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SECOND FOX SUBGROUPS OF ARBITRARY GROUPS

MARIO CURZIO AND C. KANTA GUPTA

ABSTRACT.  We give a complete description of the second Fox subgroup G N
(1 + A>(G)A(H)) relative to a given normal subgroup H of an arbitrary finitely gen-
erated group G.

Introduction. Let H be a normal subgroup of a finitely generated group G and let
ANG) = ZG(G — 1), A(H) = ZG(H — 1) denote the augmentation ideals of the in-
tegral group ring ZG. The n-th Fox subgroup of G relative to H is defined to be G N
(l + A"(G)A(H)). It is a normal subgroup of G consisting of all elements g € G with
g — 1 € A"(G)A(H). Identification of the subgroup G N (l + A”(G)A(H)) is the so-
called general Fox problem. The identification G N (1 + A(G)A(H)) = [H, H] fol-
lows easily from the corresponding well-known Magnus-Schumann-Fox theorem when
G is assumed to be free ([8; page 6], ¢f. [1], [3]). Identification of the n-th Fox sub-
group when G is a free group is now completely known: Enright [2], Hurley [9] and
Gupta [4] for n = 2; Gupta and Gupta [5] for H = G’; N. Gupta [6] for G/H finite;
N. Gupta [7], Yunus [13] and Hurley [10] for arbitrary H. We refer the reader to Chap-
ter III of N. Gupta [8] for details. In the general case, when n = 2 and G is a split
extension of H, a solution can be found in Khambadkone [11]. When G is an arbitrary
finitely generated group, the identification of the general n-th Fox subgroup for n > 2
remains a long-standing open problem. In this paper we resolve the case n = 2 by prov-
ing that: G N (1 + AX(G)A(H)) = [H,H,H|[H N G',H N G'|Kc(H), where Kg(H) is a
certain specifically defined subgroup contained in H' (Theorem B).

Preliminaries. We use notation and terminology from Chapter III of [8]. Let F be
a free group of finite rank, and let 7, R be normal subgroups of F with T < R. Denote
by f =ZF(F—1),v = ZF(R — 1), t = ZF(T — 1), the ideals of the free integral group
ring ZF of F. With G = F/T and H = R/ T, in the language of free group rings, the n-th
general Fox subgroup problem translates to the identification of the normal subgroup
FN(1+{"t +1t) of F. In what follows we shall restrict to the’case n = 2.

We may assume that F = (x|,x2,...,x,) is free of finite rank m > 2 and that /R
admits a pre-abelian presentation where R is the normal closure

(1) R=(x"€1,x562, . X0 Emy Emats Emss - )T

The first author was supported by CNR, Italy.

The second author was supported by NSERC, Canada.
Received by the editors November 23, 1993.

AMS subject classification: 20C07, 16A27.

(©) Canadian Mathematical Society 1995.

177

https://doi.org/10.4153/CMB-1995-025-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-025-7

178 M. CURZIO AND C. K. GUPTA
withe, | en_1 | - | et >0,& € F = [F,Fl,i = 1,2,... (see, for instance, [12,

Section 3.3]), T < R. Being a subgroup of the free group F, R is itself a free group and
we may assume that

)] R =sgp{ri,ra, ... msFmtls Fmt2s -+ b

where r; € F' forj > m+ landr; = x{'¢; for 1 < i < mand T < R. Modulo
[RNF,RNF[R,R,R], every element w € R’ can be written as

(3) w= H [ria"j']al, H [rk,rq]bkq9
1<i<j<m 1<k<m
g>m+1

where a;, by, € Z.
For w € R as in (3), define

@ nw) = 17 I1r" € R,
i<k k<j

5) zw)y = [[ A eRNF.
q=m+1

THE SECOND FOX SUBGROUPS. Let F be a free group of finite rank and T, R be
normal subgroups of F' with 7 < R. Define

(6) W =sgplw € R'| (y(w)zi(w))™ € R'T forall 1 <k < m)},

where y;(w), zx(w) are as defined in (4), (5).

We state and prove our main result as:

THEOREM A. Let R, T, W be subgroups of the free group F = (x|,x2,...,Xm) as
defined by (1), (2) and (6). Then FN (1 + {2t +t) = WRNF, RN F'|[R, R, R]T.

