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Abstract

In this paper we clarify and improve the notion of weak braided bialgebra using weak entwining
structures. As a main result we show that the notion of weak braided bialgebra can be rewritten in
terms of weak entwining structures.
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1. Introduction

Weak braided bialgebras and weak braided Hopf algebras were defined by us in [1]
as a generalization to the braided setting of the notions of weak bialgebra and weak
Hopf algebra introduced by Bohm et al. [4]. The definition of these weak braided
structures was inspired by the work of Takeuchi [11] and motivated by the study and
characterization of weak Hopf algebra projections that we finished in [1] where, for a
weak Hopf algebra H with invertible antipode, we obtain a one-to-one correspondence
between Hopf algebras in the category of left—left Yetter—Drinfeld modules over H
and pairs of morphisms of weak Hopf algebras f: H — B, g: B — H such that
g o f =1idg. In order to establish this result, which generalizes the classical theorems
proved by Radford [10] and Majid [8] to the weak setting, we had defined previously
the notion of weak Yang—Baxter operators and had showed that it is possible to
construct examples of these weak operators working with the category of Yetter—
Drinfeld modules over a weak Hopf algebra with invertible antipode.

Roughly speaking, a weak braided bialgebra D in a strict monoidal category is
an algebra—coalgebra with a weak Yang—Baxter operator tpp: D® D - D ® D,
satisfying some compatibility conditions.  This definition generalizes the one
introduced by Takeuchi in [11], that is, the definition of braided bialgebra, and
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the classical notion of bialgebra in a braided or symmetric category. Moreover, as
particular instances, we recover the definition of weak bialgebra and, if the weak
Yang—Baxter operator is the braiding of a braided category, we formulate the new
notion of weak bialgebra in a braided monoidal setting.

The aim of this paper is to improve the definition of weak braided bialgebra
introduced in [1] and discuss how working with these algebraic objects it is possible to
obtain examples of weak entwining structures (see [5] for the definition). Moreover,
we prove that weak entwining structures provide a good characterization of weak
braided bialgebras; that is, in the final theorem of this paper we prove that the definition
of weak braided bialgebra can be stated in terms of weak entwining structures.

2. Relations between weak braided Hopf algebras and entwining structures

We assume that the reader is familiar with the machinery of monoidal categories.
Throughout the paper we work in a strict monoidal category (C, ®, K) where every
idempotent splits; that is, for every morphism ¢ : Y — Y such that ¢ = ¢q o g, then
there exist an object Z and morphisms i :Z — Y and p : Y — Z satisfyingg =i o p
and p oi =idz where idz denotes the identity morphism in Z. For simplicity of
notation, given objects M, N, P in C and a morphism f : M — N, we write P ® f
foridp ® f and f ® P for f ® idp.

An algebra in C is a triple A = (A, na, na) where A is an object in C and
na: K — A (unit), ug : A® A — A (product) are morphisms in C such that py4 o
(A®na) =ida =paoma ® A), uao (A® pa) =pao (s ® A). Acoalgebrain
C is a triple D = (D, ep, 6p) where D is an object in C and €p : D — K (counit),
dp : D — D ® D (coproduct) are morphisms in C such that (¢p ® D) o 6p =idp =
(D®ep)odp, (6p @ D)odp=(D®Ip)oidp.

If A is an algebra, B is a coalgebraand o : B — A, 8 : B — A are morphisms, we
define the convolution product by o A f =4 o (@ ® B) 0 p.

Let DeCandlettp p: D® D — D ® D be a morphism in C. We will say that
tp,p satisfies the Yang—Baxter equation if

(tp,p®D)o(D®tp,p)o(tpp@D)=(DQtpp)o(tpp® D)o (DQtpp).

The notion of weak Yang-Baxter operator is a generalization of the classical
definition of Yang-Baxter operator and was introduced by the authors in [1]. The
definition is the following.

