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Symmetric Genuine Spherical Whittaker
Functions on GSp,,(F)

Dani Szpruch

Abstract. Let F be a p-adic field of odd residual characteristic. Let GSp2,(F) and Sp2,(F) be the meta-
plectic double covers of the general symplectic group and the symplectic group attached to the 2n
dimensional symplectic space over F, respectively. Let o be a genuine, possibly reducible, unramified
principal series representation of GSp,(F). In these notes we give an explicit formula for a spanning
set for the space of Spherical Whittaker functions attached to . For odd 1, and generically for even n,
this spanning set is a basis. The significant property of this set is that each of its elements is unchanged
under the action of the Weyl group of Sp,,(F). If  is odd, then each element in the set has an equivari-
ant property that generalizes a uniqueness result proved by Gelbart, Howe, and Piatetski-Shapiro.Using
this symmetric set, we construct a family of reducible genuine unramified principal series represen-
tations that have more then one generic constituent. This family contains all the reducible genuine
unramified principal series representations induced from a unitary data and exists only for n even.

Introduction

Let F be a p-adic field and let O be its ring of integers. Let Sp,,(F) be the metaplectic
double cover of Sp,,(F) and let GSp,,(F) = Sp2,(F) X F* be the metaplectic double
cover of GSpy,(F). Let Ty, (F) and T,,(F) be the inverse images inside GSp,,(F) of
T>.(F) and Tj,(F), the maximal tours of Sp,(F) and GSp,,(F) respectively. While
T>,(F) is commutative, T;,(F) is not. The isomorphism class of a genuine, smooth,
admissible, irreducible representation of T, (F) is determined by its central character.
Let I(w) be a, possibly reducible, genuine principal series representation of GSp,, (F)
parabolically induced from a representation of T,, (F) whose central character is w .
Its Whittaker model is not unique. In fact

dim(Hom (I(w),IndGS“”(F) 9)) = [F* : F*?).

GSpan(F) Nan(®)

Here 6 is a nondegenerate genuine character of N, (F), the inverse image of the max-
imal unipotent radical of Sp,,(F). We fix a natural basis, B(w, €), for this space.
Suppose now that F has odd residual characteristic. In this case, GSp,,(F) splits
over GSp,,(OF). While for odd n the embedding of GSp,,(OF) inside GSp,,(F) is
essentially unique, there are two non conjugate embeddings if 7 is even. Let K}, (F) be
an image of GSp,,(Of) inside GSp,,(F). Assume that I(w) is spherical, i.e., contains
a one dimensional invariant K, (F) space. Note that this property is independent
of the particular embedding of GSp,,(OF). In these notes we provide an explicit
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formulas for W(w, 8, 7), the set of images of the spherical vector under B(w, #), i.e.,
a spanning set for the K, (F) invariant subspace inside the subspace of Ind ;,;" f;)(” 0
generated by the images of I(w); see Theorem 5.2 for the explicit formulas. For odd
n, and generically for even n, W(w, 6, n) is a basis.

Let T,,(F) be the centralizer of T5,(F) inside T;,(F). Then T,,(F) is a maximal
Abelian subgroup of Tj,(F). Let E(w) be the set of extensions of w to T,,(F). The
set W(w, 8, n) is naturally parameterized by E(w) . The important property of the
spanning set constructed here is that it consists of symmetric functions, i.e., each
element is preserved under the action of the Weyl group of Sp,,(F) on the charac-

ters of T,,(F). Given the global functional equation satisfied by Eisenstein series (see
[21, Theorem IV.1.10]), we hope that this property will be useful for global applica-
tions. In the cases where a Weyl element induces a nontrivial permutation on E(w),
W (w, 8, n) is linearly dependent and I(w) is reducible. We give exact descriptions of
those cases that occur only if # is even. As an application, we construct a family of
reducible genuine unramified principal series representations of GSp,, (F) which in-
cludes all the reducible genuine unramified principal series representations induced
from unitary data. The representations in this family are a direct sum of two non-
isomorphic 6-generic GSp,,(F) irreducible submodules; each contains an invariant
vector with respect to a different embedding of GSp,,,(OF). The dimension of Whit-
taker functionals on each summand is 2.

It should be noted that T, (F) is not an analog to the Kazhdan—Patterson standard
maximal Abelian subgroup, i.e., it is not the centralizer of T, (F) N Kj,(F) inside
T;,(F). The fact that T,,(F) is the centralizer of T,,(F) inside T},(F), rather than
just being a maximal Abelian subgroup, is a crucial property. Furthermore, unlike

the Kazhdan-Patterson standard maximal Abelian subgroup, T5,(F) is a maximal
Abelian subgroup of T, (F) over 2-adic fields as well as over the field of real numbers.
Its existence is a particular case of the relation between the representation theories of
GSp,(F) and Sp,,(F) given in [22]. This relation is a generalization of some of the
results that appeared in [9] where the representation theory of GL,(F) was related
to the representation theory of SL,(F). The other main ingredient of our argument
in this paper is the work of Bump, Friedberg, and Hoffstein on the unique, up to
normalization, Spherical Whittaker function on Sp,,(F) attached to an unramified
genuine representation [3]. As explained in the end of Section 3, it is the uniqueness
of Whittaker’s model for Sp,,(F) which is ultimately responsible for our main result.

In a recent paper, Chinta and Offen [6] used the method of Casselman and Shalika
[5], to construct a spanning set of Spherical Whittaker functions for covers of the
general linear group. It is clear from their construction that a symmetric spanning
set can be constructed by introducing Jacquet integrals whose functional equations
are diagonal and then properly normalizing each integral. For one particular T5,(F)
orbit of Whittaker characters, one can extract the normalization factor from [3]. For
our purpose, it is necessary to extend the result of [3] for the other orbits. As we
show at the end of Section 3, for n = 1 our result coincides with the recipe given in
[6, Section 7]. In fact, our work gives a natural explanation for the diagonalization
given in [6] in the n = 1 case. It would be interesting to provide a similar explanation
for the diagonalization in the higher rank cases studied in [6].
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The paper is organized as follows. In Sections 1 and 2 we define some general
notation and collect some information on GSp,,(F). In Section 3 we construct the
genuine principal series representations and their Whittaker maps. We also discuss in
some details the Weyl group action and prove some irreducibility results. In Section 4
we give an extension of the results of [3]. This extension is used in Section 5 where we
prove our main result. Finally, in Section 6 we apply the main result to construct the
family of reducible genuine unramified principal series representations mentioned
above.

1 General Notation

Let F be a p-adic field, let O be the ring of integers of F, let Pr be its maximal ideal,
and let 7 be a generator of IPr. Let g be the cardinality of the residue field Op/IPr and
let | - | be the absolute value on F normalized in the usual way. For a € F* we denote
its order by ord(a). Thus, ord(a) = —log,(|al).

Let (-, - ), be the quadratic Hilbert symbol of F. It is a nondegenerate symmetric
bilinear form on F*/F**, For a € F* we define 1, to be the quadratic character of F*
attached to a, that is,

na(b) = (a,b),.
Let ¢ be a nontrivial additive character of F. We define its conductor to be the small-
est integer such that # is trivial on P%. We say that ¢ is unramified if its conductor is
0. For a € F* define

Yalx) = 9 (ax).

