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Abstract

We determine which varieties of commutative semigroups have the weak or strong amalgamation
property. These are precisely the varieties of inflations of semilattices of abelian groups.

1981 Mathematics subject classification (Amer. Math. Soc.): primary 20 M 07; secondary 08 B 25.

Introduction

In recent years, several authors have studied amalgamation questions for certain
classes of semigroups which form varieties of universal algebras. Imaoka (1976a)
has determined which varieties of bands have the weak or strong amalgamation
property, and Hall (1978a) has answered the corresponding question for varieties
of inverse semigroups. In particular, all varieties of commutative inverse semi-
groups have the strong amalgamation property. This can be deduced from the
proof of Howie (1968), Theorem 3.1; see also Imaoka (1976b).

In another paper (Clarke (1980)), the author has investigated amalgamation
questions for varieties of completely regular semigroups, showing in particular
that all varieties of orthodox normal bands of abelian groups have the strong
amalgamation property. This result follows easily from the proof of Imaoka
(1976a), Corollary 2.4.

It seems natural, then, to ask the following question. Which varieties of
commutative semigroups have the weak or strong amalgamation property? It
was shown by Kimura (1957) that the variety of all commutative semigroups
does not have the weak amalgamation property.
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In this paper, we show that an arbitrary variety of semigroups has the weak or

strong amalgamation property if and only if the variety of all inflations of

semigroups from that variety has the same property. We also provide a neces-

sary condition, in terms of identities, for a variety of semigroups to have the

weak amalgamation property.

From these results we deduce that the varieties of commutative semigroups

having the weak or strong amalgamation property are precisely those varieties of

semigroups which consist entirely of inflations of commutative inverse semi-

groups.

1. Preliminaries

For background on varieties of semigroups the reader is referred to Evans
(1971), on the amalgamation properties to Hall (1979) or Hall (1978b) and on
the elementary theory of semigroups to Clifford and Preston (1961).

RESULT 1. Let *Y be a variety of semigroups, and let T denote the class of all

inflations of semigroups from CV. Let Q be the variety of null semigroups. Then °V

is a variety of semigroups; in fact, 'V = °V" V S , the join of "V and S in the lattice

of semigroup varieties.

PROOF. If T consists entirely of weakly reductive semigroups, then the result
is Proposition 2.6 of Petrich (1974).

Now the varieties of weakly reductive semigroups are precisely the varieties of
unions of groups. Suppose that T does not consist entirely of unions of groups.
Then °V contains 6. Let A G <Y. If B is an inflation of A, then B is an ideal
extension of A, by a null semigroup C, say, determined by a partial homomor-
phism. So B is a subdirect product of A and C (see, for example, Lee (1976),
Remark 1). Therefore J e T . Thus T is closed under the taking of inflations;
that is, <V = T.

RESULT 2 (Tamura (1969)). If a semigroup S satisfies an identity xy = f(x,y),
where f(x,y) begins in y, ends in x and has length at least 3, then S is an inflation
of a semilattice of groups satisfying the same identity.

2. Inflations of semigroups

THEOREM 1. Let °V be a variety of semigroups, and let "V denote the variety of
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all inflations of semigroups from T . Then 'V has the weak [strong] amalgamation
property if and only if T has the same property.

PROOF. If T =£ % then T is a variety of unions of groups. So there exists a
positive integer n such that all semigroups in "V satisfy the identity x = x"+ l .

Let (S, T; U) be an amalgam in T, where S, T and U are inflations of A, B
and C, respectively with A, B and C all belonging to T. Then (as in Clifford and
Preston (1961)) we have S = U „£,<*« and T = U f E J ) j , where {Xa: a G A)
and { F^: B G B) are families of disjoint sets such that for each a G A and for
each B G B, Xa n A = {a} and Yp n £ = {B).

Now ^ n £ = C. For, let x G C. Then x G U < S, and so {x2, x3, . . . } C
v4. In particular, x = x"+ 1 G A; and similarly, x G B. Conversely, if x G .4 n
B then x G 5 n T = £/, and so x = x" + l G C.

Suppose that the amalgam (A, B; C) can be strongly embedded in a semi-
group D belonging to °Y. For 8 G D, put

A-fi if 8 G A \ C,

Ys if 8 G B \ C,

Xsu Ys U8GC,
{8} if8(£A\jB.

