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Abstract

We investigate several quantitative properties of entire and meromorphic solutions to some differential-
difference equations and generalised delay differential-difference equations. Our results are sharp in a
certain sense as illustrated by several examples.
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1. Introduction and main results

Laine investigated the differential equation

FPD) + a1 Q" V@) + -+ a1 f (@) + a0 f(2) = Pi(2)e™?, (1.1)

withay #0,ay,...,a,-1, Po, P1 # 0 polynomials, in his monograph [12] on Nevanlinna
theory and complex differential equations. In particular, he proved the following
important result.

TueorEM 1.1 [12, Theorem 8.8]. Suppose that

dega;
Bi=degPy<y:=1+ max { }

j=0,1,..n-1l n — j

in(1.1). Then all meromorphic_solutions fto(1.1)satisfy B < o(f) <v. If, in addition,
o(f) > B, then o(f) = A(f) = A(f).

Our first results are related to this theorem of Laine. We assume the reader is
familiar with the basics of the Nevanlinna theory of meromorphic functions in the
complex plane C as in [11], such as the first and second main theorems, and the
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standard notations, such as the characteristic function 7'(r, f), the proximity function
m(r, f), and the integrated counting functions N(r, f) and N(r, f). As usual, S(r, f)
denotes any quantity satisfying S (r, f) = o(T(r, f)) when r — +co outside a possible
exceptional set of finite logarithmic measure. We use o (f), ¢(f), and A(f) and A(f) to
denote the order, the hyper-order, and the exponent of convergence of zeros and that
of the distinct zeros for a meromorphic function f in C, respectively.

Our first result concerns some quantitative properties of (finite-order) entire
solutions to the following differential-difference equation, associated with (1.1),

Bz + ) + -+ @ f (2 +m) + ho(D) f(z +10) = P1(2)eP O fP(z + ). (1.2)

Here, k£ > 0 is an integer, Py is entire, Py, hy #0, hy, ..., h, are small functions of
f (that is, they belong to the family S; of meromorphic functions a(z) in C with
T(r,a)=S(r,[)),and c,n9,71,...,1n, are constants.

THeEOREM 1.2. Assume f is a transcendental entire solution to (1.2) with hyper-order
s(f) strictly less than 1. Then, the following three conclusions hold.

(i) o(f)za(e™).

(i) If f has a finite Borel value b and either o(f) > o(e) or o(f) = () yet
s(f) > o(Py), then b = 0.

(iii) If f,e™ have finite orders with o(f) > o(e’) + 1, Py, hy 0, hy, ..., h, have
finite orders that are strictly less than o(f) — 1, and ¢, ng, 11, . . . , 1, are pairwise
distinct, then A(f — a) = o(f) — 1 for every finite value a € C.

Theorem 1.2 provides a deep extension to the main results of Liu and Song [13,
Theorems 1-3]. The following examples show that our theorem is best possible in a
certain sense.

ExampLE 1.3. f(z) = e*sinz is a transcendental entire solution of finite order to the
equation f”'(z + 2mi) + 2f(2) = 2f"(2).

ExawmpLE 1.4. f(z) = €° is a transcendental entire solution of finite order to the equation
Sz +2m0) + f(2) = 2f"(2).

ExampLE 1.5. f(2) = ¢ is a transcendental entire solution of finite order to the equation
2 2 3 .
322 f(z + mo) = MM f7(2) with Po(2) = 3n02* + 3m3z + 175,

Example 1.3 illustrates o(f) > o(e™); however, we do not know whether the
equality o(f) = o(ef) can occur in case (i). Via Example 1.4, conclusion (ii) arises.
We can also observe o(f) = (ef*) + 1 but A(f) < o<(f) — 1 in Example 1.5, so that the
condition o(f) > o(e™) + 1 cannot be further reduced.