DEFINITION 2.1. Let D € C. A weak Yang—Baxter operator is a morphism #p p :
D ® D — D ® D in C satisfying the following conditions.
(al) The morphism tp p satisfies the Yang—Baxter equation.
(a2) There exists an idempotent morphism Vpgp : D ® D — D & D such that:
(a2-1) (Vpgp @ D) o (D @ Vpep) = (D ® Vpgp) o (Vpegp ® D);
(a2-2) (Vpgp ® D) o (D @ tp,p) = (D ®1tp,p) o (Vpgp ® D);
(a2-3) (tp,p ® D) o (D ® Vpgp) = (D ® Vpgp) o (tp,p ® D);
(a2-4) tp,p o Vpep = Vpgp © tp,p =1p,D.
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(a3) There exists a morphism tb p:D®D— D® D such that:
(a3-1) t;)’ p satisfies the Yang-Baxter equation;
(a3-2) the morphism pp potp poip,p:D x D— D x D is an isomorphism
with inverse pp potp poipp:D xD— D x D, where pp p and
ip,p are the morphisms such that ip popp p=Vpgp and pp p o
ip,p =idpxp being D x D the image of Vpgp;
(a3-3) t/D,D o vD@D = VD®D o t/D,D = tb,D‘

Note that if Vpgp =idpgp the morphism 7p p is an isomorphism and we have the
usual definition of Yang—Baxter operator in the sense of Joyal and Street [6]. Also, as
a direct consequence of this definition, the idempotent morphism Vpgp satisfies the
Yang—Baxter equation and we have that tp p is a weak Yang—Baxter operator if and
only if tb’ D is a weak Yang—Baxter operator. Also, by [1, Proposition 1.3], we have

tb,D ofp,p=1Ippo° tb,D = VpeD-
Now we recall the definition of weak braided bialgebra introduced in [1].

DEFINITION 2.2. A weak braided bialgebra D is an object in C with an algebra
structure (D, np, up) and a coalgebra structure (D, ep, ép) such that there exists
a weak Yang-Baxter operator tp p: D ® D — D ® D with associated idempotent
Vpep satisfying the following conditions.

(bl) We have:
(b1-1) up o Vpep = Up;
(b1-2) Vpgp o (up @ D) = (up ® D) o (D ® Vpgp):
(b1-3) Vpgp o (D ® up) = (D ® up) o (Vpgp ® D).
(b2) We have:
(b2—1) VD@D (e} SD = SD;
(b2-2) (6p ® D) o Vpgp = (D & Vpgp) o (p ® D);
(b2-3) (D ® dp) o Vpgp = (Vpgp ® D) o (D ® ép).
(b3) The morphisms np, ip, ¢p and §p commute with tp p, that is:
(b3-1) tp,p o (np ® D) = Vpgp o (D & np);
(b3-2) tp,p o (D ® np) = Vpgp o (np ® D);
(b3-3) tppo(up @ D) =(D® up) o (tp,p ® D)o (D ®tp p);
(b3-4) tp.po (DR up) =(up @ D)o (D®tp p)o(tp,p @ D);
(b3-5) (sp @ D) otp p=(D ®ep) o Vpep;
(b3-6) (D ®ep)otp,p=(¢p ® D)o Vpgp;
(b3-7) Bp® D)otpp=(D®tp.p)o(tp.p ® D)o (D RJp);
(b3-8) (D®dp)otp,p=(tp,p ® D)o (D ®tpp)o(ép ® D).
(b4) Spoup=up@up)o(Dtpp® D)o (5p ®p).
(bS) epoupo(up ® D)= ((epoup)® (epoup))o(D3p & D)
= ((epoup) ® (ep o up)) o (D & (t, p, 0 8p) ® D).
(b6) p® D)odponp=(DQup & D)o ((6ponp)® (ponp))
=(D® (upotp p)®D)o((6p onp) ® (3p ©np)).
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The weak braided bialgebra D is called a weak braided Hopf algebra in C when we
have the following property.
(b7) There exists a morphism Ap : D — D in C (called the antipode of D) satisfying:
(b7-1) idp Adp =((ep o up) ® D) o (D ®tp,p) o ((§p o np) ® D);
(b7-2) Ap ANidp = (D ® (¢p o up)) o (tp,p ® D) o (D ® (8p o np));
(b7—3) Ap Aldp A Ap = Ap.

Note that, if D is a weak braided bialgebra, we have the equalities (b3-1)-(b3-8)
replacing tp p for tb,D (see [2, equalities (13) to (14)]).

As an example, if C is symmetric and tp p =cp,p = tb, p (thatis, the weak Yang—
Baxter operator is the braiding of the symmetric category C) then Vpgp =idpgp and
the last definition is the usual definition of weak bialgebra (see [4]).

