1 U), which implies that 2g; = 0 by (A1), a contradiction. O

Repeating the argument of (AS), we can find another subsequence W; of U
with o(W;) = g» — g1 such that W, = g’]‘1 Wi, and for any h| Wy, ord(h) = 2. Set
Y = WWi (I pesuppwnsuppwr) A7) ™" then Y is a zero-sum subsequence of U. Since
ord(gs;) > 2, we have g3 ¥+ W and g3 ¥ Wy, which imply that g3 1 Y. It follows that Y is
a proper zero-sum subsequence of U, a contradiction.

Case 2.2. |{ie[1,1]]ord(g;) > 2} <2.

Since kig| + -+ + kg = o(U) = 0 and ord(k;g;) > 2, it follows that |{i € [1,]] |
ord(g;) > 2}| = 2, say, ord(g;) > 2 and ord(g;) > 2. Then (A4) implies that ord(g;) >
2k, and ord(g;) > 2kj.

Suppose that [ = 2. Then

ord(gy) — 1 N ord(gz) — 1

DG)-1=ki+k <
G) | +k < > >

<exp(G) -1

which implies that G is a cyclic group and k; = k,. Since any minimal zero-sum
sequence of length |G| — 1 over a cyclic group has the form gl®~2(2g) for some
generating element g € G, it follows that 1 = k; = k;, and hence |G| = 3, a contradiction
to D(G) > 5.

Suppose that [ > 3. Then exp(G) is even. We may assume that ord(g;) > ord(g»).
Since (g3, ..., &) is independent, we have r(G) > [ — 2. Therefore,

exp(G)+1-4<DG)-1=|U|=k +ky+1-2

< {OYd(gl) - 1J . {Ofd(gz) -1
2 2
<ord(g)) +!-3<exp(G)+1-3.

[#1-220) 2801

+[-2
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Since ord(g;) | exp(G), we have that ord(g;) = exp(G) is even. Thus 2| (ord(g;) — 1)/2]
= ord(g;) — 2, which implies that k; + k; = [(ord(g;) — 1)/2] + [(ord(gy) — 1)/2] =
2|(ord(g;) — 1)/2]. Then ord(g,) = ord(gz) = 2k; + 2 = 2k, + 2. Since o(U) = k1 g1 +
k2g2 +g83+---+ g = 0, we have 2k1g1 + Zkzgz =0, which 1mphes that 2g1 + 2g2 =0.
If ki = k, > 2, then g%g% is an atom and divides UV, a contradiction. Thus k; =k, =1,
and hence ord(g;) = ord(g;) =4. By (A3), there exists a subsequence W of U
such that (W) = 2g;. If gy | W, then g, t g;'W and o(g;'W) = g1 = o(g1), which
implies that 2g; = 0 by (Al), a contradiction. If g; ¥ W, then g; 1 U(giW)~! and
o(U(gi1W)™") = g = 0(g1), which implies that 2g; = 0 by (A1), a contradiction. O

4. Proof of the main results

In this final section we provide the proofs of all results presented in the Introduction
(Theorem 1.1 and Corollaries 1.2 and 1.3).

Proor oF THEOREM 1.1 AND oF CororLARY 1.2. Let H be a Krull monoid with finite
class group G such that |G| > 3 and each class contains a prime divisor. Recall that the
monoid of zero-sum sequences B(G) is a Krull monoid with class group isomorphic
to G and each class contains a prime divisor. By Proposition 2.1, 7(H) = (G) and
C(H) = ¢(G). Thus it is sufficient to prove Theorem 1.1 for the Krull monoid B(G).

Let O be a holomorphy ring in a global field K, and R a classical maximal
O-order in a central simple algebra A over K such that every stably free left R-ideal is
free. Then the monoid R*® is a noncommutative Krull monoid [16], and all invariants
under consideration of R® coincide with the respective invariants of a commutative
Krull monoid whose class group is isomorphic to a ray class group of O. These
(highly nontrivial) transfer results are established in [4, 32], and are summarized in
[4, Theorems 7.6 and 7.12]. Therefore, for both Theorem 1.1 and Corollary 1.2,
it is sufficient to prove the equivalence of the statements for a monoid of zero-sum
sequences.

Let G be a finite abelian group with |G| > 3, and recall the inequalities

(G) £ ¢(G) < D(G).

(c) implies (a). Suppose that G is isomorphic either to C;_l @ C4 for some r > 2
or to C, & Cy, for some n > 2. Then Theorem A (in the Introduction) shows that
¢(G) < D(G) - 1. Since D(C;‘1 @®Cy)=r+3and D(C2,®Cy,) =2n+ 1, Lemma 3.1(2)
implies that ¢(G) > (G) = D(G) — 1.

(a) implies (b). Suppose that ¢(G) = D(G) — 1. By Theorem A, G is neither cyclic
nor an elementary 2-group, which implies that D(G) > 5. By Lemma 3.1(1),

D(G)-1=¢c(G) < max{l_%D(G) + 11,7(G)} < D(G).

Thus, if 7(G) < D(G) — 1, then I_%D(G) + 1] > D(G) — 1, which implies that D(G) < 4,
a contradiction.

(b) implies (c). Suppose that 7(G) = D(G) — 1. Again by Theorem A, G is
neither cyclic nor an elementary 2-group, which implies that D(G) > 5. Then there
exist U, V € A(G) such that min(L(UV) \ {2}) = D(G) — 1. Obviously, there are the
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following four cases (up to symmetry):

L(UV) ={2,D(G) - 1,D(G)};

LUV) =1{2,D(G) — 1} and |U| = |V| = D(G);
L(UV)={2,D(G) — 1} and |U| - 1 = |V| = D(G);
L(UV)={2,D(G) — 1} and |U| = |V| = D(G) — 1.

These cases are handled in Propositions 3.5-3.8, and they imply that G is isomorphic

either to Cg_l @ C4 for some r > 2 or to C, & C»,, for some n > 2. O
Proor oF CoroLLarY 1.3. Let G and G’ be abelian groups such that £(G) = L(G’).
Then

T(G) = sup{min(L \ {2}) | 2 € L € £L(G)} = UG").

If G is finite, then 7(G) < ¢(G) < D(G) < 0. If G is infinite, then, by Kainrath’s
theorem (see [23] or [19, Section 7.3]), every finite set L C N, lies in £(G), which
implies that 7(G) = co.

For k € N, we define the refined elasticities

pi(G) =sup{sup L | k€ L € L(G)},

and observe that pi(G) = pr(G”). This implies that kD(G) = p(G) = p2(G’) = kD(G")
(see [19, Section 6.3]) for each k € N, and hence D(G) = D(G").

Now suppose that G' € {C;_1 ® Cy4,Cp & Cy,} where r,n > 2. Then Theorem 1.1
implies that 7(G’) = D(G’) — 1. Since L(G) = L(G"), it follows that G is finite and that

(G) =G =D(G) -1 =D(G) -1,

whence Theorem 1.1 implies that G € {CS_1 ® Cy,Cy ® Cy,} with n,r > 2. Suppose
now that n, » > 3. Clearly, condition (b) in Proposition 3.5 is equivalent to

(") {2,D(G) - 1,D(G)} € L(G).

Thus Proposition 3.5 implies in particular that £(C, @ Cy,) # L(CE’1 @ Cy), and thus
the assertion of Corollary 1.3 follows. O
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