It is also a nontrivial additive character of F. For a € F* let y,(a) € C' be the
normalized Weil factor associated with the character of second degree of F given by
x > 1,(x?) (see [23, Theorem 2, Section 14]). It is known that ~y,, is a fourth root of
unity and that 'm(F*z) = 1. Also,

(1.1) 7y(ab) = vyp(@)yp(D)(a,b)p, Yo, = T Yo, ’YL_I = Yy-1, v (F?) = 1.

For a diagonal matrix ¢ inside GL,,(F) we define

Y1) =y (det(t)),  1a(t) = 1a(det(r)) .

In Sections 2.3, 4, 5, and 6, we assume that F has odd residual characteristic. In
this case, (Of,0F), = 1. Moreover, it follows from [20, Lemma 1.5] that if the
conductor of % is even, then 7,(0%) = 1. In the odd residual characteristic case
we fix a set of representatives of F*/F** of the form {1,u,, 7, mu,}, where u, is a
nonsquare element in O, fixed once and for all. In this case, the nondegeneracy of
the Hilbert symbol implies that

(1.2) N (@) = (—1)°14@.

For p-adic fields of odd residual characteristic, there exist exactly two quadratic char-
acters of Oy. The nontrivial one is

1 ueOp,

u— e (u) = (u,m), =
() = () {—1 u¢ OF.
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Any of the two quadratic characters 77 of O} extends uniquely to a quadratic character
of O%F**. We shall continue to denote this character by 7.

Let G be a group. We denote its center by Z(G). For h,g € G we denote g~ 1hg
by h8. Let H be a subgroup of G. Let o be a representation of H. If ¢ € G normalizes
H, we denote by ¢o the representation of H defined by h — o (h8).

2  Groups
2.1 Linear Groups

Let GSp,,(F) be the general symplectic group attached to the 2n dimensional sym-
plectic space over F. We shall realize GSp,, (F) as the group

{g € GLZn(F) | g]2ngt = )\(g)IZn}a
0 I,

where |, = ( 1,6 ) and A\(g) € F* is the similitude factor of g. The similitude map
g +—> A(g) is a rational character of GSp,,(F). The kernel of the similitude map is the
symplectic group Sp,,(F). Then F* is embedded in GSp,,(F) via
. I, O
=i 5)

Using this embedding we define an action of F* on Sp,,(F) by (g, A) — g™ . Let
F* x Spya(F) be the semi-direct product corresponding to this action. For g €
GSpan(F) define g, = i()\_l(g))g € Spau(F). The map g — (A(g),g,) is an isomor-
phism between GSp,,(F) and F* x Sp,,(F). We define GSp;n(F) to be the subgroup
of GSp,,(F) that consists of elements whose similitude factor lies in F *2 GS p;n(F ) is
a normal subgroup of GSp,,(F) that contains Sp,,(F) . Clearly,

[GSp2u(F):GSp,,(F)] = [F*:F**] < .
For any H' of GSp,,(F) we denote by H" and H its intersection with GS p;n(F) and
Span(F) respectively.
Let N, (F) be the group of upper triangular unipotent matrices in GL,(F) and let
N,,(F) be the following maximal unipotent subgroup of Sp,,(F):

{(3 tzﬂ) ‘ z € Ny, (F), b € Mat,x,(F), b :z_lbzt}.

We normalize the Haar measure on N,,(F) in the usual way. Let ) be a nontrivial
character of F. A character 6 of N, (F) is called nondegenerate if

0(2) = V(anzimom + 15 aizii i) »
where a;,ay, ..., a, are elements of F*. We say that 0 is unramified if ¢,, is unrami-
fied for any 1 < 1 < n. We say that 6 agree with ¢ on the long root if a, = 1.
Let Ty, (F) be the group of diagonal elements inside GL,,(F) and let
T,,(F) = {[t, y] = diag(t,yt™") | y € F*, t € Tg,(F)}

be the subgroup of diagonal matrices inside GSp,,(F). Note that A\([t, y]) = y.
Denote Ty, (F) X N,,(F) by BS,(F). This is a Borel subgroup of GSp,,(F). Let 6 be
the modular function on B}, (F).
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2.2 Rao’s Cocycle and Metaplectic Groups

Let Sp,,(F) be the unique nontrivial two-fold cover of Sp,,(F). The action of F* on
Sp2q(F) lifts uniquely to an action of F* on Sp,,(F); see [14, p. 36]. Using this lift we
define

GSpan(F) = F* x Spau(F),

the unique two-fold cover of GSp,,(F) that contains Sp,,(F).
We shall realize GSp,,,(F) as the set GSp,,(F) = GSp,(F) x {£1} equipped with
the multiplication law (g1, €;)(g, €2) = (glgz7 elezf(gl,gz)) . Here,

¢: GSpau(F) X GSpy,(F) — {£1}

is the cocycle constructed in [19, Section 2B] and studied in [22, Section 2]. Note
that ¢'is an extension of Rao’s cocycle

c: Span(F) x Span(F) — {£1}

constructed in [16]. Hence, the inverse image of Sp,,(F) inside GSp,,(F) is a real-

ization of Sp,,(F). For any subset H of GSp,,(F) we denote by H its inverse image

inside GSp,,,(F). Let H be a subgroup of GSp,,(F). A representation 7 of H is called

genuine if it does not factor through the projection map on H. Thus, a represen-

tation of H with a central charter is genuine if and only 7(I,,—1) = —Id . For

(g,€) € GSpa,(F) we define A(g, e) = A(g).

Lemma 2.1 The following hold:

() et y], [t',y']) = (det(r), y" det(r)),.

(i) (F"), GSpu(F)) = 1. ,

(iii) (g, €)= = (g, e(A(g),a"),) and (aly,, €)&) = (a,e(A(g), a"),).

F*L,, niseven,

F*2L, nisodd.

(V) Z(GSpy,(F) = FL,

(vi) Z(T3,(F)) = {([t,y], €) | y,det(t) € F**}.

(vii) Ty,(F) is an abelian group, T,, (F) is the centralizer of T,(F) inside T;,(F) and it
is a maximal Abelian subgroup of T, (F). Furthermore,

(iv) Z(GSpau(F)) = {

(2.1)  T,,(F) = T.u(F)Z(GSp5,(F)) and Z(GSp,,(F)) N Tzu(F) = £h.

(viil) Ny, (F) embeds into Sp,,(F) via the trivial section. T,,(F) normalizes (N,,(F), 1).
Proof (i)—(iii) follow immediately from the cocycle formulas given in [19, pp. 456
and 460]. Since Z(H) C Z(H) for any subgroup H of GSp,,(F), (iv) and (v) follow
from (iii). (vi) and (vii) follow from (i). We now prove (viii). Since N,(F) C
Span(F), the fact that N,,(F) is embedded inside GSp,,(F) via the trivial section is
a property of Rao cocycle; see [16, Corollary 5.5]. This corollary also implies that
T,,(F) normalizes (N,(F), 1). Thus, to finish the proof of (viii) one only need to
show that i(F*) normalizes (N>,, 1). This fact can be verified directly from the cocycle
formula. All the assertions given in this lemma are proved in more details in [22,
Section 2]. [ |
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From the last part of this lemma it follows that if 6 is a character of N;,(F), then
(z,€) — €f(z) defines a genuine character of N,,(F). We shall continue to denote
this character by 6.