When C is braided with braiding ¢ and tp p =cp.p. tb’D = CL_)}D, we have
Vpep =1dpgp and D is called a weak bialgebra in the braided category C. In
this setting the definition can be simplified in the following way. A weak bialgebra
in a braided category C with braiding ¢ is an object in C with an algebra structure
(D, np, up) and a coalgebra structure (D, ep, §p) satisfying:

(cl) dpoup=(up®up)o(D®cp,p®D)o(5p ®3p);

(c2) epoupo(up ® D)= ((epoup)®(¢poup))o(D®p ® D)
= ((ep o D) ® (¢p o up)) 0 (D ® (¢ 0 8p) ® D)

(c3) Gp®D)oéponp=(D@up®D)o((dponp)® (6ponp))
=(D® (upocp p) ® D)o ((8ponp) ® (8p ©np)).

The weak bialgebra D in C is called a weak Hopf algebra in the braided category C
when we have the following property.

(c4) There exists a morphism Ap : D — D in C (called the antipode of D) satisfying:
(c4-1) idp Arp = ((¢p o up) @ D) o (D Q@ cp,p) o ((6p o np) ® D);
(c4-2) Ap Nidp =(D ® (eép o up)) o (cp,p ® D) o (D & (8p o 1p));
(c4-3) Ap A idp AAp =Ap.

Bialgebras in braided categories, in the sense of Majid [7], and classical bialgebras
are examples of weak braided bialgebras in this setting. Also, braided bialgebras, in
the sense of Takeuchi [11], are examples of weak braided bialgebras. Finally, recall
that the notion of weak Hopf algebra in a braided category was recently called weak
Hopf monoid by Pastro and Street (see [9]). In this last reference we can see that
it is possible to obtain examples of weak braided Hopf algebras and weak braided
bialgebras working with separable Frobenius algebras in a braided monoidal category.

Definition 2.2 can be improved using the following result.

LEMMA 2.3. Let D be an object in C with an algebra structure (D, np, up) and a
coalgebra structure (D, €p, 8p) such that there exists a weak Yang—Baxter operator
tp.p:D® D — D ® D with associated idempotent Vpgp.

(1) If the equalities (b1-1) and (b3-3) of Definition 2.2 hold then (b3-1) holds.

(2) If the equalities (b1-1) and (b3-4) of Definition 2.2 hold then (b3-2) holds.
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(3) If the equalities (b2-1) and (b3-7) of Definition 2.2 hold then (b3-5) holds.
(4) If the equalities (b2-1) and (b3-8) of Definition 2.2 hold then (b3-6) holds.

PROOF. We prove assertion (1). The proofs for the assertions (2), (3) and (4) are
similar and we leave the details to the reader.
Composing with D ® tb p in (b3-3) and using (a2-3) and (b1-1) we have

tp.po (up ® D) o (D 1y, p)
=(D ® up)o(tp,p ® D) o (D ® Vpgp)
= (D ® (up o Vpgp)) o (tp,p ® D)
=(DQ®up)o(tp,p ® D).

Finally, composing with np ® D & np in the last equalities we obtain (b3-1). O

Hence (b3-1), (b3-2), (b3-5) and (b3-6) can be removed in Definition 2.2. The
preceding Lemma 2.3 implies also that in the definition of braided Hopf algebra
(braided bialgebra) introduced by Takeuchi in [11] (see Definition 5.1), there exists
superfluous conditions, that is, the commuting relations for the unit, the counit and the
Yang-Baxter operator.

DEFINITION 2.4. A right-right weak entwining structure in C is a triple (A, C, ¥rRr)
where A is an algebra, C is a coalgebra and Y rp:C ® A - A ® C is a morphism
satisfying the following conditions, in which egrr : C — A is the morphism defined
by err = (A®éc) o Yrr o (C ® na):

(d1) Yrro(C®ua)=(ua®C)o(A®Yrr)o (Yrr ® A);

(d2) Yrr o (C ®na) = (err ® C) 0 dc;

(d3) (A®dc)oYyrr=(Yrr®C)o(CQYRRr)o (5c ® A);

(d4) (A®éec)oYrr = Ao (err ® A).

For a right-right weak entwining structure, by Arr we denote the idempotent
morphism

ARr=a®C)o(AQYrr)o(A®CR®N4):ARC - ARC.

Similarly one can define a left-left weak entwining structure (A, C, 1) for an
algebra A, a coalgebra C and a morphism ¢¥7;, : A ® C — C ® A, that verifies similar
equalities to the previous ones. Here e;; = (ec ® A) oY o (N4 ® C) and by Ay
we denote the idempotent morphism

Arp=CQOua)oWrL®A)oMa®CRA):CRA—-CQRA.