On the other hand, if Pief =0 in (1.1), Voorhoeve et al. [15] observed in 1975
that every exponential polynomial is a solution to this new equation. In addition,
when the coefficients of this new equation are exponential polynomials and exactly
one coefficient has order strictly larger than those of the others, Wen et al. [16] recently
proved that a transcendental exponential polynomial solution to such an equation has
a specific dual relation to the maximum order coefficient.
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An exponential polynomial has the form
@ = P1(2)e?@ + -+ + Pi(2)e?,

where the P; and Q; are polynomials and P; #0 for j=1,2,...,k. We denote
g = max{deg Q; : Q; # 0}, and let wy, w», ..., w, be the pairwise distinct, nonzero
leading coeflicients of those polynomials Q; that attain the maximum degree g. Then
f can be rewritten as

f(@) = Fo@@) + F1(2)e”" + -+ + Fu(2)e”,

where by construction Fy and F; #0 for [ =1,2,...,m are either exponential
polynomials of orders strictly less than g or polynomials. Note that ¢ = 0 means f
is a polynomial.

Motivated by the consideration of transcendental exponential polynomials as in [15,
16], we also discuss exponential polynomial solutions to the equation

an@ PG+ )+ + a@f @+ ) + a@f @+ o) = Pi(2)eP fz+ ), (1.3)
and arrive at the following conclusion.

THEOREM 1.6. Every transcendental exponential polynomial solution f to (1.3) satisfies

o(f) >deg Py + 1. Here, Py is a nonconstant polynomial, Pi,aq,ai,...,a, are
exponential polynomials of orders at most deg Py — 1, and c,n9,11,...,0n, are
constants.

Finally, we consider the generalised delay differential-difference equation

w'(z)  Pw(@)
(z,0(@) 0z w@)’

which is related to the difference Painlevé equation recently studied by Halburd and
Korhonen [7]. There have been many studies of discrete (or difference) Painlevé
equations. One way in which difference Painlevé equations arise is in the study of
difference equations admitting meromorphic solutions of slow growth in the sense
of Nevanlinna theory. The idea that the existence of sufficiently many finite-order
meromorphic solutions could be considered as a version of the Painlevé property for
difference equations was first advocated by Ablowitz et al. [1]. This is, however, a very
restrictive property, as demonstrated by the relatively short list of possible equations
obtained in [5, 6] of the form

ai@Qwiz+cy) + -+ a,@Qw(z+c,) + a(z)H (1.4)

w(iz+ 1) +w(iz-1) =Rz, w(z)),

where R is rational in w with meromorphic coefficients in z, while w is assumed to be
of finite order but to grow faster than the coefficients. It was later shown in [8] that
the same list arises if the finite-order hypothesis is replaced with that of hyper-order
strictly less than 1.
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Some reductions of integrable differential-difference equations are known to
generate delay differential equations with formal continuum limits to differential
Painlevé equations. For example, Quispel et al. [14] obtained the equation

w@(w@+1) - wz-1)) + aw'(2) = bw(z), (1.5)

with a and b constants, as a symmetry reduction of the Kac—van Moerbeke equation.
They also observed that (1.5) admits a formal continuum limit to the first Painlevé
equation, and obtained an associated linear problem by extending the symmetry
reduction to the Lax pair for the Kac—van Moerbeke equation. Painlevé(-type) delay
differential equations were also considered in Grammaticos et al. [3] from the point of
view of a kind of singularity confinement.

Recently, Halburd and Korhonen [7] considered an extended version of (1.5) and
studied the delay differential-difference equation

w'(2) P(z, w(2))

=Rz w(z)) = m——.
w(z) 0(z, w(z))
In particular, they proved the following result.

wiz+1)-wiz-1)+a(z) (1.6)

TueOrREM 1.7 [7, Theorem 1.1]. Assume w is a transcendental meromorphic solution
to (1.6), where a is a rational function, P(z, w(z)) is a polynomial in w with rational
coefficients in z, and Q(z, w(z)) is a polynomial in w having zeros that are nonzero
rational functions in z but are not zeros of P(z, w(2)). If the hyper-order of w is strictly
less than 1, then

deg, (P)=deg, (Q)+1<3 or deg,(R) <1.

Here deg  (P) = deg,(P(z, w(z))) denotes the degree of P as a polynomial in w,
while deg  (R) = max{deg, (P),deg, (Q)} denotes the degree of R as a rational function
in w.

We study the more general equation (1.4) and derive the following result.