2.3 Splittings of Maximal Compact Subgroups

In this subsection we assume that F is a p-adic field of odd residual characteristic.
In this case, Sp,,(F) splits over Sp,,(OF) and GSp,,(F) splits over GSp,,(OF); see
[13, Theorem 2]. Furthermore, there exists a unique map

tan: Span(Op) — {£1},

such that
ks Ran() = (K, 120(0))

is an embedding of Sp,,(OF) into Sp,,(F). It is known that ¢, is identically 1 on
By, (F) N Sp2,(OF); see [21, section 1.4]. We shall denote the image of Sp,,(OF)
under this embedding by K, (F). The splitting of GSp,,(F) over GSp,,(OfF) is not
unique. Let 17 be one of the two quadratic characters of O}. Define

Lgni GSp2n((())p) — {:l:l}
to be the following extension of ¢5,:
(2.2) (k) = n(/\(k)) LG(kl) .

Note that these two maps are identically 1 on T;n(F) N GSp2,(OF).

Lemma 2.2 There are exactly two maps

Ly GSpan(Op) — {1},
such that k — (k,15,(k)) is an embedding of GSp,,(Of) inside GSp,,(F). These are
the two maps defined in (2.2). These two embeddings are conjugates via an element of
GSpan(F) if and only if n is odd.

Proof The restriction of ¢}, to Sp,,(OF) must agree with ¢,,. Thus
1y, (k) = Lgn(i()\(k)) ton(k, )E(i(/\(k), kl) .

Lemma 2.1(ii) now implies that the restriction of ¢5, to i(0}) must be a quadratic
character and that

thn(k) = 13, (i(A(K)) an(k,).

This shows that ¢;, must be one of the two maps given in (2.2). On the other hand,
if 1}, is a splitting map, then so is ¢}, - (7;0\).
Let ¢, be any of the two splittings given in (2.2). Suppose that # is odd. By Lemma
2.1(iii),
(mhn,1)

(K, 12,(k)) = (k, 13, (- (A(K))) .
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Hence, if n is odd, the two embeddings constructed here are conjugates. It re-
mains to show that if n is even, then these two are not conjugates. From the Car-
tan decomposition it follows that the normalizer of GSp,,(OF) inside GSp,,(F) is
Z(GSp2n(F))GSp24(OF). Since the inner conjugation map of GSp,,(F), o — o'&e),
is independent of ¢, it follows that if the two embeddings mentioned above are con-
jugates then a conjugating element must lie in Z(GSp,,(F)). However, if # is even,
then by Lemma 2.1, Z(GSp,,(F)) = Z(GSp,,(F)). [ |

From this point we assume that GSp,,(OF) is embedded in GSp,,(F) via
k— (k7 Lgn(k)) ,

where 7 is one of the two characters above. We shall denote the image of GSp,,(OF)
under this embedding by K7, (F).

3 Representations
3.1 Genuine Principal Series Representations

Lemma 3.1 Let x be a character of the diagonal subgroup inside GL,(F), and let £ be
a character of F*.

(i) The map
(3.1) ([£,11,€) = xo([£,1],€) = ex(t)yy(2)

defines a genuine character of T»,(F), and all genuine characters of T,,(F) have
this form. Also,

(3.2) Xoo = (X" M)y

(ii) The map (alyy,€) — &y(alh,, €) = €£(a)yy(a”) defines a genuine character of
Z(GSp5, (F)), and all genuine characters of Z(GSp,,,(F)) have this form.

(iil) Assume in addition that {(—1) = x(—1I,), or equivalently that £, and X agree
on Z(GSp5,(F)) N Ta,(F). Then we can define a genuine character of T, (F) by

h=zg— (x KE)y(zg) = xu(g)&u(2).

Here, g € Ty,(F) and z € Z(GSp,,,(F)). All the genuine characters of T,, (F) have
this form.

(iv) (xR &)y and (x' K &)y have the same restriction to Z(T;,(F)) if and only if they
are conjugates via an element of T, (F) in which case

(3.3) (X BEN)y = (e ®E-ny ="V (xR E)y)

for some ¢ € F*.
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Proof The fact that (3.1) defines a genuine character of T5,(F) follows from Lemma
2.1(i), and (1.1). Since the product of any two genuine characters of T,(F) is a
nongenuine character of T,,(F) and since any nongenuine character of T5,(F) may
be viewed as a character T, (F), the first two assertions in (i) follow. Equation (3.2)
also follows now from (1.1). (ii) is proved by similar arguments. (iii) follows from (i),
(ii), and Lemma 2.1(vii). The equality between the middle and right wings of (3.3)

follows from Lemma 2.1(i). The fact the any two genuine characters of T, (F) which
satisfy the relation given in (3.3) have the same restriction to Z(T;,(F)) follows from
Lemma 2.1(vi) and (vii). Note now that [T}, (F):Z(T;,(F))] = [F* :F*?] and that

{(i(c),1) | c € F*JF*?}

is a set of representatives for T;,(F)/T,,(F). The proof of (iv) is finished once we
note that ¢ ¢ F** implies that

(ng)«/ﬁé()('??cgf'ﬁ?)w- |

Let w be a genuine character of Z(T;,(F)) we shall denote by E(w) the set of its

extensions to T,,(F). The group Tj, (F) is not Abelian. Its smooth admissible irre-
ducible representations have the following form.

Lemma 3.2 The isomorphism class of a smooth admissible genuine irreducible repre-
sentation of T3, (F) is determined by its central character. Any smooth admissible gen-
uine irreducible representation of T;, (F) is [F* : F*2] dimensional. It can be realized as

an induction from a genuine character of T,,(F). If @ and ¢’ are two genuine charac-

ters of T,,(F), then the corresponding inductions on T, (F) are isomorphic if and only
if p, " € E(w), where w is a genuine character of Z(T;,,(F)).

Proof This is a variation of the Stone—von Neumann Theorem; see [13, Theorem 3].
The crucial facts here are that T, (F) is a two step nilpotent group and that T, (F) is
a maximal Abelian subgroup. ]

We shall denote by 7(w) the isomorphism class of irreducible admissible genuine
representation of T, (F) whose central character is w. We denote its realization men-
tioned in the last theorem by

(xR E)y) =Ind 2 (xR E),.

TZVX(F)

Due to Lemma 2.1(viii) we shall regard, as in the linear case, each character (resp.,
irreducible smooth admissible representation) of T,,(F) (resp., of T;,(F)) as a char-

acter (resp., representation) of B,,(F) (resp., of B, (F)) by extending it trivially on
(N2, (F), 1). We shall always assume that a character (resp., representation) of B,,(F)
(resp., Bj,(F)) has this form. Genuine principal series representation of Sp,,(F)
(resp., GSpon(F)) is a representation parabolically induced from a genuine charac-
ter (resp., irreducible smooth admissible genuine representation) of B,,(F) (resp.,
B;,,(F)). We shall assume that the induction is normalized. We let

I(xy) = Ind 227 X

By, (F
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For a genuine character w of Z(T3,(F)) we denote by I(w) the isomorphism class
of genuine principal series representation of GSp,,(F) induced from 7(w). By
Lemma 3.2, I(w) can be realized as

I(x®E)y) =Ind =7 (x K E)y,
2n

where (x X £),, is any of the [F* : F*?] elements of E(w).