If (A, C, ¥rR) is a right-right entwining structure and egg = £¢c ® n4 We recover
the notion of right-right entwining structure or, equivalently, — ®@ Ygr: — Q C ®
A — — ® A ® C is a mixed distributive law (see [3]) between the monad — ® A and
the comonad — ® C.
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THEOREM 2.5. Let D be an algebra—coalgebrainC. Lettp p: D ® D — D ® D be
a morphism in C. The following assertions are equivalent.

(1) The following all hold.
(1-1) The triple (D, D, Yrr = tp,p) is a right—right weak entwining structure.
(1-2) The triple (D, D, ¥ = tp p) is a left-left weak entwining structure.
(1-3) The morphisms Agrg and Ay are equal.
(1-4) The morphisms egg and ey are equal.
(1-5) The morphisms egg and ey, satisfy erg Nidp =idp A er; =idp.

(2)  There exists a unique idempotent morphism Vpgp : D @ D — D ® D such that
the triple (D, tp p, Vpgp) satisfies the identities (b1) to (b3) of Definition 2.2.

REMARK 2.6. Note that in this theorem it is impossible to remove conditions (b3-1),
(b3-2), (b3-5) and (b3-6) because ¢p p is only a morphism and not a weak Yang—
Baxter operator.

PROOF. First we prove that (1) implies (2). Put Vpgp = Agg. Using the fact
that (D, D, tp p) is a right-right and a left-left weak entwining structure we obtain
(b3-3), (b3-4), (b3-7) and (b3-8). Also, we have (b3-1) because

Vpgp o (np ® D) = Aggr o (np ® D) =1tp po (D ®np).
The equality (b3-2) follows from
Vpep o (D ®np) =Agrro(D®np)=ArLo(D®np)=tppo(p®D),
where we used that Agr = AprL.
As a consequence of the identity egg = ey we obtain that
Vpep = Arr = ((up o (D ® egr)) ® D) o (D ® dp)
=((upo(D®eLr)) ® D)o (D ®p)
=({((ep®D)otpp)®D)o(DR®p),

and, composing with D ® ¢p, we have (D ® ¢p) o Vpgp = (¢p ® D) o tp p; thatis,
(b3-5) holds. In a similar way,

Vpep=ArL =D (((D®ep)otpp))o(ép ®D)

and then composing with ep ® D we have (b3-6).
On the other hand, using the identity idp A egg = idp and the associativity of up,
we obtain (b1-1) because

wpoVpep = upo ((uwpo (D ®egrr)) ® D)o (D Qp)
=upo(D® (err Nidp)) = up.

Also, by the associativity of up and (1-3) we have (b1-2) and (b1-3). Finally the
proofs for (b2-1), (b2-2) and (b2-3) are similar and the idempotent morphism Vpgp
is the unique one such that (D, tp p, Vpgp) satisfies the identities (b1) to (b3) of
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Definition 2.2, because if 2: D ® D — D ® D is another idempotent satisfying these
conditions, using (b1-2) and (b3-2) we obtain

Q=Qo((upo(D®np)) ® D)= (up @ D)o (DX (20 (np ® D)))
=(up®D)o (D (tp,p o (D®np))) =Arr=VpeD-

Conversely, suppose that there exists an unique idempotent morphism Vpgp :
D ® D — D ® D such that the triple (D, tp p, Vpgp) satisfies the identities (bl)
to (b3) of Definition 2.2. Firstly we show (1-3). Note that by (b1-2) and (b3-2) we
have

Vpep = Vpgp o ((up o (D @ np)) ® D)
= (up ® D) o (D ® (Vpgp o (np ® D)))
=(up®D)o (DR (tp,p o (D ®np))) = ARr.

On the other hand, by (b1-3), (b3-1) and using a similar computations we obtain
Vpep = Arr. Note that if we work with the identities (b2-2), (b3-6), (b2-3) and
(b3-5) we prove that

(DR®((D®ep)otpp))o(dp®D)
= Vpep =(((sp @ D) otp p) ® D) o (D @ ép).
By (b3-2) and (b3-5) we have
erRr=(D®ep)otppo(DR®np)=(D®ep)oVpgpo (np D)
=(D®ep)otppo(Mp®D)=err.

