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Abstract

We establish the linear independence of values of the g-analogue of the exponential function and its
derivatives at specified algebraic arguments, when ¢ is a Pisot—Vijayaraghavan number. We also deduce
similar results for cognate functions, such as the Tschakaloff function and certain generalised g-series.
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1. Introduction

For any complex number g with |g| > 1, the g-analogue of the exponential function is
defined by the absolutely convergent series

R4
E,(x):=1+ E [n—]q',
n=1 :

where [n], = ¢" — 1and [n],! = (¢" - (g"' = 1)---(g — 1). Similarly, the g-analogue
of the logarithm is given by

s
L,(x) := — for |x| < |g|.
‘ Z [, I
The analogy between the classical functions and their g-analogues is driven by the
limit
g1
lim =n.
g—1r g—1

Unlike the classical exponential and logarithm functions, their g-counterparts are
related by the differential relation
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7

)
q
L,(x) xEq(—x) for |x| < |ql.
For more details, we refer the reader to [7, Section 6]. These functions appear in
various contexts in combinatorics and number theory and are interesting functions
in their own right.

The value at x =1 of the g-logarithm function is of particular importance, as
L,(1) = {,(1), where

s—1

gq(s) = Z ’[/ll’l]q’

n=1

is the g-analogue of the Riemann zeta-function (see [6]). The value {,(1),

o]

4q<1>=2qn1_1,

n=1

is often referred to as the g-harmonic series.

We examine the arithmetic nature and linear independence properties of certain
special values of these functions. Recall that a real algebraic integer w is said to be
a Pisot-Vijayaraghavan number (abbreviated to PV number) if w > 1 and 0| < 1
for all other Galois conjugates w" of w. Immediate examples of PV numbers are
positive integers greater than one. A nontrivial example is obtained by considering 3,
the real root of x* — x* —2x?> + 1 with 8> 1. Pisot [8] showed that, in every real
algebraic number field, there exist PV numbers that generate the field. These numbers
make a fundamental appearance in Diophantine approximation and have been studied
extensively.

Fix an algebraic integer g # 0 and let n, = [Q(q) : Q]. Let o7y, 02, ..., 0, denote
the embeddings of Q(g) into C, with o~y being identity. Let O, be the ring of integers
of Q(g). For any algebraic number o € Q(q), the g-relative height of a, H (@), is

ng

Hy(e) := | [ max{1, lou(@)}
=1

Thus, if ¢ is a PV number, then H,(g) = q.

Our first theorem concerns the linear independence of values of derivatives of
a certain generalised g-exponential function. Let P(X) € Z[X] be a nonconstant
polynomial such that P(¢") # 0 for all ¢t € N. Then the generalised g-exponential
function with respect to P is given by

© n

Z X
o n:l:1 P(qt)'
If P(X) = X — 1, then E, p(x) = E,(x), the g-exponential function. Note that £, p(x) is

a basic hypergeometric series, as defined in [5].
With this notation, we can state our first result.

E,p(x) =1+
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THEOREM 1.1. Assume that q or —q is a PV number. Let P(X) = LpXP + -+ + c4X? €
Z[X] be a nonconstant polynomial with P(¢") # 0 for t > 1, d < D and Lpcy # 0. Let

ay, ...,y be nonzero algebraic integers in Q(q) satisfying
g

leal™™" max{lai, laal, .. ., [} nmax{l, @)l lo@a)l, . .., loram)l} < g, (1.1)
=2

Suppose that ay, [ay, is not a root of unity for 1 < ki, ky < m and ki # ky. Then the
numbers in the set

S :={E () : 1 <k <m,0<j<MuU{l}
are linearly independent over the field Q(q).
The following result is an immediate corollary of this theorem.

COROLLARY 1.2. Assume that q or —q is a PV number. Let ay,...,a, be nonzero
algebraic integers in Q(q) satisfying

max({lail, |eal, . . ., @} l_[ max{L, loy(a)l, loa2)l, - . ., loam)l} < gl
=2
Suppose that ay, [ay, is not a root of unity for 1 < ki, ky < m and ky # ky. Then the
numbers in the set
S:={(E () 1<k<m0<j<MuU{l)
are linearly independent over the field Q(q).

In particular, this gives the following result about the special functions discussed
earlier.

COROLLARY 1.3. Assume that q or —q is a PV number and that « € O, satisfies
0 < min{l, |a}Hy(e) < |qI.
Then Ey(a), Ly(a) € Q(g). In particular, {,(1) is irrational.