Put W = U SeD Vs and extend the product in D to W in the usual way. Then
W belongs to % and (S, T; U) is strongly embedded in W.

The other half of the theorem is obvious. The proof for the weak amalgama-
tion case is similar to the above.

Since any semigroup variety of orthodox normal bands of abelian groups has
the strong amalgamation property (Clarke (1980)), we now have the following
corollary.

COROLLARY. Any variety of inflations of orthodox normal bands of abelian
groups has the strong amalgamation property.

3. Commutative semigroups

Let U = {u, v, 0} be a three element null semigroup. Extend the multiplica-
tion of U to one of A = U u {a} by defining au = ua = v and making all
other products equal to 0. Then A is a semigroup.

LEMMA I. If a variety T includes A, then *Y does not have the weak amalgama-
tion property.
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PROOF. Let B be the semigroup obtained by extending the multiplication of U

to one of 2 ? = U \j {b} in the following way. Put bv = vb = u and all other

products equal to 0. Clearly, A and B are isomorphic.

Now the amalgam (A, B; U) is not weakly embeddable in any semigroup.

For, suppose W is a semigroup containing A and B. Then, in W, u = vb = aub

= aO = 0.

REMARK 1. This example is a modification, obtained by T. E. Hall, of one due

to Kimura (1957).

LEMMA 2. Let A be the semigroup of Lemma 1. The variety generated by A is
determined by the identities xy = yx and x2 = rst.

PROOF. It is clear that A satisfies both these identities. Now any nontrivial
identity has exactly one of the following forms:

(a) w = w', where the words w and w' have length at least 3;
(b) x1 = w, where w has length at least 3;
(c)x2=y2;
(d) xy = w, where w has length at least 2;
(e) x = w, where w is any word.
Any identity from (a), (b) or (c) is implied by the identity x2 = rst. Any

identity from (d) or (e), other than xy = yx, can be shown to imply an identity
xy = w with H> having length at least 3. But A satisfies no such identity, since
au = v while A3 = {0}. So A satisfies no identity from (d) or (e) other than
xy = yx.

THEOREM 2. Let °V be a variety of semigroups, and let /(T) be the set of
identities satisfied by all semigroups in T. Then T has the weak amalgamation
property only if 7(T) includes an identity of the form xy = w, where w is a word of
length at least 3.

PROOF. From the proof of Lemma 2, it is clear that A $ T if and only if
includes an identity xy = w, where w has length at least 3. The result then
follows from Lemma 1.

LEMMA 3. Let S be a commutative semigroup, and suppose that S satisfies an
identity xy = w where w has length at least 3. Then S satisfies an identity of the
form xy = ymx", where at least one of m and n is greater than 1.

PROOF. If any variable other than x and y occurs in w, then replacing every

https://doi.org/10.1017/S1446788700017171 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700017171


282 G.T.Clarke Is I

occurrence of every such variable with either x or y gives an identity xy =
f(x, y). Suppose that only one of x and y occurs in f(x, y). Then we must have
xy = x" = xz, whence S is a null semigroup (and therefore satisfies every
identity of the form xy = ymx", m, n > 1). Otherwise, we have xy = ymx"
where at least one of m and n is greater than 1.

THEOREM 3. Let T be a variety of commutative semigroups, and let I(Y) be the
set of identities satisfied by all semigroups in "V. Let A be the semigroup of Lemma
1. The following are equivalent:

(i) T has the weak amalgamation property;
(ii) °V has the strong amalgamation property;

(iii) A(£Y;
(iv) T consists of inflations of commutative inverse semigroups;
(v) ICY) includes an identity of the form xy = w, where w is a word of length at

least 3.

PROOF. By the corollary to Theorem 1, (iv) implies (ii). Trivially, (ii) implies
(i). By Lemma 1, (i) implies (iii); and from the proof of Lemma 2 it follows that
(iii) implies (v). The proof will be complete when we show that (v) implies (iv).
Let J e T , and suppose that S1 satisfies the identity xy = w. By Lemma 3, S
satisfies an identity xy = ymx", whereymx" has length at least 3. By Result 2, S
is an inflation of a semilattice of groups. So S is a commutative inflation of an
inverse semigroup, as required.
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