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1. Introduction. For any positive integers n and v let

< f | n

where d runs through all the positive divisors of n. For each positive integer k and real x > 1,
denote by N(v, k; x) the number of positive integers n ^ x for which <rv(n) is not divisible by fc.
Then Watson [6] has shown that, when v is odd,

N(v,k;x) =

as x -»co; it is assumed here and throughout that v and k are fixed and independent of x. It
follows, in particular, that CTV(/J) is almost always divisible by k. A brief account of the ideas
used by Watson will be found in § 10.6 of Hardy's bookf on Ramanujan [2].

Watson obtained his estimate for N(v, k; x) by showing that it is majorized by the partial
sum B(x) of a Dirichlet series $(s) for which

where C is a certain constant. The purpose of the present paper is to show that, when k is an
odd prime, it is possible to improve on (1) by replacing it by an asymptotic equation of the type
(2); in the proof, the auxiliary function $(s) is replaced by a Dirichlet series that is more closely
connected with N(v, k; x). More precisely, we prove

THEOREM 1. Let q be an odd prime and write

Then, as x -* co,

Ax
N(v,q; x) ~ -—'— (h even), (4)

(\ogxylh

and
N(v,q;x)~Bx (h odd). (5)

The constants A and B depend only on v and q and are evaluated in § 2.
Note that, in particular, h is even when v is odd and h is odd when v = q-1.
Some results for a composite modulus k are given in § 4.

t In (10.6.3) the exponent 1 - K should be replaced by K.
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2. The associated Dirichlet series. We define the arithmetical function a(n) (n ^ 1) by

a(«) = 0 if q\aXn), a{n) = 1 if qfoj(n)-

Since oy(mri) = crv(m)CTv(n), when (m, «) = 1, it follows that

a(mn) = a(m)a(n).

Further, since, for any prime p and positive integer m,

it is clear that a(pm) = 0 if either

pv = 1 (mod q) and m + 1 = 0 (mod <?), (6)

or

pv £ 1 (mod q) and pv ( m + 1 J = 1 (mod q). ( )

If neither (6) nor (7) holds, then a(pm) = 1; in particular, a(qm) = 1.

If P ¥= q and g is a primitive root modulo q, we put

p = gCp (mod g), where 0 ^ cp < q -1,

and define the integer \ip by

fip = q when /i | cp, and np = hl(h,cp) when /i^c,,. (8)

Here /i is defined by (3). It follows that fip is the order of p" modulo q, except when
p" = 1 (mod ^), in which case np = q. Conditions (6) and (7) can then be combined into the
single congruence

p). (9)

With the function a(n) we associate the Dirichlet series

/(s)= £ a(n)n-\ (10)
n = l

which is clearly holomorphic in the half plane a = Re s > 1. Also, for a > 1,

/(*)=n£
p m = 0

^ " / l l l Z j " P LjP r

<">
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From (8) it is clear that, when h is odd, /ip cannot be even, so that \ip k 3, and we have

THEOREM 2. If h is odd,f(s) is holomorphic for o > \, with the exception of a simple pole at
s = 1 of residue

From Theorem 2 the asymptotic equation (5) follows by the Wiener-Ikehara theorem,
since a(n) ^ 0 for all n ^ 1.

If h is even, \ip — 2 whenever cp is an odd multiple of ih and further analysis is required.
Let x(") be the Dirichlet character modulo q that is defined by

X(n) = e(a/fe) for n=g" (mod q),

where e(z) denotes exp (2n/z). Also write

F(s) = n W«, /)IL(s, X
2% (12)

where L(s, / ) is the Dirichlet L-series associated with the character T.
Let p be a prime not equal to q for which h )( cp, so that \ip = h/(h, cp). It follows that

(CP> ih) = \{cp, h) or (cp, h)

according as //p is odd or even, and so
ft n

r = l r = l

= r ^ (AIP odd),

Hence

/ip even

and so, by (11),

}1 /VW, (14)

where ij/(s) is holomorphic for a > $ and bounded for a ^ |+<5 (5 > 0). For i/f(s) can be
expressed as an infinite product of powers of factors l — p~"s in which jt ^ 2.

To deduce (4) from this we need some further information about Dirichlet series and
L-functions, which we state in the following two lemmas.

LEMMA 1. Suppose that the function g(s) defined by the Dirichlet series

g(s) = f Kn-° (15)
n = l

has the following four properties:

( i ) \ ^ 0 for n ^ 1.
(ii) T/ie series (15) defines g(s) as a holomorphic function in the half-plane a > 1.
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where G(s) is holomorphic in the domain R(a, /?) defined by

Here t =

(iv)

= Im s and a

In R(a, P),

>o, P

a

a

> 0 .