Also, by (b3-3), (b3-4), (b3-7) and (b3-8) we have the first and the third axioms of
the definitions of right-right and left-left entwining structure for (D, D, tp p).
Moreover,

upo(err ® D) =ppo(er, @ D)= (ep @ up) o ((tp,p o (np ® D)) ® D)
=(p®D)o AL =(p®D)oVpgp=(DQ®ep)otpp
and
(err® D)o ép =(err ® D)odp=Arr 0o(np ® D)
=Agro(Mp ® D)=1tp po(Dnp).
Also,
upo(D®err)=(€ep®D)otpp, (D®err)odp=tppomp D).

Therefore (D, D, tp p) is a right-right and a left-left weak entwining structure.
Finally, by (b2-1) we have

err Nidp =epp Nidp =(ep ® up) o (tp,p ® D) o (np ® p)
=(ep®D)oVpgpodp=(sp ® D) odp =idp,
and by (b1-1) we prove the equality idp A egr =idp. O
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DEFINITION 2.7. A right-left weak entwining structure on C, consists of a triple
(A, C, YrL), where A is an algebra, C a coalgebra, and g1 :AQC > AR C a
morphism such that there exist morphisms T4 c :A®C - C® A,0c,4:CRA—
ARC,rcc:CR®C—-C®Candscc:CQ®C — CQ® C satisfying the following
relations, in which egy : C — A is the morphism defined by eg;, = (A ® e¢) o YrL ©
(na ® C):
(el) (ua®C)o(AR®oac,a)o (YrL ® A)o(A® (Ta,c 0o VYRL))

=vYRre o (na ® C);
©2) (YrL®C)o(A®sc,c)o(Yre ® C)o(A® (rc,codc))

=(A®34c) o YRrL;
(€3) YrLo(Ma®C)=(erL ®C)odc;
(e4) (AQ®ec)oYrrL =nao(A®eRL).

In a similar way a left-right weak entwining structure consists of a triple
(A, C, ¥rr), where A is an algebra, C a coalgebra, and Yy p :CRA—>C® A a
morphism such that there exist morphisms 74 c ! AQC > CQ® A, 0c4:CRA—
ARC, 1A A AQA—> AR Aandss 4: AR®A— AQ® A, satistying the following
relations, in which ey g : C — A is the morphism defined by ez r = (¢ ® A) o YLg ©
(C ®na):

(f1) (C® (raoraa)o(WLr®A)o(C®saa)o (VLr®A)
=vYLr o (C ® pa);

(f2) (C® (WLroTA,C)) o (YLR® C)o(C ®oc,a)o (8¢ ®A)
=(0c ® A) o Yg;

(f3) YLro (C®na)=(C®eLr)odc;

(f4) (ec ®A)oYLr=mao(eLr ® A).

PROPOSITION 2.8. Let D be a weak braided bialgebra in C with weak Yang—Baxter

operator tp p and associated idempotent Vpgp. Then it follows that:

(1) (D,D,Yy1=D@up)o(tp,p®D)o(D®p)) is a right-right weak en-
twining structure;

2) (D,D,Y2=(up®D)o(D®tpp)o(dp® D)) is aleft—left weak entwining
Structure;

B3) (D,D,Yy3=(DQ®up)o (Bp @ D)) is a right-left weak entwining structure
where TD,D =T"D,D = tb,D and Op,D =SD,D =1ID,D;

@) (D,D,Ys=(up® D)o (DQ®p)) is a left—right weak entwining structure

where TD,D =TD,D =l‘/D DandGD,D =Sp,p =1ID,D-

PROOF. The assertion (1) was proved in [2, Proposition 3.2]. The proof for the other
claims are similar and the detailed verification of (2), (3) and (4) is an exercise that we
leave to the reader. O

REMARK 2.9. For the entwining structures defined in Proposition 2.8 we denote by
e1, €2, e3 and e4 the morphisms
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el=MD®ep)oY1o(D®np), erx=(ep®@D)oyro(np D),
e3=(D®ep)oYzonmp D), es=(ep@D)oso(D®np).

Note thatey = T1K e; = 15, e3 = ﬁé and eq = ﬁg, where X T1L, ﬁIL) and ﬁg
are the morphisms defined in Propositions 2.3, 2.4, 2.5 and 2.6 respectively of [2]. In
these results we assume that D is an algebra—coalgebra and tp p is a weak Yang—
Baxter operator with associated idempotent satisfying (b1), (b2), (b3) and (b4) of
Definition 2.2. Then, under these conditions we have the following results.