3.2 Weyl Group Action

Let W, be the Weyl group of Sp,,(F). We choose representatives of W, inside
Sp2q(OF) and take their images inside K, (F). We shall continue to denote the out-
come by W5,,. By [21, (1.18), Section 1.3],

(3.4) D" =(#",1)

for any t € T,,(F) and w € Wy,. In fact, (2.1) implies that (3.4) holds for all
t € Ty, (F). Thus, "(xy) = ("), and

(3.5) TRy = (" X&)y

For any w € W,,. Here "y is defined via a similar action of W5,, on T5,(F) and its
characters. Note that W5, also acts on the set of genuine characters of Z(T;,(F)) and
hence acts on isomorphism classes of genuine irreducible admissible representations
of Tp,(F). Clearly, E("w) = "E(w) for any w € W,,. Given w, a genuine character of
Z(T,,(F)), fix (x ¥ ), € E(w) and define R(w) to be the the following subgroup of
F*JF*:

Rw)={c€ F/F?| 3w e Wy, "IN K &)y ="(xKE)y} .

Clearly, R(w) is well defined, i.e., does not depend on the particular choice of
(x X&)y € E(w). So R(w) is nontrivial if and only if there exists w € W5, that fixes
w and induces a nontrivial permutation on E(w).

Lemma 3.3 Letw be a genuine character of Z(T,,(F)).

(i) Ifnisodd and"w = w for some w € W, then w preserves the elements of E(w)
pointwise. In particular, R(w) is trivial for any w.

(ii) If nis even, then there exists a genuine character w, of Z(T;,(F)) such that R(w,)
is nontrivial. Furthermore, up to conjugation by w € W, an element of E(w,) has
the form (x, ™M &)y, where

(3.6) x,l[diag(ty, ta—1,...,t1), 1] = xa(tit2) X2 (t3,ta) - = - X u (turtp)Me(tats - - - tn).

n
2

Here X1, ..., xu are characters of F* and c is a nonsquare element in F*.
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Proof The first assertion follows from a comparison of (3.3) and (3.5). If n is odd,
then

(X, X 6/)1/1 :(i(c),l)( (xX 5)1;)

implies that ¢ € F*%. Next, if n is even, define

(3.7) w, = diag(w',w', ..., w') € Wy,

where w’ = (). By a straightforward computation
"o(xo BE)y = (XM B E)y

Last, W5, is generated by simple reflections. Denote these reflections by w; ;.1 where

1 <i < n— 1and by w, where w; ;;; acts on [diag(t,, t,—1, ..., 1), 1]) by switching
t; and t;41, and where w, acts on [diag(t,, t,—1, . . ., 1), 1] by inverting #,. Thus, if x’
defined by

diag(ty, ty—1,...,t1) = [ xi(#)
i=1

is not Weyl conjugated to x,, then there exists 1 < i < n such that x; # X]ilnc for
any 1 < j < nand . # 1. This shows that y/, is not Weyl conjugated to any of its
quadratic twists. ]

Theorem 3.4 Letw be a genuine character of Z(T;,(F)). Fix (x X §), € E(w).

(i) I(w) is irreducible if and only if R(w) is trivial and I(xy) is an irreducible Sp,, (F)
module.

(ii) IfI(xy) is an irreducible Sp,,(F) module and R(w) has two elements, then I(w)
breaks into a direct sum of two GSp,,(F) irreducible modules.

(iii) Ifthe restriction of w to Z(T;,(F))NSp2u(F) is unitary and R(w) has two elements,
then I(w) breaks into a direct sum of two GSp,,(F) irreducible modules.

Proof Using induction by stages we can realize I(w) as

Ind (iS‘Pin(z) I/ ( (X IX 5)1’)) ’

5P

where

P
= X&)y

(3.8) I'((xX&)y) =Ind

Since GSp,, (F) is a normal subgroup of finite index inside GSp,,(F), it follows from
Clifford theory that I(w) is irreducible if and only if I’((x X §),,) is irreducible and
is not isomorphic to any of its conjugations by elements of GSp,,(F) that lie out-

side GSp,,(F). Note that since GSp,,(F) = Sp,,(F)Z(GSp,,(F)), it follows that
I'((x K €)y) is an irreducible GSp;,(F) module if and only if I() is an irreducible
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Span(F) module. If C is a set of representatives of F* /F*z, then (i(C), 1) is a set of
representatives of GSp,,(F)/GSp,,(F). For ¢ € F* we have

GO (x8E)y) ~1'("(x®E),).

Suppose now that I'((x X &,)y) is irreducible. If n is odd, then by Lemma 3.3(i),
R(w) is trivial and for ¢ ¢ F*?

I'(x®&)y) # MO (xKE)y),

since by Lemma 2.1(iii), these two representations have different central characters.
This proves (i) for odd n. Suppose now that # is even. Then, by (3.3), I’((x K £),)
and I' (V9D (y K £),) have the same central character. Hence,

I(@&)y) =" (R Ey)
if and only if

(3.9) I(x¢) ~I((xne)y) -

Since we assume that I(x,) is irreducible, it follows, similarly to linear groups, that
(3.9) holds if and only if (x7:)y = ("x)y for some w € W,. This finishes the proof
of the first assertion.

We now prove the second assertion. Since we assume that I(xy) is irreducible,
then, by Clifford theory, the assertion will follow once we show that A(w), the com-
muting algebra of

Ind 20 (y 1))

Pon(F

is 2 dimensional. By Frobenius reciprocity

A(w) ~ Hom. (1 d“m” ((X®§),,),I’((X®§)¢,)>

PZn

~ P Hommondwz” ((xmy ®E)y) IndGSPZ” (X'Ef)'u)

yEF* [F*> P

(P

F)(I(Xny)w) ,I(Xw)) .

By an argument we already used and by the definition of R(w), we are finished. The
third assertion follows from the second and from the fact that, regardless of the parity
of n, any genuine principal series of Sp,,(F) induced from a unitary character is
irreducible; see [10] or [21, Theorem 5.1]. [ |

~ P Hom
yey Span(

Note We focus here on the case where R(w) has two elements, since, as we shall see

in Section 6, if w is unramified then R(w) has at most two elements. However it

is quite possible, for ramified w, that R(w) will have 4 elements, which is the upper

boundifFisa p—adic field of odd residual characteristic. Indeed, if in (3.6) we assume

that Xi=x3= = X" = 1,4, where d is a non square element in F* such that
¢! ¢ F*2, then it is easy to see that since Py, BE)y = (x,na X €)y, it follows that
(w) has 4 elements.
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3.3 Whittaker Functionals

Let 6 be a nondegenerate character of N,,(F) and let o be a genuine representation
of Sp2,(F) (resp., GSp2,(F)). A 0-Whittaker model for o is a nonzero image of o

Span(F)

inside Ind R 0 (resp., Ind ;Z?F;n #) under an Sp,,(F) (resp., GSp,,(F) ) map. Then
o is called 6-generic if it has a §-Whittaker model. Note that if § and 6’ are conju-
gates via an element of T5,(F) (resp., T;,(F)), then o is #-generic if and only if it is
0’-generic. Note that there is only one orbit of nondegenerate characters of N, (F)
under the action of T}, (F), while there are [F*: F**] orbits of nondegenerate char-
acters of N,,(F) under the action of T,(F). If ¢ varies over a set of representatives
of F*/ F*2 then 6. = .19 varies over all T,,(F) orbits of a nondegenerate genuine
characters of N,,(F). Note that we can choose a set of representatives F*/ F*? that
consists of elements whose order is 0 or 1. Any genuine principal series representa-

tion o is f-generic. Its f-Whittaker model is unique; see [3] or [19].

