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ON THE DEGREE OF APPROXIMATION
BY SZASZ OPERATORS

SurResH PrRASAD SiINGH

The aim of the present note is to give the degree of

approximation by Szasz operators.

1. Introduction
The linear positive operators (Snfj defined as

oo

(1.1) (5,0)(=) = (5,023 #)) = ™ ()7 (1) £(e/m)
=0
were introduced by Sz&sz [3] to approximate f € C[0, «») . Stancu [2] has
given the following result in uniform norm.
THEOREM 1. Let f € C'[0, al, a >0, and let w(f'; +) be its

modulus of continuity. Then, for n €N ,

(1.2) IISnf'-fII < (a+Va) * 1/Vn » w(f’; 1/Vn) .

Recently we [4] have obtained the estimate

(1.3) Is, f-fll = (Va+(a/2)) * 1/Vn - w(f'; 1/Vn)

which is sharper than the corresponding estimate (1.2).

The object of the present note is to extend the result (1.3) for
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feco,al, r=0,1,2, ....

We prove the following.

THEOREM 2. et f € c™0,al, a >0, and Zet w(FA™1); ) 1o

its modulus of continutty. Then, for n €N ,

) [sef N <m0 ek, e avn w(F T 1 vm)
n n,r

where

K .= [(a/2)+(r/2Vh)+(rz/hn)+((r2/hn]+a)%'(l+(r/2Vh))] .

n

2. Proof

We use the following results [71],

(2.1) (s1)(x) =1,
(2.2) (s, (t-2))(x) = 0,
(2.3) [Sn(t—x)e](x) = z/n .

After differentiating (1.1) » times with respect to z , we get

o

1) [ = ae 2z ((n)*/ ()87 _ £ kim) (x5 m)
=0 n

where Ar_lf(k/n) represents the difference of order r of the function
n

f with step 1/n starting from value k/n . This difference of order »r

is defined by

o fk/n) = & _ flk/n) = F((ks1)/n) - f(K/n)

n n

AL /m) = A [A” f(k/n)] Cre1 2, ...
= R s}

By using the mean value theorem,

(2.5) 8" fkm) = @) ((ere ) m) L ey € (0, 1)
n
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With the help of (2.4) and (2.5),
(2.6) [Sir)f(x)] =™ kgg ((nx)k/[ka(P)((k+pek)/n) .
We know that
2.1 @) - £ ((kere)) /)

(k+r9k)/n
= (o= ((kr0,) /7)) £ (2) + F ) () () dn
k

X

Using (2.6), (2.7) and the inequality

AT (- f P () s enezl/8)] + w(F ™5 8) (55 0)

we obtain that

A7 (2)- [s‘”’f] (=)]

n

< | (g e z ((nx)k/m(x-((k+rek)/n))|
=0
o (k+r9k)/n
e u(fT) g D () 110 || [1+(n-z/8) 1dn
=0 x

Sl + 52 (say).

Clearly

s, = 1F" @y - | z ((nxﬂ‘/@[x-(k/m-(rek/n)]l
=0

< 177 (@)| «rin - o I ()71 1oy
=0

sr/n - Hf(r+l)H ,
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s =m(f(r+l)-, 8)e™* ¥ ((nx)k/[&)
k=0
x D ((k+08,) /) | +(1/26) (((k+78, ) /n) -x)ﬂ
=o(f"; 9™ T (/18
k=0

x [|z=(k/n)=(n/2n) |+(r/2n)+(1/26) (|a-(k/n)-(r/2n) | +(r/2n))?]

< ()] 6)1:((r/2n)+(r2/8n26))+(1/26)e_m T ()10
k=0

x [x-(k/n)-(r/2n))2+[1+(r/2n6))e_nx kz ((nx)k/@]x-(k/n)—(r/Zn)]:l .
=0

From (2.1), (2.2), (2.3) we know that

-nx
e

Y ((nx)k/@ (2= (k/n)-(r/2n))2 = x/n + v°/ln°
k=0

e kZ ((nz)%/ 1) = (k/m)=(z/2m) |
=0

/ o
=V ™ ¥ ((nx)k/lk](x-(k/n)-(r/Qn)]2°(Snl)(x)
k=0

= [(rzllm2) +(x/n))% )

By choosing & = 1/Vn , we finally get, for all z € [0, al , that

s, <K e e ofT) apm)

27 n,r
This completes the proof.

COROLLARY 1. If f(r+l) € LipM a, 0<oa=<1, M>0, then, for

n €N,

”Sr(zr)f‘f(r)“ somoe F N ey x ()2

n,r
COROLLARY 2. If, in addition to the hypotheses of Theorem 2,

fEe C'r+2[0, al , then, for n €W ,
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(Y“”l)l (TH’Z)” .

T R
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