> 1 -

> 1 -

G(s)

(log I t \f

a

(log 3)"

= 0{(k>g(l
All

t\ + W

3),

3).

for some y > 0, as | f | -» oo.
T/ien, as x -• oo,

v u C(l)x

The proof of the lemma is omitted. All that is necessary for the proof is contained in
Watson [6], Hilfssatze 7 and 8; or see [3] or [2, pp. 62, 168].

LEMMA 2. If X{n) is not the principal character modulo q, then there exist positive constants
a> P> 7i> V2> Cj» C2 such that, for all s in the region R(a, /?) of Lemma 1,

C.flogfl t | + 3)}-J 1 ^ | L(s, X) | ^ C2{log(| f | + 3)}«.

This is proved for | /1 ^ 3 in Landau's Handbuch [4, pp. 462-467] with p = 7, yt = 5,
y2 = 1; the constants a, C p C, can then be chosen to make the result valid also for | 11 ^ 3.

If we apply Lemma 2 to the L-series in (12) that are not associated with the principal
character and use (14), we deduce that/(s) satisfies the conditions imposed on g(s) in Lemma 1
for certain positive constants a, P and y. For the contribution of those L-series associated with
the principal character modulo q to the right-hand side of (12) is

It follows that (4) holds with

A = C ( 1 ) . (16)

Now, by (11), (13) and (14),

and, by (12) and (14),

tii(n ( h ) '

im C(s)F(s)}1/(1 = y % 1 / J El m . Xr)/ [I L2(L X2P)[- (18)
1 ( 1 9 J l l / r=l J
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From (16), (17) and (18) the constant A in (4) can be calculated. For example, if q = 5 and v
is odd,

n n

p = l (mod 5) 1 — p 5 p = 2 , 3 ( m o d 5) 1 — p 4 \ 1 —
n (

p = 4(mod5)

where L2, Lz and L4 are the values at s = 1 of the Dirichlet L-series associated with the
characters

( l , i , - / , - 1 ) , ( 1 , - I , I , - 1 ) and ( 1 , - 1 , - 1 , 1 ) .

This completes the proof of Theorem 1.

3. Ramanujan's function r(n). From (1) and the fact that

T(n) = (Tu(n)(mod691)

Watson [6] deduced that (as Ramanujan conjectured) z(ri) is divisible by 691 for almost all n.
See also [5] and [1] for similar results to other moduli. In his paper, Watson quotes a state-
ment of Ramanujan in an unpublished manuscript that, on the other hand, for n :g 5000, T(«)
is only divisible by 691 if n = 1381. This can be established by means of the criterion (9) and
one can show further than the only values of n less than 10,000 for which 691 divides r(w) are
the primes

n=1381, 5527 and 8291.

The first such composite values of n, of the form p\ are (4583)2 and (89)4.

4. Composite moduli. The problem of obtaining a sharper estimate than (1) for N(y, A:; x),
when k is composite, remains to be considered. It does not seem to have been observed
previously that the order of magnitude of the term on the right of (1) can be reduced in certain
cases.

Suppose that

— Q l 0.2 • • • 1 m '

where qit q2, ...,qm are different primes and ru r2,..., rm are positive integers. Write

X = m a x <t>(qriJ).

Since q)J \ CTV(M) for; = 1, 2 , . . . , m, if k | av(n), it follows that

JV(v,fc;x)£ t N(v,q'/;x). (19)

If we apply (1) to each term on the right of (19), we obtain

(20)

when v is odd. This is an improvement on (1) in all cases except when k is a power of a prime
or twice such a power; for, except in these cases, X < (j>(k).
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If k is odd and squarefree, we can, in some cases, obtain an asymptotic equation. We
suppose that

is even for each j ^ m and that it takes its maximum value for exactly one value ofy, so that, by
renumbering the prime factors qj if necessary, we may suppose that ht > hj for j > 1. This
occurs, in particular, when v is prime to <f>(k). Then, since ql \ av(n) if k | <rv(n),

N(v, $, ; x) £ JV(v, k ; x). (21)

It follows from (19), (21) and (3) that

(22)JV(v,fc;s)~
(log x)1'1"

where Ax is the constant associated with v and the prime qv

Note also that, when k = 2,/(s) = (l + 2"0C(2s), so that

JV(v,2;x)<v(l + 2-*)x*.

The problem of improving (1) in other cases, such as when k = qm (q prime, m ^ 2),
remains open.
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