PROOF. Since [RNF, RNF']—1 C (xNF2)YxNf2) C Pr, [R,R,R]—1 C rrr C v
and T—1 C t, it follows that each of the factors [RNF’, RNF'], [R, R, R] and T is contained
in FN (1 + v +1). To see that W is also contained in FN (1 + f2r + t), let w € R’ be an
arbitrary generating element of W as defined by (6). Then, by (3),

w = H [riorj]ali 1_[ [rk’rq]bkq, aij, bkq € Za
1<i<j<m 1<k<m
q=m+l
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and expansion of w — 1 modulo f2r gives

w—1= Z {a,j(r,—l)(rj—l)—a,j(rj—1)(r,—l)}

1<i<j<m
£ 3 (rk—l)( 1 rZ*”vl)
1<k<m g>m+1
= Y A= DE =D+ =D = D)
1<i<j<m
* kZ (re — D(zw) — 1) (by (5))
=3 (n- 1)([[4‘“*115‘.’“— 1)+ Y (e — D(zw) - 1)
1<k<m i<k k<j 1<k<m
3%0rﬂ@@-&ﬂ;m~MMmq)wwm
= KkZ; O = Dw) ze(w) — 1)
= 2 abx = Dz —1)
1<k<m
= ¥ o= D((uomzm)” —1).
1<k<m

Thus, by (6), w — 1 C fx2+1) C f2r +t and consequently,
WIRNF ,ROFR,R,RIT < FN(1+fr +1).
For the reverse inequality, we set _
X=WRNF,RONF][R,R,RIT
and assume by way of contradiction that
fEFN(+fr+t) andf ¢€X.

Then, for all x € X,
AEFN(1+fr+t) andfx g X.

It follows that for each x there exists ¢, € T suchthat fx — 1 = £, — 1 (mod 2t + ft).
Equivalently, fxt;! € FN(1+f2r+ft). Replacing x by xz, !, if necessary, we may assume
that, for all x € X,

N fxe FN(1+fr+ft) andfx ¢ X.
Since FN (1 + f2v + ft) < FN (1 + fr) = R', by (3) we may write

f= 11 [rsr]® 1 [rergd™ (mod [RNF,RNF][R,R,R)),
1<i<j<m ISkST
qzm+

where a;, by, € Z.
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Expansion of fx — 1 modulo fr gives, as before,
®) fi-1= 3 @ D((amam)” — 1),
1<k<m
where y,(fx), z;(fx) are defined by (4) and (5).

Since, by hypothesis, fx — 1 € f2r + ft = f(fr + 1), it follows from (8) that
()

PIUE D) 2e()" — 1) € (i +b)

Now, since f is a free right ZF-module with basis {x; — 1 ; 1 <k < m} (see [3] or [8]),
(9) yields
((yk(fx)zk(ﬁc))ek - 1) cfr+t forallk=1,...,m.

Since FN (1 + fv+t) = R'T (see [8)), it follows that (yx(fx) z¢(fx))* € R'T for each k.
By (6), this yields fx € W which, in turn, implies f € WX = X, contrary to the choice of
f (by (7). This completes the proof of the theorem.
Let H be a normal subgroup of a finitely generated group G. We may choose a set
{g1,...,gm} of elements of G so that

(i) G/G'is generated by {g,G’,.

-,8mG'};
(i) HG'/G' is generated by {m\G', ..., h,G'} with h; = g, e; > 0 for each i
For each g € H' of the form
g = H [hia hj]a‘l (mOd [H7 H: H])7
1<i<j<m
put

yi(g) = (H h 11 h}’*"), 1<k<m.

i<k k<j
Define

Kot =seplg= 1 [l s n@* € HHNGY', 1 <k <m).
1<i<j<m

Then, with G = F/T and H = R/T, we have the natural isomorphisms ZG = ZF/t

and ZH = t /t which translate the subgroup W of F given by (6) to the subgroup K(H)
defined above. Thus, we may state Theorem A as,

THEOREM B. G (1 +A%G)A(H)) = Kg(H)[H,H,HI[HNG',HN G'].
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