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O N T H E I D E A L E Q U A T I O N I(B n C) = IB n I C 

BY 

D. D. ANDERSON 

ABSTRACT. Let R be an integral domain with quotient 
field K and let I be a nonzero ideal of R. We show (1) that I 
is invertible if and only if I((~]aBa) = C\aIBa for every 
nonempty collection {Ba} of ideals of R and (2) that / is flat 
if and only if I(B n C) = IBPi IC for each pair of ideals B and 
C of R. 

Let R be an integral domain with quotient field K and let I be a nonzero 
ideal of R. We show (1) that I is invertible if and only if /(Ha ^ O = PL #*« f° r 

every nonempty collection {B^} of ideals of R and (2) that I is flat if and only if 
I(B nC) = IBCMC for each pair of ideals B and C of R. 

THEOREM 1. For a nonzero ideal I in an integral domain R, the following 
conditions are equivalent. 

(1) /(PL B a ) = Da JB« for eacn nonempty collection {Ba} o/ ideals of R. 
(2) /(PL B*)= fl« IB„ /or each nonempty collection {Ba} of fractional ideals 

ofR. 
(3) I is invertible. 
(4) I is projective. 

Proof. (1) => (2). We first show that (2) is true for a set {Bl9 B2} of fractional 
ideals. There exists an O^reR with rBx, rB2^ R. Then 

rI(B, D B2) = I(r(B1 H B2)) = 1 ^ fï rB2) = I{rBx) H I(rB2) = r{IBx DIB2). 

Hence / (B! H B2) = IBi HIB2 . We now do the general case. Fix a B0 G {BŒ} and 
choose O^reR with r B 0 ç R . Then r ( B 0 n B J ç R . Hence r I ( n « B J = 
r/(n« ( B 0 n B j ) = I ( f \ r ( B 0 n B J ) = n « (MBo H B J ) = r f\ ( I (B 0 nB a ) ) = 
r n « (IB0 fl I B J = r n « IB«. Thus / ( fL B J = fL JBa. 

(2) =» (3). II1 = / (n jJRr 1 1 0 ^ i e 1?}) = n IRT 1 2 f l R = R Hence J T 1 - R, 
so J is invertible. 

(3) => (1). Clearly / ( fL Ba) c f\ ZBa. But r'iCL IBJ c r 1ZBa - Ba , so that 

/" ' (Ha /B«) <= Ha B«- Hence f\ IBa <= KO* £«)• 
The equivalence of (3) and (4) is well known. 
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THEOREM 2. For an ideal I in the integral domain R, the following conditions 
are equivalent. 

(1) I(B nC) = IB(MC for ideals B and C of R. 
(2) I{BX H • • • H Bn) = IBX Pi • • • n IBn for fractional ideals Bu...,Bn of R. 
(3) I is a flat ideal of R. 

Proof. (1) =̂> (2). The proof of the implication (1) => (2) of Theorem 1 gives 
(2) for the case n = 2. The result then follows by induction. 

(2)=>(3). Let / be an ideal of R and O^aeR. Then I(J:Ra) = 
IiJa'1 C\R) = IJa1 (11 = (IJ: Ia). It follows from [1, Exercise 22, page 47] that 
J is flat. 

(3) =» (1). I(B n C) = I ® ( B fl C) = (I®B) n ( I® C) = IB n IC with the 
proper identification ([1, Proposition 6, page 17]). 

One can consider to what extent Theorem 1 and Theorem 2 remain true if R 
is allowed to have zero-divisors. If I is invertible, then we still have /(Ha Ba) = 
n « J B a for any collection of R -submodules of the total quotient ring of JR. 
(This is given in [2, Exercise 17, page 80].) Conversely, if / is generated by 
regular elements and I(C\aBa) = f]OLIBol for each collection of regular pac
tional ideals of R, the same proof shows that I is invertible. If / is flat, then the 
proof given in Theorem 2 shows that I(B nC) = IBCMC for ideals B and C of 
R. However, if (JR, M) is a quasi-local ring with M 2 = 0, then clearly 
M(B n C) = MB H MC for all ideals B and C of R (in fact, for any collection 
of ideals), but such an M need not be flat. Theorem 1 may also be generalized 
in another direction. If P is a projective R-module, then f] I^P = (f]Ioc)P for 
any collection of ideals {Ia} of R. 
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