(1) The following assertions are equivalent [2, Proposition 2.3].
(1-1) The equality epoupo(up ® D)= ((epoup)® (epoup))o(D®
(tp p ©8p) ® D) holds.
(1-2) The equality up o (D ® e2) = (¢p ® D) o ¥ holds.
(1-3) The equality up o (e;1 ® D) = (D ® ep) o Y1 holds.
(2) The following assertions are equivalent [2, Proposition 2.4].
(2-1) The equality epopupo(up ® D)= ((epoup)® (epoup))o(D®
6p ® D) holds.
(2-2) The equality up o (D ® e3) = (D ® ep) o Y3 holds.
(2-3) The equality up o (e4 ® D) = (ep ® D) o Y4 holds.
(3) The following assertions are equivalent [2, Proposition 2.5].
(3-1) The equality (6p ® D) oép onp = (D ® (up o I/D,D) ® D)o ((6p onp)
® (8p o np)) holds.
(3-2) The equality (D ® e2) o 8p = 2 o (np ® D) holds.
(3-3) The equality (e; ® D) o 5p = ¥1 o (D ® np) holds.
(4) The following assertions are equivalent [2, Proposition 2.6].
(4-1) The equality (6p ® D) odponp =(D ® up ® D) o (6p onp) ® (3p o
np)) holds.
(4-2) The equality (e3 ® D) o 5p = Y3 o (np ® D) holds.
(4-3) The equality (D ® e4) 0 8p = ¥4 o (np ® D) holds.

From Theorem 2.5, Proposition 2.8 and Remark 2.9 we conclude the main theorem
of this paper. Note that Theorem 2.10 implies that the condition dp o up = (Up ®
up)o(D®tp.p® D)o (8p ®3p) assumed by Caenepeel and De Groot in [5,
Theorem 4.7] is superfluous (in [5], C = k-Mod is the category of modules over a
commutative ring k and ¢p p is the natural isomorphism of symmetry). Also, note that
the conditions of the following theorem in the case C = k-Mod are trivial because tp p
is the natural isomorphism of symmetry.

THEOREM 2.10. Let D be an algebra—coalgebra in C. Let tp p be a weak Yang—

Baxter operator with associated idempotent V pgp such that (D, D, tp p) is a right—

right and a left—left weak entwining structure, Vpgp = Agrr = AL, eRr = €L, and

err ANidp =1idp A eggr = idp. The following assertions are equivalent:

(1) D is a weak braided bialgebra;

() (D, D, ) is a right—right weak entwining structure and (D, D, {3) is a right—
left weak entwining structure;
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(3) (D, D, yn) is a left-left weak entwining structure and (D, D, y4) is a left-right
weak entwining structure;

4) (D, D, ¥n) is a left-left weak entwining structure and (D, D, 3) is a right—left
weak entwining structure;

(5) (D, D, ) is a right-right weak entwining structure and (D, D, {4) is a left—
right weak entwining structure.

PROOF. We begin the proof emphasizing that by Theorem 2.5 the equalities contained
in (bl), (b2) and (b3) of Definition 2.2 hold. Then if (b4) holds we can apply
[2, Propositions 2.3, 2.4, 2.5, and 2.6].

Firstly, by (1) of Proposition 2.8 we have (1) implies (2). To prove (2) implies
(1), note that we have (b4) because (D, D, y1) is a right-right entwining structure.
Indeed,

dpoup =Vpgpodpoup=Ap,o8poup
=D Q®up)o(tp.p ® D)o (np ®(Bpowup))=v10op®up)
=up®D)o (D Y1)o (Y1 ® D)o (np ® D ® D)
= (up ®up)o(D®1tpp® D)o ((Vpgp odp) ®p)
=(up®@up)o(D®tp.p®D)o(5p ®ép).

Then, using the fact that up o (D ®e3) = (D ®¢ep) o3 and up o (e1 ® D) =
(D ® ep) o Y hold, by [2, Propositions 2.4 and 2.3] we obtain (bS) of Definition 2.2.
Also, using the fact that (e ® D) odp =¢¥1 0 (D ®np) and (e3 ® D) odp =30
(np ® D) hold we have (b6).

Finally, repeating similar arguments it is possible to prove (1) if and only if (3), (1)
if and only if (4), (1) if and only if (5) and the proof is finished. O
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