THEOREM 1.8. Assume w is a transcendental meromorphic solution to (1.4), where
a,ay,ay, ... ,a, are rational functions and cy, c, . . ., c, are pairwise distinct, nonzero
constants, H(z, w(z)) and P(z, w(2)) are polynomials in w with rational coefficients in
z, and Q(z, w(2)) is a polynomial in w having zeros that are nonzero rational functions
in z but are not zeros of P(z, w(z)). If the hyper-order of w is strictly less than 1 and
deg,(H) > 1, then

deg,,(P) < deg,(0Q) + 1.

Two examples are given below to exhibit the sharpness of Theorem 1.8.
ExampLE 1.9. w(z) = z¢™ is a finite-order transcendental entire solution to
W) 202 +z

wiz+ 1) —wiz-1)+ TS Q)

ExampLE 1.10. w(z) = € is a finite-order transcendental entire solution to
W' (2) 1

wiz+1)—wiz-1)+ T = m
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2. Preliminary results
This section summarises several key results needed subsequently in this paper.

Lemma 2.1 [18, Theorem 1.62]. Take an integer n > 3, and let fi, f>,..., fn be

meromorphic functions in C with fi, fa,..., fu-1 nonconstant and f, #0. Assume
" fi=land

n

N[ %) =1 Y G f) <A+ oI)T( f)
J Jj=1

j=1
with some constant A <1 forallre I and k=1,2,...,n—1. Then f, = 1. Here, |

denotes a subset of positive real numbers of infinite Lebesgue measure.

Lemma 2.2 [18, Theorem 1.51]. Let f; be meromorphic functions and g; be entire
functions in C for j=1,2,...,n with an integer n > 2. Assume

(i) X fie¥ =0;

(1) gk — g is not a constant whenever 1 <k #1<n;

(iii) T(r, f;) =S(r,e878) forevery 1 < j<nandall1 <k#[l<n.

Then f; =0 for j=1,2,...,n.

LemMma 2.3 [8, Theorem 5.1 and Lemma 8.3]. Let ny,1n, be two complex numbers,

and let f be a meromorphic function in C satisfying ¢ = ¢(f) < 1. Then, for every
sufficiently small € > 0 and all s € (0, +0),

f@+n)y _ (T )
m(r, Tarn 772)) = 0(—,-17;—8 ) =S, f)
and T f)
T(r+s,f) =T )+ o(rl_%) = T(r, ) + S(r. /).

Here, r € (0, +00) outside of an exceptional set of finite logarithmic measure.

For the preceding result, one may also consult Chiang and Feng [2, Theorem 2.1
and Corollary 2.6] for the finite-order situation.

A version of the differential-difference analogue of Clunie’s theorem is given next;
see also the interesting result by Halburd and Korhonen [4, Theorem 3.1].

ProrosiTion 2.4 [12, Lemma 2.4.2]. Let f be a transcendental meromorphic solution
withg(f) < 1to

f"(@Di(z, f(2)) = Da(z, f(2)),

where D(z, f(2)), D2(z, f(2)) are differential-difference polynomials in f with small
meromorphic coefficients, that is, the coefficients a(z) satisfy T(r,a) = S(r, f). If the
degree of Dy(z, f(2)), as a polynomial in f, its derivatives and its shifts, is at most n,
then

m(r, Di(z, f(2))) = S (r, f).
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Lemma 2.5 [17, Corollary 4.2]. Let q be a positive integer, let ay, ay, . .., a, be either
exponential polynomials having orders strictly less than q or polynomials, and let
b1, by, ..., b, € C\ {0} be pairwise distinct constants. If 3'i_, a;(2)e’* = ay(z), then
aj=0for j=0,1,...,n

3. Proof of Theorem 1.2

Proor or Concrusion (i). First, we rewrite (1.2) in the form

ha@f @+ ) + - + @) @+ m) + ho)f (2 + 7o) — P
Pi1(2)f®(z +¢) '

Since ¢(f) < 1 by assumption, applying the first main theorem [1 1, Theorem 1.2], the
lemma of the logarithmic derivative [11, Lemma 2.3] and Lemma 2.3 above yields