Lemma 3.5 For f € I(xy) and g € Sp,,(F) the Jacquet integral

Wf(g)=/ (T, 1)g) 07" (u, 1) du
Ny, (F)

converges absolutely for a dominant character and has an analytic continuation to the
full set of genuine characters. The map f v~ Wy is the unique (up to a scalar) map from
I(xy) to its O-Whittaker model.

Proof This is well known and follows from [4, Theorem 5.2]. See, for example,
[1, Chapter 4] or [13, Theorem 6.3]. [ |

Whittaker models for GSp,,(F) are not unique. For principal series representa-
tions we have the following lemma.

Lemma 3.6 Fix C, a set of [F*: F*%] representatives of T;,(F)/T,,(F). For f €
I(x X &)y), g € GSpau(F), and c € C, the Jacquet integral

W0 = [ f(et 1) 67 1) s
Ny, (F)

converges absolutely for a dominant character and has an analytic continuation to the
full set of genuine characters. The set of maps {f — W | ¢ € C} forms a basis for

Hom  (I((x®€),),Ind 727 ).

GSpon(® N

Proof This is proved exactly asin [11, Lemmas 1.3.1 and 1.3.2]. The idea here is that
{f — f(c) | c € C} is a basis of the space of functionals on i((x X &),,) and that the
Jacquet integral is an isomorphism from this space to

Hom (I(x X &)y), Ind 22227 9).

CSpan(® Nan(F)

This theorem can also be deduced from the arguments in [22, Section 5]. [ |
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Corollary 3.7 Keep the notation of Lemma 3.6 and assume that n is odd. Denote by w’
the central character of I((x ¥ §)y). w' is the restriction of (x K &)y, to Z(GSpya(F)) =
F*?I,,,. Let Q) be the set of the [F* (F*2) extensions of w’ to Z(GSp,,(F)) = F*L,. For
each ji € ), exactly one of the maps f — W7 is an element in the one dimensional
space

Hom (I( (xX f)w) ,Ind ;g}gwww X 9) .

GSpp (F)

Proof Let W be the space of § Whittaker functionals on I((x X £),), i.e., the set of
functionals on I((x X &),,) such that A(p(n) ) = 8(n)A(f) for any n € N,,(F). Here
p stands for right translations. By Frobenius reciprocity,

W2 Hom  (I(x®&)y),Ind 77 6),

GSpop(F)

and {f — X/T/ji(lz,,7 1) | ¢ € C} forms a basis for W. Clearly Z(GSp,,(F)) acts
on W. By examining its action on this basis it follows that W decomposes over

Z(GSp5,(F)) with multiplicity 1 to [F* : F*?] one-dimensional spaces and that € is
the set of Z(GSp,,(F)) eigenvalues. The lemma follows now from Frobenius reci-
procity. [ ]

Lemma 3.8 Let C be a set of representatives of F* /F**. For f € I((x K &)y), g €
GSp2n(F), and ¢ € C, define W{(g) to be the analytic continuation of

/ F(ontty 1)(i(0), 1)g) 0 (11, 1) .
N,,(F)

The set of maps { f — W | c € C} forms a basis for

Hom  (I((x®€),),Ind 7).

Cpan(®

Proof As a set of representatives of T;,(F)/ m we choose
{ (diag(clo, bn), 1) |c€C}.
We note that up to (I,, £1)
(diag(clon, Ion), 1) (Jantt; 1) = (Jaau, 1)(i(c), 1).

The lemma follows now from Lemma 3.6 by an integration change of variable:
u s o, ]

Remark  We shall now outline the uniqueness result that is responsible for our main

result to be proved in Section 5.2. For ¢ € F*/F*z, let I°((x X &)y) € I((x XE)y) be
the subspace of functions whose support is contained in the open set of elements
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whose similitude character lies in cF*%. Obviously, I°((x X £)y) is a GSp,, (F)-
invariant space and

I({(xWEy) = D I((xWEy).

CEF*/F*Z

The crucial fact is that, as Sp,,(F) modules,

F((xREy) = I((xn)y) -

It is now clear that any Whittaker functional on I((x X £),) that vanish on

L(x®O) = @ I"((xHEy)

cAAEF* JF*2

defines a Whittaker functional on I((x7.)y). It was proved in [19] that the space of
Whittaker functionals on any representation of Sp,, (F) parabolically induced from a
smooth, admissible, irreducible, genuine, generic representation is one-dimensional.
Consequently, the space of Whittaker functionals on I((x X &),) that vanish on
I.((x X &),) is one dimensional. A non zero element in this space is given by

f — )‘(ng)w.ﬁ.ﬂ(f) = W}(IZny 1)

Clearly, the set
sk %2
Mmoo | € € FF/F7}

is a basis for the space of Whittaker functionals on I((x X &£),,). For a Weyl element
w € K, (F) let

be the standard intertwining operator defined by the meromorphic continuation of

(A() (g) = / Flwng) dn.

Naw(E)N(wWN;, (Fyw=1)
Here N, (F) is the unipotent radical opposite to N, (F). Since A,, maps I°((x X &)y)
into I°(("™x X £)y), it follows that A(yxe), .o and Apyme), co © Ay are proportional.
Consider the n = 1 case for example. In this case there is only one nontrivial Weyl
element. For this element, by comparing the results of [20] and an unpublished result
of ]. Sweet, one sees that the proportion factor is

1y Y3, 0,9)
(3.10) Cx, ¥, 0) = (¥ I)Mv
V(X “Tey 35 ¢)
where vr(¢p~!) is the nonnormalized Weil index attached to ¢»~! and (-, -, -) is

the Tate gamma factor. These factors should be thought of as an analog to Shahidi
Local coefficients [18] defined in a context where uniqueness of Whittaker models
fails.
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Thus, we have shown that the functional equations satisfied by the base con-
structed here are diagonal. For an arbitrary choice of a basis B((x X £)y) of the
space of Whittaker functionals on I((x X £),) one can expect that the composition
of an element of B((x X &),,) with the intertwining operator will be a linear combi-
nation of elements of B(("x X £),,) in which more then one summand appear; see
[6], for example.

Returning to the n = 1 case, it follows from (3.10) that if c;c; ' ¢ F*%, then
C(x, ¥, c1) # C(x, ¥, c2). This shows that the diagonalization above is unique up to
permutations and normalization. This explains why our result in this case coincides
with the result in [6, Section 7]. In the GSp,,(F) case, it can be proved that the local
coefficients attached to different elements of F* /F** are distinct; i.e., formulas similar
to (3.10) can be given for all .

4 An Extension of a Result of Bump, Friedberg, and Hoffstein

From this point until the end of the paper, we assume that the residual character-
istic of F is odd. We fix v, an unramified character of F, and 6, a nondegenerate
unramified character of Ny, (F) that agrees with ¢)~! on the long root.

A genuine character of T,,(F) is called unramified if it is trivial on K, (F) N T, (F).
Fix a = (a1, qy, . .., a,) € C*" and define x,, to be a character of T, (F) by

n
: -1 -1 -1\ __ ord(a;)
Xa(dlag(an,a,,_l,...,al,an N P N ) = [T,
i=1

Since ¢ has an even conductor, 7, (0F) = 1. Thus, any unramified genuine character
of T,,(F) can be written as (), for some o € C*". Note that the action of W5,
maps an unramified character of T,,(F) to an unramified character. Denote

W(X(y)b‘iv = (X‘Va)ﬁw
This action induces an action of W, on the polynomial ring
_ -1 -1 —1
R=Clag,0,...,0n, 07 ,05 ,...,0; ]

Let A be the following linear map on R:
A(p) _ Z (71)length(w) Wp.
weW,,

Define

Ala) = A(ilj af) .

