
Bull. Aust. Math. Soc. 81 (2010), 465–472
doi:10.1017/S000497270900121X

COMPOSITION OPERATORS BELONGING TO
SCHATTEN CLASS S p

CHENG YUAN and ZE-HUA ZHOU ˛

(Received 17 July 2009)

Abstract

We investigate the composition operators Cϕ acting on the Bergman space of the unit disc D, where ϕ is a
holomorphic self-map of D. Some new conditions for Cϕ to belong to the Schatten class S p are obtained.
We also construct a compact composition operator which does not belong to any Schatten class.
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1. Introduction

Let L2
a(D) be the Bergman space of the unit disc D in C. Recall that an analytic

function f ∈ L2
a(D) if and only if

‖ f ‖2 =
∫

D
| f (z)|2 d A(z) <∞,

where d A(z)= (1/π) dx dy is the normalized area measure on the unit disk. The
space L2

a(D), when equipped with the obvious inner product, is a Hilbert space with
reproducing kernel K (z, w)= (1− zw)−2. For a holomorphic map ϕ : D→ D, the
composition operator Cϕ with the symbol ϕ on L2

a(D) is defined by Cϕ( f )= f ◦ ϕ.
It is well known that Cϕ is always bounded on L2

a(D) [1, 5].
Recall that, for any 1≤ p <∞, the Schatten class S p on L2

a(D) consists of
linear operators T satisfying {tr(|T |p)}1/p

= {tr((T ∗T )p/2)}1/p <∞, where tr(T ) is
the trace of T defined by

tr(T )=
∞∑

n=1

〈T en, en〉.

To characterize the Schatten class composition operators, it is usual to consider the
integral ∫

D

(
1− |z|2

1− |ϕ(z)|2

)p

dλ(z) <∞, (1.1)
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where
dλ(z)= (1− |z|2)−2 d A(z)

is the Möbius invariant measure on D. It is well known that (1.1) is sufficient for
Cϕ ∈ S p when 1< p ≤ 2 and necessary for Cϕ ∈ S p when 2≤ p <∞ (see [4], for
example). Recently, Zhu characterized the Schatten class composition operators on
the weighted Bergman space when 2≤ p <∞. He proved that when ϕ has bounded
valence, that is, there is a positive integer N such that for every z ∈ D the set ϕ−1(z)
contains at most N points, Cϕ ∈ S p if and only if (1.1) holds (see [8]). Later, Xia
constructed an analytic function ϕ : D→ D such that (1.1) holds, but Cϕ /∈ S p for any
2< p <∞ (see [6]). The Schatten class weighted composition operators on Bergman
spaces were characterized in [2]. For various p, composition operators belonging
to different S p Hardy space were constructed in [3]. Motivated by these works,
we characterize the composition operators belonging to the Schatten class S p with
different conditions. We give a new condition for Cϕ ∈ S p and construct a compact
composition operator which is not in any Schatten class.

This paper is organized as follows. In Section 2 we analyze composition operators
and give some conditions for Cϕ ∈ S p for various p. The example Cϕ ∈ S p for which
(1.1) fails is given in Section 3. The main idea is inspired by [6, 9].

The notation U ≈ V means that there are two constants c1 and c2 independent of U
and V , the implied variables or functions, such that c1V ≤U ≤ c2V . The condition
U ≤ c2V will simply be written as U � V or V �U .

2. Relation to Toeplitz operators on Bergman spaces

Composition operators are closely related to Toeplitz operators on Bergman spaces,
and this connection has been used to characterize Schatten class composition operators
(see [4, 8], for example).

We recall that the Toeplitz operator Tµ induced by a finite positive Borel measure
on D is densely defined on L2

a(D) by

Tµ f (z)=
∫

D
K (z, w) f (w) dµ(w).

The Berezin symbol µ̃ of µ is given as follows:

µ̃(z)=
∫

D

(1− |z|2)2

|1− zw|4
dµ(w), z ∈ D.