Te™ < (s, Z b0+ + T ) + 7 )

< T [P+ 0) + T fOG+ ) + Y. T hyj) + T, Py) + O(1)
Jj=0

J=0

< Z T(r, fO)+ T(r, fO) + S(r, /) <+ DT(r, f) + S (1, ),
Jj=0

which implies o(e”) < o(f) so that conclusion (i) is verified. O

Proor or Concrusion (ii). Assume b is the second Borel value of the entire function f.
From [18, Theorems 1.42 and 2.11], f can be rewritten in the form

f(@) = g(2)e?@ +b. (3.1)

Here, g is an entire function with 7'(r,g) = S(r, f) and Q is an entire function with
T(r,e9) = T(r, f) + S(r, f) (so that 0(e?) = o(f) and 07(Q) = ¢(f)). Observe that

FO@) = (8% + b)) = (8()e?) = ¢(2)e, (3.2)

where the ¢; are polynomials formed by g, Q and their derivatives. It follows that
T(r,¢) =S(r,f)fort=1,2,...,nand t = k. Substituting (3.1) and (3.2) into (1.2),
B (2)@n(z + 71,)e2EM 4o+ (D)1 (z + pp)elE™
+ho(2)g(z + 1710)e2H ™) + bho(z) = P1(2)¢gi(z + )ef 1@+, (33)

Suppose b #0. When n =0, we get a contradiction immediately via (3.3) by
comparing the zeros of g(z + 179)e?“™) + b and P, (2)gx(z + ¢). Whenn > 1,

In(@pn(z + 1) @z + el
~bho(2) ~bho(2)
. 8(z +10)eCEM) P (2)pi(z + c)efr@+2Ero) 1
b bho(2) ’
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in view of the hypothesis Ay # 0. This gives fi + -+« + f, + fu+1 + fora = 1, where
_ ha(@)@alz + 1,)e 2

! —bhy(z) ’
fo = h1(2)g1(z + 17p)elEm
n _bho(z) ,
g(z + 1)@
fn+l = _—b,
P1(2)@i(z + c)efo@+0Eto)
fn+2 =
bhy(z)

Because either o(e?) > o(e”) or o(Q) > o(Py) by assumption, it is easily seen that

T(r, f)=T(r,e?) + S, ) =T /) +S(r f)

forl=1,2,...,n+ 1, while f,,, cannot be a constant. In addition,
n+2 1 n+2
DN(r )+ e ) Y NG ) =S f)
=1 fi =1
fors=1,2,...,n+ 1. Lemma 2.1 immediately leads to a contradiction. |

Proor or ConcLUsIoN (iii). Suppose f, e have finite orders with o(e*) < o(f) — 1,
and there is a finite value a € C with A(f —a) < o(f) — 1. Then a is a Borel value of
the entire function f, and according to the arguments in part (ii),

f(@) = g(2)e?® +a. (3.4)
Here, Q is a polynomial with o(f) =deg Q = ¢, and g is an entire function with

o(g) = A(g) = A(f —a) <o(f) — 1. Besides, (3.2) holds with o(¢;) < o(f) — 1 for
t=1,2,...,nand t = k. Substituting (3.4) and (3.2) into (1.2), just as for (3.3), yields

hy(eu(z + nn)eQ(ZJr']n) + o+ (e (z + nl)eQ(Zﬂ]l)

+ho(2)g(z + 170)e2E) + ahy(z) = P1(2)pi(z + ¢)eP& e, (3.5)
The assumption o (f) > o(ef) + 1 > 1 implies that o(f) = deg Q = ¢ > 2 and
o(ef) < g—1,and as ¢,19,71, . .., N, are pairwise distinct, it follows that

O.(eQ(ZH]u)—Q(Z*'TIV)) — O—(eQ(Z+7]z4)_PO(Z)_Q(Z+C)) =q- 1

forO<u#v<n. Since o(hjp;) <g—1and o(Pi¢r) <g—1,for j=0,1,...,n (with
wo:=g)and 0 <u#v<n,
max{T (h,), T(P1gr)} = S (r, 2124
and
max{T (hjg;), T(P1gr)} = S (r, QFHMI-Fo@70G),