The irrationality and linear independence of the values of the g-logarithm function
have been studied extensively. We refer the reader to [10] for a comprehensive history
of the problem and an investigation of the values of a generalisation of the g-logarithm
function. The irrationality of {,(1) when g is an integer was first obtained by Erdds [4].
More recently, Tachiya [9, Theorem 2] proved that (1) ¢ Q(g) when ¢ is a PV
number, which also follows from Corollary 1.3.

A special function closely related to the g-exponential function is the Tschakaloff
function, given by

(o) xn
T,(0) =1+ Z TN
n=1
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In our notation, T,(x) = E,;(x), where I(x) = x. Thus, Theorem 1.1 implies the
following result.

COROLLARY 1.4. Assume that q or —q is a PV number. Suppose that a € O, satisfies
0 < min{l, [a}H (@) < |q|.
Then the numbers 1, T,(a), T(l)(a'), cees T(m)(a/) are linearly independent over Q(q).

It was brought to our notice by the referee that Theorem 1.1 follows from [1,
Corollaries 5.1 and 5.2], which require a much weaker condition on the a; than in
Theorem 1.1. In [1], Amou et al., prove a general result regarding linear independence
of values of solutions to g-difference equations. The techniques necessary to prove
this result are involved, whereas our proof of Theorem 1.1 follows from relatively
elementary considerations.

The statements so far were concerned with the independence of values of a single
function and its derivatives at several arguments. We now address the question of
independence of different cognate functions at the same argument. For any M € N and
any g with |g| > 1, we define an arithmetic progression analogue, E, 4(x), of E,(x) by

X
Eq,M(x) =1+ Z [A/I—n]q'
n=1 '

This is an entire function. Clearly, £, 1(x) = E,(x) and

00

X

E G =1+ § )

q.M £ [n]q!
n=0 mod M

Note that E, y, is not a basic hypergeometric function.
For these special functions, we prove the following theorem.

THEOREM 1.5. Assume that q or —q is a PV number and that ay < - -- < ay, are distinct
positive integers. Let a € O, be such that 1 < |a| and

Hy(a) <|q|". (1.2)
Then the numbers

1’ Eq,m (Q)9 M) Eq,ak(a) (1‘3)

are linearly independent over the field Q(q).

The approach in this paper is an adaptation of the proof of [7, Theorem 1.1], which
is a modification of the argument by Duverney [3]. In essence, it is similar to Fourier’s
proof of the irrationality of the number e. The proof of Theorem 1.1 relies on a
Diophantine lemma, which is a consequence of the Skolem—Mahler-Lech theorem.
The proof of Theorem 1.5 is completed using a recursive elimination argument.
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2. Proof of the theorems

An important ingredient in the proofs is the following particular case of the
Skolem—Mahler—Lech theorem [2, Theorem 4.3, page 124].

THEOREM 2.1. Let ay,...,a; be nonzero algebraic numbers such that «;/«; is not
a root of unity for 1 <i<j<k Let Pi(x),...,Pr(x) be nonzero polynomials with
algebraic coefficients. Then there are only finitely many natural numbers n satisfying

Pi(m)a) + - - + Pr(n)aj = 0.

This is immediate from the Skolem—Mahler-Lech theorem since the sequence
Pi(n)aff + -+ + P(n)aj is a nondegenerate recurrence sequence if none of the «;/q;
(1 <i<j<k)isaroot of unity.

2.1. Proof of Theorem 1.1. Let fi(x) := ij((I’;)P(x) for 0 <j < M. Observe that the
result follows if we show that 1 and the values fj(ax) are Q(g)-linearly independent
for0 <j<Mand1 <k < m.Indeed, suppose that & and &; are algebraic numbers in
Q(g) for 1 <k <mand 0 <j < M, not all zero, such that

M m
o+ ) D EREDy (@) = 0.

j=0 k=1
Then we obtain the nontrivial linear relation
M m
Eik
fo+ ) D = fla) =0,
j=0 k=1 04(

which again has coefficients in Q(g). Thus, it suffices to establish the linear indepen-
dence of the fj(a) over Q(g).
Let ro(X) = land r;(X) :=X(X = 1)--- (X —j+ 1) for 1 <j <M. Then

N O
59 = 2 T B = 2T, Py

since rj(n) = 0 for 0 < n < j — 1. Now, suppose that g and 1, € Q(q) are such that

M m
Qo+ > Dfiten) = 0.