We will need the following results from [8].

LEMMA 2.1 [8, Lemma 2.1]. Suppose that 0< p <+∞ and µ is a finite position
Borel measure on D. Then Tµ is in S p of L2

a(D) if and only if µ̃ is in L p(D, dλ).

LEMMA 2.2 [8, Lemma 2.2]. Suppose that ϕ : D→ D is analytic and Cϕ is the
composition operator on L2

a(D). Then C∗ϕCϕ = Tµ, where µ= A ◦ ϕ−1 is the pull-
back measure of A induced by ϕ.
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Now we consider C∗ϕCϕ as a Toeplitz operator. Then Cϕ ∈ S p if and only if
C∗ϕCϕ ∈ S p/2 if and only if Tµ ∈ S p/2, where µ is given in Lemma 2.2 above. Using
Lemma 2.1, Tµ ∈ S p/2 if and only if µ̃ ∈ L p/2(D, dλ). That is,

µ̃(z) =
∫

D

(1− |z|2)2

|1− zw|4
d A ◦ ϕ−1(w)

=

∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w) ∈ L p/2(D, dλ),

or equivalently, ∫
D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2

dλ(z) <∞.

If 1< p < 2, or 1/2< p/2< 1, Hölder’s inequality and Fubini’s theorem imply
that ∫

D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2

dλ(z)

=

∫
D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2 d A(z)

(1− |z|2)2

≥

∫
D

∫
D

(1− |z|2)p−2

|1− zϕ(w)|2p
d A(w) d A(z)

=

∫
D

∫
D

(1− |z|2)p−2

|1− zϕ(w)|2+p−2+p
d A(z) d A(w).

Since p − 2>−1, using the estimate given in [7, p. 53],∫
D

(1− |z|2)p−2

|1− zϕ(w)|2+p−2+p
d A(z)≥

C

(1− |ϕ(w)|2)p

for some absolute constant C . This means that∫
D

1

(1− |ϕ(w)|2)p
d A(w) <+∞.

If p > 2, it follows from Hölder’s inequality and Fubini’s theorem that∫
D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2

dλ(z)≤ C
∫

D

1

(1− |ϕ(w)|2)p
d A(w).

The above argument leads to our next theorem.
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THEOREM 2.3. The condition∫
D

1

(1− |ϕ(w)|2)p
d A(w) <+∞ (2.1)

is necessary for Cϕ ∈ S p when 1< p < 2 and sufficient for Cϕ ∈ S p when 2< p <∞.

Notice that when p > 2, 2− 4/p > 0, we can use Hölder’s inequality, Fubini’s
theorem and the estimate in [7, p. 53] to get∫

D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2

dλ(z)

=

∫
D

|
∫

D
(1−|z|2)2

|1−zϕ(w)|4
d A(w)|p/2

((1− |z|2)4/p)p/2 d A(z)

≥

(∫
D

∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

d A(z)

(1− |z|2)4/p

)p/2

=

(∫
D

∫
D

(1− |z|2)2−4/p

|1− zϕ(w)|4
d A(z) d A(w)

)p/2

≈

(∫
D

1

(1− |ϕ(w)|2)4/p
d A(w)

)p/2

.

Similarly, when p < 2 and 2− 4/p >−1, or equivalently 4/3< p < 2,∫
D

∣∣∣∣∫
D

(1− |z|2)2

|1− zϕ(w)|4
d A(w)

∣∣∣∣p/2

dλ(z)�

(∫
D

1

(1− |ϕ(w)|2)4/p
d A(w)

)p/2

.

Indeed, we have the following theorem.

THEOREM 2.4. The condition∫
D

1

(1− |ϕ(w)|2)4/p
d A(w) <+∞ (2.2)

is sufficient for Cϕ ∈ S p when 4/3< p < 2 and necessary for Cϕ ∈ S p when
2< p <∞.