If (Xo)y is @ genuine unramified character of T5,(F), then I((x4)y) contains a one
dimensional K5, (F) fixed subspace. We denote by f&(})w the normalized Spherical
function of I((X4)y ), i.e., the unique K5, (F) invariant element inside I((x)y) such
that

féeo Ty 1) = 1.
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An image of f&")w inside the §.-Whittaker model of I((4)y ), which is unique up to
a scalar, is called a Spherical §.-Whittaker function attached to I((x,)y)- A Spherical

6. Whittaker function of W2, _, is called symmetric if

(4.1) W yen =W

(CRUNA)

for any w € W,,. Following [3], we shall now give an explicit formulas for these
elements, where the order of ¢ is either 0 or 1. Define

D(a,¢) =

H((l — qilozjozi_l)(l — qilaja,»))

i<j

[T+ (=g ) || =1,
[[-(1—q7'a]) lel=q7",

and define

W3 o8 = D(a, o) / fo. ((J,n,1)g) 07" (n) dn.

NZn(F)
Lemma 4.1 Fort = diag(a,,a,_1,...,a1) € Tqr,(F), let ki = ord(a;). Then for
¢ € Of we have
(42) WO, (16,10,1) = A7 (@)1, (1)

AL = me(—0aT a7 Naf™) 0k <k < <k
0 otherwise.

N

For c such that |c| = q~! we have
(43) W0t 1) =

- sy JA(TTL @) 0<k <k < <k,
A 1(04)5(02%1(0 ! .
0 otherwise.

In particular, for any ¢ € F* whose order is either 0 or 1, Wg,w,cﬁ is a symmetric Spher-
ical 0.-Whittaker function attached to I((Xa)v)-

Proof We first prove (4.2). For ¢ = 1 this is exactly 3, Theorems 1.1 and 1.2]. Note
that we denote by 6 what those authors denote by 0~1, see [3, p. 384]. However, this
difference is irrelevant, since we use #~! rather then 6 in the Jacquet integral. Given
that the Whittaker character 6, is unramified, the only relation of it with ¢ used in
the proof of those Theorems is that 1), which is the restriction of 6, to the long simple
root, satisfies 7y, = 7y,. Recall that y,, = ;.. This explains why the result for any
c e (O)}";2 follows from [3, Theorems 1.1 and 1.2]. For a ¢ € O} that is not a square,
one can still use the results in [3]: From (1.2) and (3.2) it follows that

(an)z/) - (X(C‘ﬂ)ﬂ)’qﬁf - (X—a)@“)[a ’Y’q‘}c(t) = ’Yz/)(t)(fl)kﬁkﬁmkn-
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Also,
(4.4) Aa) = (=DIP A (—q).

This implies that by changing 6 to 6., v, to 7y, and ; to —q; in [3, p. 384-386], one
obtains the result above.

We shall now explain how to modify the proofs in [3] to prove (4.3). We start
by establishing the absolute convergence of the Jacquet integral in some cone in C",
its holomorphic extension to C", and the functional equation satisfied by Wg,w,c.e’
namely (4.1). The only modification one needs in the proof of [3, Theorem 1.1] is to
the SL,(F) computation. By a direct computation, similar to one given in [3, p. 387],
one proves that if Re(«) > 0, then for t = urk where u € (O

/Ff&)<<<—ol ) (o T)Q((é tol)J))%_l(x)dx:

a —a
1 1 ]—1 0 < k
(1—q 'ah)s®)y, () @ =
0

otherwise.

Since the restriction of 6, to the short simple roots are unramified the rest of the
argument follows word for word the proof of [3, Theorem 1.1]. Next, the fact that
Wg,w,c.e(ta 1) vanishes unless 0 < k; < k, < --- < k,, is proved by the same simple
argument that is given in [3, p. 392]. Indeed, this argument works for any Whittaker
character under the assumption that its restriction to any short simple root subgroup
is nontrivial on P ! and that its restriction to the long simple root subgroup is non-
trivial on P52, The main remaining ingredient in the proof is an expansion of f)?w
as a linear combination of Iwahori fixed vectors. This step is independent of the
Whittaker character. Last, since 0, is trivial on N»,(OF), it follows that

/ ¢y(Ju, DO (u) du = 1,
Ny (F)

where ¢ is the Iwahori fixed vector defined in [3, p. 392]. This gives an exact analog
to [3, (3.4), p. 395]. From this formula and from the functional equation established
already, the explicit formula (4.3) follows exactly as in [3, pp. 395-396]. ]

Note that as in [3], the normalizing factors D(«, ¢) are the values of the Jacquet
integrals at the identity.

5 Unramified Principal Series Representation of GSp,,(F).
5.1 A Standard Model

Let w be a genuine character of Z(T},(F)). We call w, 7(w), and I(w) unramified if
the restriction of w to Z(TJ,(F)) N K3, (F) is trivial. Note that by Lemma 2.2, this
definition does not depend on 7). From Lemma 3.1(iv) it follows that w is unramified
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if ) is any of the two quadratic characters of Oj. exactly two of the four elements of
E(w) are trivial on T, (F)NK}, (F). We call these two extensions, standard extensions.
If (x X &)y is one of them, we call i((x X &),) and I((x X £)) standard models for
7(w) and I(w) respectively. Given that 1) has an even conductor, a genuine character
(x ® &)y of Ty, (F) has a trivial restriction to T,,(F) N K3, (F) if and only if it has the
form

(X® &y = (a BB} = (xa B &),

where 3 € C* and £ is the unramified character of F* defined by x — 314 Note
that the restriction of (o X £3)y to T2, (F) is (Xa)y- Also note that the two standard
extensions (y, X fyg)w and (xa’ M &p1), of w satisfy

(Xar B Eg1), =0V (xo R Es), = (X—a BE 1),

Thus, if (a X 6)17; is one of the two standard extensions of an unramified genuine

character w of Z(T;,(F)) to T,,(F), then the two nonstandard extensions are

(@B ), =V ((@Rp);) and (—a®(~1)"H);.

Remark Letw be a genuine unramified character of Z(T;, (F)). Let E’(w) be the set
of restrictions of the elements of E(w) to T,,(F). Note that E’(w) has four elements.
From [22, Section 3.3] it follows that the restriction of I(w) to Sp,,(F) is isomorphic
to

Span(F)
&b IndBZn(F) X-
XEE’(w)

Exactly two of the four summands here have a K5, (F) invariant element. These are
the two representations induced from restrictions of standard extensions of w. The

other two summands have a K,,,(F )(i(”)’l) invariant element. See [7, section 2.6].

Lemma 5.1 Let w be a genuine character of Z(Tj;,(F)). 7(w) has a nontrivial
K (F)-invariant subspace if and only if w unramified. In this case the dimension of
the invariant subspace is 1. In particular, if 1 # 1, are the two quadratic characters of
O}, then T(w) contains a fixed vector under the action of K3\ (F) if and only if it contains
a fixed vector under the action of K3 (F).