=0 k=1
Without loss of generality, we can assume that Ay and the A are algebraic integers.
Forl <k <m,let Ax(X) := Z};’O Ajxri(X). Then, from the definition of E, p(x),

~— = i Ay

Ao + m =0,
0 [T, P(q")

n=1

where o = Ay + Ziet Aok
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Let N be a sufficiently large positive integer. We truncate the infinite sum above at
N and clear denominators to obtain

N N m
= [P+ Z(ZAMQZ) 1_[ P(q') = l_[P(q) Z Zi- IA];’(Z'?k
=1 = =

t=n+1 n=N+1
2.1)
Then Xy € O,. Moreover, the right-hand side of (2.1) can be written as
Ar(n)a
HP( " Z 2o ],l(( )z)k
n=N+1 q
zk | Ak(N + 1)aN+l 1 Z St AN + nya 22
+ . .
Pt P(@™) = o2 P(@)

For simplicity of notation, let
@ = max{lail, |, . . ., |aml}.

From the triangle inequality and the fact that each Ax(X) is a polynomial of degree M,

forall v > 0,
ZAk(v)ak

Also, since [P(q")| ~ |g|'? for ¢ sufficiently large, the second term on the right-hand side
of (2.2) is

Z A < Ma.

n—1
M | ,|-Dn*+n=2)/2
|P( N+1)|Z( +N) (l |DN) |q| s :

This infinite series converges absolutely as |g| > 1 and the terms decay exponentially.
Applying these bounds to the expression in (2.2) gives

N
Xy « ————N", 2.3)
IP(gN*1)|
where the implied constant depends on ¢, the a; and the coefficients 4.
We now estimate the size of conjugates of Xy. Since +¢q is a PV number, |07 (q)| < 1
for 2 < I < n,. From the expression for Xy in (2.1), for all n > 0,

N N m N
o) = o) | | Pontay + ) (D evanomorten’) [ '] Peo@n.
=1 n=1 k=1 t=n+1

Observe that
N N

[ Peian|=|e( ] cn(qf>)d

t=n+1 t=n+1

N-n N

L
14+ 2(o(g)P
Cq

t=n+1
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Since |o(g)| < 1 for 2 < I < ng, the series )7, (0(q"))" is absolutely convergent for
1 < s < D —d. Thus, the infinite product

o
t=1

L
L+ + 2 (g™
Cd

is convergent and

N N
[ Pt@n| < lea™™ T T ko)™ "1 < lea™",
t=n+1 t=n+1

again since |o(g)| < 1 for 2 < [ < n,. By these observations,

N m
Ol < leal*(1+ Y led™ Y lortAxnlioncr’)
k=1

n=1

Note that ¢; € Z so that |c4| > 1. Now, 0(Ar(n)) = Z;V:’O 01(4;)ri(n), which is again a

polynomial of degree M in n. Putting these bounds together, we deduce that
o (X))l < NM*2 eq]Y (max(1, lo(@)l, ..., loru(am) D). 24

As before, the implied constant only depends on g, the a; and the A;;.
Multiplying the absolute values of all the conjugates of X and the corresponding
bounds in (2.3) and (2.4) gives

g - - g
qu(M+2) 2|Cd|(nq l)Na,N N
[ Tiertxwn < e ([ ]maxit.lor@,.... o)
i 1P(g™* ) )
- N,,q(Mﬂ)_z(a|cd|<"q-“r1;’;’2 max{1, lo(@y)l, ... o ()]} )N.
lgl”
By the hypothesis (1.1), the last bound tends to zero as N — oo. In particular,

<1

l_q[ o1(Xn)
=1

for all N sufficiently large. Here, the left-hand side is a power of the norm of
an algebraic integer (noting that Q(Xy) may be a strict subfield of Q(g)). Thus,
]_[7;’1 0 (Xy) must be a rational integer for all N > 0. This is only possible if Xy =0
for all N sufficiently large.

Therefore, there exists a natural number N such that, for all N > N,

X N m
N —
—— =+ Ak(n)a;: =0.
TR
Thus, considering the expression
Xn+1 XN

NPy IV, Pa@h

=1
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which equals zero for N > Ny, we obtain
AN + -+ A (N =0

for all N > Ny. As ay,/ay, is not a root of unity, it follows from Theorem 2.1 that
Ay(N)=0for 1 <k <m and all N > Ny. Thus, the polynomials A;(X) are identically
zero. Recall that

M
A0 = > (X,
=0

and deg rj(X) = j. Since the r;(X) have distinct degrees, Ax(X) is identically zero if and
only if 4;; = 0for 0 <j <M and 1 < k < m. This completes the proof of the theorem.