When a = 0, in view of (3.5) and Lemma 2.2, hog(z + 19) = 0, which is impossible.
When a # 0 and n = 0, a contradiction follows immediately from (3.5) by comparing
the zeros of g(z + 10)e2@™) + g and P, (2)¢x(z + ¢); when a # 0 and n > 1, we can
employ the same argument using Lemma 2.1 as in part (ii) to arrive at a contradiction.
This covers all possibilities, so that A(f —a) > o(f) — 1 is verified. O
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4. Proof of Theorem 1.6

Let f be a transcendental exponential polynomial solution to (1.3) with finite order
o(f). Then deg Py < o(f) by analysis parallel to that in the proof of part (i) of
Theorem 1.2, since by hypothesis T'(r, P1), T(r,a;) = S (r, e’ for j=0,1,...,n. Now
suppose that deg Py = o(f) = ¢ > 1. Then

f(2) = Foo(2) + F10(2)e” ¥ + Fa(2)e”™ + -+ + Fp0(z)e”"
with o(Fop), 0(Fip) <qgand Fjp #0for/=1,2,...,m. This leads to

FO@) = Fou(2) + F1,(2)e” + F2(2)e”” + -+ + Fp (2)e“,
so that

fO+d) = Foz+d) + Fi(z + d)e 1@ e
+ Fa (z + d)ef2a@e 4L 4 F iz + d)eltma@een™  (4.1)
Here, w; # 0 are pairwise distinct constants, H;, are polynomials of degrees at most
q — 1 that depend on d (note that H;; =0if d =0),d € {c,no, 71, ..., 0.}, and Fo,, Fi;

are either exponential polynomials of orders strictly less than ¢ or polynomials such
that

Fou2)=Fj,,() and Fi(2) = Fj,_(2) + quiz™ Fii1(2) 4.2)

forl=1,2,...,mandt=1,2,...,n.
Write Py(z) = byz? + G(z) with by, # 0 and deg G < g — 1. Substituting (4.1) and
(4.2) into (1.3) yields,

n

n
D a@F o+ ) + ) {aj@Fy jz + el )ed
j=0 j=0

n n
+ Z{aj(Z)FZ,j(Z + nj)eHz.n‘/(Z)}ewzzq bt Z{aj(Z)Fm,j(Z + nj)eHm,r,/-(Z)}eme"
J=0 Jj=0

m
= P1(2)Fo0(z + ¢)e?@e"" + Z P1(2)F0(z + ¢)eC@+HIQ plbytwnit,
=1

For the sake of convenience, rewrite this equality as
m m
T0(2) + Z 7/(2)e” = fo(z)e? + Z L(zyebat e (4.3)
=1 =1

where 7¢, 7; and {y, {; for I = 1,2, ..., m have the obvious meanings.
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When m = 1, from (4.3),
70(2) + T1(2)e” = {o(z)equq +4 (z)elbatwr

Note that b,w; # 0. If b, = w, then Lemma 2.5 yields {; = P1F10(z + c)eG+He =
since b, + wy # 0, which is impossible. If instead b, # w;, then Lemma 2.5 yields
o =Pi1Foo(z+ ¢)eY = 0, which is true provided Fyo = 0; this further leads to 79 =0
by (4.2) so that £} = 0 again.

Whenm > 2 and b, € {w1, wa, ..., wy}, say, b, = wi in (4.3), then
0@ + ), T = ) o) (4.4)
=2 I=1

If by + w; # 0 for every [ = 2,3,...,m (notice that b, = w; and hence b, + w; # 0),
then there exists an index, say, [ = 2, such that b, + w, stands alone in (4.4) without a
match; this unfortunately yields ¢, = P1Foo(z + c)eC e = 0, which is impossible. So,
b, + w; = 0 for exactly one index (which certainly cannot be [ = 1), say, / = 2. Then
w1 = —w, and (4.4) becomes

m m
2, T = 0@ + Y a@)e
=2 =3
so that
{wr, ws,...,wn} ={"2wr, w3 — Wy, ...,Wy, — W},

which implies wy + XL w; = —mw, + Y25 w;. This holds only if w, = 0, which is
absurd.