Proof Clearly, the existence of a nontrivial K3, (F) invariant subspace implies that
w is unramified. Conversely, assume that w is unramified and that i((x X £),) is a
standard model for 7(w). As a set of representatives of

T, (F\T;,(F) / T3, (F) 0 K3, (F)

we can take {(I,, 1), (i(7),1)}. Note that if f € i((x X £),) is invariant under
T).(F) N Kj,(F), it follows from Lemma 2.1(i) that for any ([u,1],1) € T5,(F) N
K7 (F) such that det(u) ¢ F*?,

f(i(m),1) = f(G(m), D([u,11,1)) = f(([u,1], =1)(i(7),1)) = —f(i(x),1).
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Thus, (i(), 1) cannot support a Tj,(F) N K3, (F) invariant function. On the other
hand,

(1) = (XX E)y(t) ift =t u,wheret € Ty,(F), u € Tj,(F) N KJ,(F),
0 otherwise,

defines a non zero T;,(F) N K3 (F) invariant function inside i((x & &),). [ |

From this lemma and from the Iwasawa decomposition it follows that an un-
ramified genuine principal series representation I(w) of GSp,,(F) contains a one-
dimensional K3 (F) invariant subspace. If I((y X &)) is a standard model, then

81 (b)(x X E)y(b) if g = bk, where b € B}, (F), k € K/ (F),
0 otherwise

(5-1) f&gg)w(g) = {

is the unique K7 (F) invariant function in I((x X £),) such that f&&% (Ln,1) = 1.

5.2 Main Result

Assume that 1) and 6 are as in Section 4. For o € C*", 3 € C* define two functions
I
kz,ﬁz T, (F) = C

by

K1Y () = en(A(h) v, (0B AT (@)3(6) 4, (¢)

o JATTL 0= ne(-DgT a7 haf™) o<k <k < <
0 otherwise,

A
A
&
3
|
(=)

and

K15 () = en(mA(h) 7; ' (0B AT (@)8(0) (1)

" {A(H?1 o) 0<k <k <<

A
A
&
3
|

0 otherwise.

Here
(5.2) h=(i(x="™),1) (bhu, 1) ([t,1],1) (i(u),€),

where m € {0,1}, b € F*, u € O}, t = diag(a,, a,—1,...,a1) € TgL, (F) and where
we denote ord(a;) = k;, ord(b) = I (note that A\(h) = b*un™). We now extend these
functions to

K'% 2 GSpan(F) — C

a,p,
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by setting
K% 5 ((n, Dhu) = G(n)kzﬁi(h),

where n € Ny, (F), u € K, (F). From Theorem 5.2 it will follow that these exten-
sions are well defined. Observe that this definition implies that these are symmetric
functions; i.e.,

+ +
(5.3) ki50=kisg

for any w € W,,.

Theorem 5.2 Let I(w) be a genuine unramified principal series representation of
GSpan(F). Suppose

Ew) ={(aR®B)}, (—aB(-1)"8);}.

Then the set

+ +
(5.4) (K 5 Ko (it

forms a symmetric spanning set for the space of genuine Spherical 0-Whittaker functions
attached to I(w).

Proof Denote

C={l,u,m, mu,}.

As explained in Section 1, C is a set of representatives of F*/F*2, For ¢ € C define
D'(av, ¢) = n(cn™ N\D(a, c)

and define

W), c0(8) = Dn(a’c)il/ " fovmen, (L 1Di(e), 1)g) 6" (n) dn.

2n

By Lemma 3.8, {W( 5 ., | ¢ € C} is a spanning set for the space of genuine
Spherical -Whittaker functions attached to I(w). Thus, the proof of Theorem 5.2
amounts to showing the following:

(5.5) Wiigg, 1) =KL (),

(5.6) Wims), no(h) = Ko 5.9(h),

(5.7) W&&[ﬁ)u,,uo 0 W(WX—n@&—lm),,,,lﬁ
and

(5.8) W),y 0 = W&ﬂﬁ&fl)ns)wmﬂ'
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Here h is the T7,(F) element defined in (5.2).
By (5.1), f{)’(ﬂgfa)u (g) vanishes if A\(g) & O%F*2. This implies that W&&ﬂ) ye(h)

vanish if m # ord(c). We compute W(ngﬁ)wl_ﬂ(h). Recall that Z(GSp,,(F)) = F*I,
and that
f&uggd)w (g(l(k); 6)) = en(k)f&u&fﬁ)w (g)

Thus, if m = 0, then

Wis), 10(h) = en(u)r; (0B Wl g 1 4(2,1).

Since the restriction of WZM@)U?L@ to Spau(F) is Wg_w_w, (5.5) now follows from

(4.2). To compute W("agﬂ)“_uoﬂ(h) we note that

(iu), 1) h(i(u), 1) " = (Ioy, (uy, b'ay, s, - . ay),) B

and that

(um bnah az, ... 7an)p = (_1)(ln+k1+kz+‘”+k")‘

Thus, arguing as before, if m = 0,

Wi,y o) = (=1 )y LM B AT ()8 (0) 2, (1)

AT 0 - Me(—u)g7 a7 Naf) 0 <k <k <o <k,
0 otherwise.

Now, (5.7) follows from (1.2) and (4.4), and (5.6) and (5.8) are proved by similar
arguments that ultimately utilize (4.3). ]

Note that from the proof above it follows that for ¢ € C,
D'(av,¢) = / £ ey (Um DGi(er™ 49), 1)g) 07! () dn.
Np(B)

Theorem 5.3 If n is odd, then the spanning set constructed in Theorem 5.2 has an
additional property. Let w’ be the central character of I(w). Then w' is the restriction of

w to Z(GSp,,(F)). Define §) to be the set of four extensions of w’ to Z(GSp,,(F)). For
each (i in C) exactly one of the functions in (5.4) has the property

f(tg) = u(t)f(g)

foranyt € Z(GSp,,(F)), g € GSp2.(F).

Proof This is verified at once by direct computation using the cocycle properties
given in Lemma 2.1. In fact, it follows from Corollary 3.7. ]
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6 Reducible Unramified Principal Representations

Fix 1), an unramified character of F. Throughout this section, let w be an unramified
genuine character of Z(T,,(F)) and let I(w) be an unramified principal series repre-
sentation of GSp,, (F) with I((xoX&g)y) and I((x—o BE(—1)8)y) as its two standard
models.

Lemma 6.1 We have that R(w) > 1 if and only if n is even and, up to conjugation by
elements of Wy, o equals

(6.1) a, = (a1, —ay,Qy, —0g, ...,z —Qz).

In this case R(w) = 2.

Proof Since W, maps a standard extension of an unramified genuine charter
of Z(T,,(F)), to another standard extension of an unramified genuine charter of

Z(T;,(F)) it follows that R(w) < 2. The rest of this lemma follows from Lemma
3.3. [ |

Lemma 6.2 IfR(w) > 1, then the dimension of the space of Whittaker functionals on
the space generated by the K3, (F)-invariant subspace inside I(w) is 2.

Proof By Lemma 6.1, R(w) > 1 implies that n is even and that "o = —a for some
w € Wy,. Thus, by (5.3)

nt _pnt n— _ 1n—
k(m’? - k—a,ﬁ’ kwﬂ - k—auﬂ'

On the other hand k], ; and k, ; are linearly independent, since these two functions
have disjoint supports. Hence, the lemma follows from the symmetry property of the
spanning set constructed in Theorem 5.2. ]

From this point we assume that # is even. For a character x of T,,(F) and
s=(s1,5,...,5,) € C*",

let x* be the character of T,,(F) given by

n

t = [diag(t, tut,...,t1),1] = x®) [T |t

=1

Si

Let w, be the W, element defined in (3.7). Fors = (s1,5,...,s,) € C*" define a
section f; € I((x*)y) and define a complex function A, s(f;) = As(fs) on Sp,,(F) by

62) (AR) (g) = / £y, 1)g) dn.