2.2. Proof of Theorem 1.5. We begin along the same lines as in the proof of

Theorem 1.1.
Suppose that the numbers in (1.3) are linearly dependent over Q(g). Then there exist
algebraic integers Ay, A1,..., A € Oq, not all zero, such that

Ao+ L E 4 (@) + -+ + AkEy g (@) = 0.

Without loss of generality, we can assume that 4; # 0. Otherwise, we can change the
notation to replace a; by a; for the smallest j < k for which 4; # 0 and follow the
argument below.

From the definition of the g-exponential function,

- w4 > At
ﬁ + + -4+ = 0’ 25
0+ D, [ainl, 2, [axn),! ()

n=1 n=1

where /i) =Ado+ A+ + A Setd =lemiay,...,a;} and d; = d/a;. Choose a large
positive integer N and set N; = Nd; fori = 1,2, ..., k. With these choices of N;,

a1N1 = azNz == aka =dN.
Furthermore, foralli =1,2,3,...,k,
[dNl,! [N
[ai(Ni + D]} [aiN; + D!
alNi — 1) (g -1 1
_(q )-(g=1D 26
(g N —T) (g = 1)~ (@ =D (@ =)
Now truncate the ith infinite sum in (2.5) at V; and multiply by [dN],! to get
N] Nk
-~ /lla" /lka/”
X :=[dN]!(/l+ Fet )
Y e Z [ain],! Z [an],!
o At o A
:—[dN]q!( S Ly e '). 2.7
wer Lanly! wer [anq!
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Since [dN],! = [a;N;],! for 1 <i < k, Xy is an algebraic integer in O,. We now estimate

the right-hand side of (2.7). By an argument similar to the one in Theorem 1.1 and
using (2.6), we deduce that
)N

since Nj=Ndj. Asa; <ay <---<a,dy >dy>--->dyand|a] > 1,

n Cldj

q(ljd

'[dN]q !

< |a| <<(
L Tant] = g

ah N
Xy| < ( e ) . 2.8)
By the same argument as in the proof of Theorem 1.1, we can estimate the conjugates
of XN by
lori(Xw)l < Ni(max{1, o (@) H™. (2.9)

As before, the implied constant depends only on g, the a; and the 4;;. Multiplying the
bounds (2.8) and (2.9) for the absolute values of all the conjugates of Xy and noting
that || > 1, we derive

- diN

|| (X)) < N"q-l('“' [T, max{l, Icr,(a)n)‘
I\AN

=1 |q|a2

By (1.2), the right-hand side tends to zero as N — oo. However, the left-hand side is a
rational integer since it is a power of the norm of an algebraic integer. Therefore, there
exists a natural number Ny such that Xy = 0 for all N > Ny, which, in turn, implies that
Xn = Xn+1 = 0. Consequently,

Nd, Nd, Lat
k
Ao+
° Z [aln] ! [akn]q
and
Nd,+d, Ndy+dy Lat
k
/l + RS =0
0 Z [alﬂ]q ,,Z:; [axnly!
for all N > Nj. Subtracting these two relations gives
Nditdi o Nditdi
& Z Tttt Z —— =0 (2.10)
w1 [417g! kg Lanly!

for all N > Np. Note that, for 1 <j < k, we have Nd + a; < ajn < Nd + d in the above
sums. Therefore,

a,Ndk+]
[Nd + aj],!
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divides each term in (2.10). By extracting this factor, we obtain

oNdi=d)+1 QNdi-d+di-1
/l‘(aN(dl W Nd+2 Nd-+a+1 to NG Nd+a +1 )
(gh2a = 1) - - - (gNratt — 1) (g" = 1) - (gt = 1)
aN(dZ_dk) aN(dz—dk)+d2—1
+ ﬂz((quwz — 1) (gNt+a+l — 1) S (gNd+d — 1) - .. (gNd+ar+1 — 1))
+ o e
1 Qdk_l B
+ /lk((qzvdmk —1)-- - (gNdratl 1) ot (gNH+d = 1)+ (gNd+ar+T — 1)) =0.

2.11)

Now, for 1 <j <kand 0 <! <d,; - 1, the absolute value of the general term is

N @=d+l N

adl_dk
‘(qu+(l+l)a/- — 1) (gNVdrar+l — 1)

<

qéd

except for j = 1 and [ = 0, with 6 = min{a,, a; — a;}. Since 1 < ¢, this implies that each
term in (2.11) is < [@® =% /q?|". By (1.2), this quotient is less than 1, as 1 < |a] < |g|“'.
Hence, taking the limit as N — oo, all terms in (2.11) tend to zero except the first,
that is, @V ~49) This implies that A; = 0, which is a contradiction. This completes the
proof.
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