3. An example

In this section, we construct a compact composition operator, which does not belong
to any Schatten class, by a modification of the construction in [6].

We first let f (n) be a positive decreasing function of n satisfying f (n)≤ 2 f (n + 1)
and

∑
∞

n=1 f (n)= 1/2. We define a0 = 1/2, an = 1/2−
∑n

i=1 f (i). Next consider
the intervals Jn = (an, an−1) and let In be the left half of Jn . Then we have that
In = (an, (an + an−1)/2). If |In| denotes the length of In , then |In| = f (n)/2. Define
U =

⋃
∞

n=1 In . An easy computation gives the following lemma.
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LEMMA 3.1. For any x ∈ R\U and 0< a <+∞,

m((x − a, x + a)\U )≥ a/2 (3.1)

where m is the standard Lebesgue measure on R.

We now define a measurable function u on the unit circle T = {τ ∈ C : |τ | = 1} as
follows:

u(eit )=

{
x(n) if t ∈ In, n ≥ 1,

1 if t ∈ (−π, π ]\U

where x(n) is a positive decreasing function of n with limn→∞ x(n)= 0 and x(n) < 1
for all n.

The harmonic extension of u to D will be denoted by the same symbol. We now
define

h(z)=
1

2π

∫ π

−π

eit
+ z

eit − z
u(eit ) dt,

ϕ(z)= exp(−h(z)), z ∈ D.

It is easy to check that <{h(z)} = u(z) > 0 for every z ∈ D. Therefore ϕ(D)⊂ D. We
will analyze different ϕ for different f (n) and x(n).

If we let δ = inf0<x≤1 x−1(1− e−x ) and σ = sup0<x≤1 x−1(1− e−x ), then we
have 1− e−x

≥ xδ and 1− e−x
≤ xσ . Thus for every E ⊂ D, when z ∈ E ,

(1− |ϕ(z)|)≥ δu(z) and (1− |ϕ(z)|)≤ σu(z). (3.2)

We also need the following estimate of the Poisson kernel which is given in [6].
For P(z, τ )= (1− |z|2)/|1− zτ̄ |2, τ ∈ T and z ∈ D, if 1/2≤ r < 1 and |θ − t | ≤ 5,
then

α(1− r)

(1− r)2 + (θ − t)2
≤

1
2π

P(reiθ , eit )≤
β(1− r)

(1− r)2 + (θ − t)2
(3.3)

for some absolute constants 0< α < β <∞.
Using this estimate, we obtain the following lemma.

LEMMA 3.2. For n ∈ N, let ρn = |In|, define

Gn = {reiθ
: θ ∈ In, 0< 1− r < ρn}.

Then there exists a constant c such that

sup
z∈Gn

|ϕ(z)| ≤ e−cx(n+1). (3.4)
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PROOF. Since θ ∈ In , u(eit )≥ x(n + 1) for θ ∈ Jn ∪ Jn+1. Writing z = reiθ with
θ ∈ In and 0< r < 1− ρ, then

u(reiθ ) ≥ x(n + 1)
∫ θ+ρn

θ−ρn

P(reiθ , eit ) dt

≥ x(n + 1)α
∫ θ+ρn

θ−ρn

1− r

(1− r)2 + (t − θ)2
dt

= x(n + 1)α
∫ ρn

−ρn

1− r

(1− r)2 + s2 ds

≥ x(n + 1)α
∫ 1

−1

1

1+ x2 dx

where the last inequality is due to the fact that 1− r ≤ ρn when z ∈ Gn .
Therefore there exists a constant c such that u(reiθ )≥ cx(n + 1) for reiθ

∈ Gn . So
|ϕ(z)| = e−u(z)

≤ e−cx(n+1) for z ∈ Gn . 2

LEMMA 3.3. There is a constant C1 > 0 such that u(z)≥ C1 for every z ∈
D\{

⋃
∞

n=1 Gn} where Gn is defined in Lemma 3.2.