When m > 2 but b, ¢ {wy, ws, ..., w,} in (4.3), then ) = 79 = 0 follows with an
analogous argument, so that

m

m
2@ = ) i@t
=1

=1

If by + w; =0 for some [ =1,2,...,m, say, [ = 1, then {; =0, a contradiction. So,
by +w; # 0 forevery [ = 1,2, ..., m, and matching of common terms leads to
{wi,wa, ..., W} ={w) +bg,ws + by, ..., wy, + byl

In particular, 32, w; = mb, + 3, w;. This holds only if b, = 0, which is impossible.
So, o(f) > deg Py + 1 follows and the proof of Theorem 1.6 is complete.
5. Proof of Theorem 1.8

Suppose deg, (P) = p > deg,(Q) + 2 and deg (H) = h > 1, while P(z, w(z)) and
H(z, w(2)) can be written explicitly as

P(z,w(2)) = by()w(2) + - - + b1(Dw(2) + bo(2),
H(z, 0(2)) = di(2)0" (@) + - - + di (2)w(2) + do(2).
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Here, by, by, ...,b, and dy, d;, ..., dy are rational functions in z. Then we can rewrite
(1.4) as

([ ai@ot+ )| w@) + a@e @0 we)
=1

~{bp1@W (@) + -+ + b1 (RDw(2) + bo(2)H(z, w(2))
1@ (@) + -+ diQw(2) + do(2)}bp (D)W (2) = bp(2)din(D)w" ' (2).

The degree of the left-hand side of this equality, as a polynomial in w, &’ and its shifts
with rational coefficients, is at most p + 2 — 1. From Lemma 2.4,

m(r,w) = S (r, w).

As a result, w has infinitely many poles.
Let z; be a pole of w with multiplicity k; > 1. If z; is neither a zero nor a pole of
the rational function « in the term aw’/H(z, w), one of the following holds:

(a) =z is asimple pole of a(z)w’(z)/H(z, w(z)) when deg, (H) = 1;
(b) z; is aregular point of a(z)w’(2)/H(z, w(z)) when deg, (H) > 2.

Applying these observations and noting that deg, (P) — deg,(Q) > 2, we see that w
has a pole at one of the points z; + ¢,z + ¢2,...,21 + ¢,, Which is neither a zero
nor a pole of the rational function coefficients of (1.4). Denote by z, this pole of w
with multiplicity k, > k;(deg,,(P) — deg,(Q)). Substituting z, into (1.4), by a parallel
discussion to that above, w has a pole at one of the points 2, + ¢1,220 + ¢2,...,22 + ¢y,
say, z3, which is neither a zero nor a pole of the rational function coefficients of (1.4)
and has multiplicity

ks > ka(deg,,(P) — deg,,(Q)) > ki(deg,,(P) — deg,,(Q))*.

This iteration process can be repeated to generate a sequence {z,, : m > 1} of poles
of w with multiplicities {k,, : m > 1}, which are neither zeros nor poles of the given
rational functions, such that

ki 2 ki(deg,,(P) — deg,,(Q))"™".

(It may be helpful to mention that similar iteration techniques (but with more
complexity) can be found in Han [9] or [10, Proposition 2.2], and the many references
therein.)

We now estimate the growth of the counting function n(r, w). Set

Im = lz1l + (m = Da
for @ := max{|cy|, |cz], . .., |cal}. It is geometrically straightforward to see that

Zm € B(z1, (m — Da) & B(O, |z1] + (m — Da) = B(0, 1),
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which in particular implies, for sufficiently large m, that

(1, w) > ky(deg,,(P) — deg, (0)" "

As a consequence,

log log n(r, w) S b log log n(ry,, w)
_— u —

¢(w) > lim sup 1 lims
F—>+00 ogr m—+oo 1Og 'm
. log log ki (deg,,(P) — deg,(Q)""
> lim sup =1
Mm—s-+o0 log ryy

However, this contradicts the condition ¢(w) < 1. So deg ,(P) < deg,,(Q) + 1 follows.
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