Naw(F)w, Ny (Fw!

Here N,,,(F) = ]2,,N2,1(F)]2_n1 is the unipotent radical of Sp,,(F) opposite to N, (F).
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Lemma 6.3

(i)  The integral defined in (6.2) converges in some cone inside C*" and has a mero-
morphic extension to C*". Away from its poles it defines an Sp,,(F) intertwining
map

A T(0)s) = 1("0¢)y) -

(ii) Let x, beasin (3.6). Then Ay, s is analytic ats = 0, i.e., at x,.
(iii) Let X, = Xao» Where o is as in (6.1), then

L(14,,0) 2
AXno'rS(f&no)w) - <L(zuoa 1)) (f&—ag)w) !

Proof (i) is well known. It is proved by the same standard arguments used for linear
groups. To prove (ii) we can assume the g in (6.2) is (I, 1). Also by a standard
argument, we decompose A to a product of rank one intertwining operators:

n—1
2

A=Al 0A,T o 0A,

where
WiWj_1-W)

AL T = 1( (X)) -

is defined by (the meromorphic continuation of)

(AL(f) () = / £ ((win (), 1)g) dx.
F

Here
W()’ = diag(In—Zja W/aIZ(j—1)7In—2j7W/712(j—1)) 5

where w’ = (9}) and
nj(x) = diag(lnfzjv n/(x)7 12(]'71)7 Iﬂ*Zjvt n(_x)7 12(]'71)) )
where n'(x) = ( o ) . Since the C! cover of Sp,,(F) splits over the Siegel parabolic

subgroup, the proof of (ii) and (iii) is now reduced to well-known GL,(F) computa-
tions. More precisely, by Rao cocycle Formula given in [16, Theorem 5.3],

(63) (5 ) (G o)) = (detta, dera”)) .
For f € I((x*)y) and g € GL,(F) define

(Ci(N(g) = 7| det(@)|* ™ f(Limzjr & D1y, Tie2js'g ' Iai-1)) -
From (1.1) and (6.3) it follows that

CI(f) € Ind 2" (x°)1.
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Here B(F) is the standard Borel subgroup of GL,(F) and
Ot 1) = X (Li—zjs o, t1 L1y Lnaju 517 D)) -

(the term | det(g)|z =% appears here in order to balance the difference between the
modular functions of B,,(F) and B(F)). The point is that for f € I((x*)y),

(A}’(s(f)) (12717 1) = (A(XS)](C](f)) (12)7

where A, ¢ is the standard GL,(F) intertwining integral; see [2, p. 478], for example.
This completes the reduction to GL,(F). (ii) now follows from [2, Proposition 4.5.7],
and (iii) follows from [2, Proposition 4.6.7]. [ |

Corollary 6.4 For f € I((Xa, X&g)y) and g € GSp,,(F), define (A(f))(g) to be the
meromorphic continuation of

()@ = [ £((wym, 1)g) dn.

Nan(F)Nw, N;, (F)WO_1

The map
A T((Xay B Ep)p) — I((X—ay B Ep)y)

is a well defined GSp,, (F) intertwining map and

L(14,,0) 2
n _ 09 7
A(f(xnogfa)w) B (L(n“U7 1)) (X—ag®Ep)y”

Proof First, by using the fact that GSp,, (F) = Z(GSp,,(F))Span(F), we extend A, to
be a GSp,,,(F) intertwining map from I’ ((xa, ¥ &5)y) to I'((X—a, M Es)y) (the nota-
tion I’ was defined in (3.8)). Then, using the same induction by stages argument used
in the beginning of proof of Theorem 3.4, we push A to be the GSp,,(F) intertwin-
ing map defined in this corollary. Lemma 6.3(ii) guarantees that A is holomorphic at

(Xao X 6%3 )w
Since the K}, (F) invariant space inside I((x, X 3),) is one dimensional it follows
that

n _ Ui
A ( f(Xug XEs) ) = Cag f(X—u[, XEs)y

where c,, is the analytic continuation of

g (wyn) dn.
~/NZu(F)ﬂw0NZ,,(F)WD—1 (xag )y 0

Note that since for both quadratic characters of O}, 7, the restriction of f&( Re,), 1O
Span(F) is f&) , it follows that c,, does not depend on 7. In fact, by Lemma 6.3(iii)

cao—(M)g7é0. ]
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Recall that 7; and 7),; are respectively the trivial and nontrivial quadratic characters
of O. We shall denote

K3,(F) = KJA(F), Ky, (F) = Ky (F).

We shall also denote by I (w) and I~ (w) the (isomorphism classes) of the subrepre-
sentations of I(w) generated by the K3, (F) and K5, (F) invariant subspaces.

Theorem 6.5 Assume that I((Xa)y) is an irreducible Sp,,(F) module. Then I(w) is
reducible if and only if R(w) > 1. In this case I'* (w) and I~ (w) are irreducible, and

I(w) ~ TN (w) &1 (w)

is a decomposition of I(w) into a direct sum of two irreducible nonisomorphic generic
subspaces, each having a space of Whittaker functionals of dimension 2.

Proof Given Theorem 3.4 and Lemma 6.2, we only need to show that I*(w) #
I~ (w). Since I((xq)y) is irreducible, we can conjugate the inducing character by
w € W5, without changing the isomorphism class of I((x,)y). Hence, since R(w) >
1, it follows from Lemma 6.1 that we can assume o = «,. Let

+ — fh - — £
f‘(Xugéﬂ)U - ]((X(Agfﬁ)u and 'f(Xugg)'u‘r - ‘f(Xagf)u-

We shall construct here a self intertwining map T on I((xo X £3)y) and show that
f(i x¢,), re eigenvectors of T corresponding to two different eigenvalues. We define

B: I((X—a X gﬂ)v‘)) — I((Xa X gﬁ)'z/))

by
B(f)(g) = f((i(u,, 1)g).

By the same argument as in Corollary 6.4,

B(fomen) = difiume.
where this time d,, does depend on 7 and is defined by
d, = JC(Z(ﬂ,IXEg)u,((i(”o’ 1)) = n(u,).
Let A be the intertwining map defined in Corollary 6.4. Then
BoA: I((xa ®&s)y) = I((xa BEs)y)
is a self intertwining operator, and by Corollary 6.4

L(1u,,0) 5

+ _ ) +
BOA(-)((X(.@EJ)@-) - <L(77u0 1)) 'f(Xngfﬁ)u"’
09

_ (L, 0)\ 2
BoA(fi,me,) = 7(L(77u0, 1)) focamen . u
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Recall that if the restriction of w to Z(T,,(F)) N Sp,,(F) is unitary, then I((x4)y)
is irreducible. Hence, we have proved the following corollary.

Corollary 6.6 All of the reducible unramified principal series representations of
GSp2u(F) induced from a unitary data are a direct sum of two nonisomorphic irre-
ducible generic subspaces. Each has a two-dimensional space of Whittaker functionals.
For each of the two quadratic characters of OF, n, exactly one of the summands has a
one-dimensional K3, (F) invariant vector.
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