PROOF. Using Lemma 3.1, this result can be proved as in [6, Lemma 7]. For
completeness we give an outline of a modification of the proof of [6, Lemma 7]. Let

W = {reit
: 3/4< r < 1, t ∈ (−1/4, 3/4)}.

Since u(eit )= 1 when t ∈ (−π, π ]\(0, 1/2), we then have that limr↑1 u(reit )= 1
uniformly for t ∈ (−π, π ]\(−1/8, 5/8). Hence it is sufficient to find a C1 > 0 such
that

u(z)≥ C1 ∀z ∈W

∖{ ∞⋃
n=1

Gn

}
.

For any 0< r < 1 and θ ∈ R, define I (θ, r)= (θ − 3(1− r), θ + 3(1− r)). Then

1− r

(1− r)2 + (θ − t)2
≥
χI (θ,r)(t)

10(1− r)
. (3.5)

Let θ ∈ (−1/4, 3/4) and 3/4< r < 1. Then I (θ, r)⊂ (−π, π ] and u(eit )= 1 for
t ∈ I (θ, r)\U , where U =

⋃
∞

n=1 In . By (3.3) and (3.5),

u(reiθ )≥
α · m(I (θ, r)\U )

10(1− r)
. (3.6)

Furthermore, assume that reiθ
∈W\{

⋃
∞

n=1 Gn}. We consider the following two
cases.

(i) If θ ∈ (−1/4, 3/4)\U , then we apply Lemma 3.1 to the case where x = θ and
a = 3(1− r) to get

m(I (θ, r)\U )≥ 3(1− r)/2. (3.7)

By (3.7), it follows that u(reiθ )≥ 3 α/20 in this case.
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(ii) If θ ∈U , then there exists n such that θ ∈ In . Because reiθ /∈ Gn , 1− r > ρn ,
the length of In . Since the distance between θ and Jn\In is less than ρn , we can pick
a θ ′ ∈ Jn\In such that |θ − θ ′|< ρn < 1− r . Thus

(θ ′ − 2(1− r), θ ′ + 2(1− r))⊂ I (θ, r).

Since θ ′ ∈ R\U , apply Lemma 3.1 to the case where x = θ ′ and a = 2(1− r), and the
statement follows from (3.6). 2

It is well known that Cϕ is compact on L2
a(D) if and only if

lim
|z|→1

1− |z|
1− |ϕ(z)|

= 0.

See, for example, [1, 5, 7]. We show that there exists ϕ such that Cϕ is compact but
not in S p for every 1< p <∞.

THEOREM 3.4. There exists a composition operator Cϕ : L2
a(D)→ L2

a(D) which is
not in S p for any 1< p <∞.

PROOF. It is sufficient to construct a compact composition operator Cϕ that does not
belong to S p for 2< p <∞. If we can construct ϕ with

lim
|z|→1

1− |z|
1− |ϕ(z)|

= 0 and
∫

D

(1− |z|2)p−2

(1− |ϕ(z)|2)p
d A(z)=∞

for every 2< p <∞, we are done. Let

Fn = {reiθ
: θ ∈ In, ρn/2< 1− r ≤ ρn} ⊂ Gn;

then A(Fn)≈ ρ
2
n . Since∫
D

(1− |z|)p−2

(1− |ϕ(z)|)p d A(z) ≥
∞∑

n=1

∫
Fn

(1− |z|)p−2

(1− |ϕ(z)|)p d A(z)

�

∞∑
n=1

f (n)p

x(n + 1)p

and
1− |z|

1− |ϕ(z)|
�

f (n)

x(n + 1)
if z ∈ Gn,

if we let

M =
∞∑

n=1

1/(n + 1)2, f (n)= 1/(2M(n + 1)2)

and x(n)= ln(n + 3) f (n), then Cϕ is compact and does not belong to S p for any
1< p <∞. 2
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