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GLOBAL EXISTENCE OF SOLUTIONS TO
DEGENERATE WAVE EQUATIONS WITH DISSIPATIVE TERMS

MOHAMMED AASSILA

In this paper we prove the global existence and study the asymptotic behaviour of
solutions to a degenerate wave equation with a nonlinear dissipative term.

1. INTRODUCTION

Nonlinear vibrations of an elastic string are written in the form of partial integro-
differential equations

%u Eh [F/8u\2 | \ 8%
(1.1) phw— (p0+5/0 (51:-) d.’L‘)a?-i-f

for 0 < 2 < L,t > 0, where u is the lateral deflection, x the space co-ordinate, ¢
the time, E the Young’s modulus, p the mass density, h the cross section area, L
the length, po the initial axial tension, and f the external force. Kirchhoff [10] first
introduced (1.1) in the study of the oscillations of strechted strings and plates, so that
(1.1) is called the wave equation of Kirchhoff type after him. Moreover, we call (1.1) a
degenerate equation when pp = 0 and a non-degenerate one when py > 0. Concerning
the solvability of (1.1}, the analytic case is rather well known in general dimension, see
for example (3, 17, 15, 2, 6, 7, 5] among others. On the other hand, in the case of
Sobolev space we know only local solutions in time solvability, see for example (1, 4, 8,
9,11, 12, 18, 19, 20]. So far, there has been no work to determine the global solutions
in time existence in Sobolev spaces, because the problem is given by an interior initial
boundary value problem for a hyperbolic equation, the solutions of which have a non-
decay property. As well known now, deriving solutions global in time solvability deeply
depends on the decay structure of the solutions to the corresponding linearised problem
of (1.1). Therefore, we are led naturally to the equations of Kirchhoff type with a
dissipative term which guarantees the decay properties of the solutions to the linearised
problem. To be precise, in this paper we are interested in the following problem

v = ||VullfAu+g(u') =0 in Qx [0,+00),
(P) vu=0 on I x[0,+00),

u(z,0) = uo(z), v'(z,0)=wui(z) in £,
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where Q0 is a bounded domain in R™ with smooth boundary I" and g : R > R is a
non-decreasing continuous function such that

(1.2) 9(0) =0,
(1.3) g(z)>1>0,
(1.4) |o(z)] < e1lzl9,

c; and 7 are two positive constants and ¢ > 1 is such that (n — 2)g < n+ 2.

Concerning global existence of solutions to quasilinear wave equations, the degener-
ate case is more difficult to handle than the non-degenerate case, but when the equation
includes some dissipative terms u’, —Au’, A%u, et cetera, we may expect some decay
properties of solutions under suitable assumptions and these are useful for analyses of
solutions global in time solvability. When the damping term is linear, that is, g(z) = dz,
problem (P) was investigated by Nishihara-Yamada [16] and Mizumachi [13]. In this
paper, we prove an existence and uniqueness theorem and study the asymptotic be-
haviour for solutions to (P) under the hypotheses (1.2)-(1.4).

Throughout this paper the functions are all real valued and the notations are as
usual, in particular we shall denote by || - ||, (p > 1) the usual LP-norm. Our main
results are

THEOREM 1.1. (Existence and uniqueness.) Suppose (1.2)-(1.4) hold and (ug,u1) €

(H} 0 H?) x (H} N L) with uo(z) # 0 for = € Q. Then there exists a positive number
¢ depending on 7, ||Vugllz and |ju1]|z such that if:

[V 13 2
1.5 + ||Aug|lz < €
then (P) admits a unique weak solution u which satisfies ||Vu(t)|| > 0 for all t €
[0, +00).

THEOREM 1.2. (Energy decay.)
In addition to (1.2)-(1.5), assume that

(1.6) l9(z)| < colz| if |z| <1
Then the total energy
= W@l + Ivuel;

E(0

By < 220,
1+1¢)
where ¢ and c3 are positive constants.

satisfies
for all t >0,

The contents of this paper are as follows. In Section 2, the existence and uniqueness
of a solution are proved (Theorem 1.1). In Section 3, asymptotic behaviour is established
(Theorem 1.2).
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2. EXISTENCE AND UNIQUENESS

It is well known that the operator —A with Dirichlet condition has an infinite
sequence of eigenvalues (A?) such that

0<A <M< <A< 9400 as oo,

and that there exists a complete orthonormal system (w;) in L%(Q), each w; being an
eigenvector corresponding to )\5. Therefore, each u € L2(Q) has a Fourier expansion
in L2(Q) :
00 00 1/2
u= Zujwj with |||z = (Z uf) .
7=1 j=1
We apply the Faedo-Galerkin procedure. For each m > 1, we take an approximating

solution um(t) = E;’;l gjm(t)w; as a solution of the initial value problem for the
following system of ordinary differential equations:

(2.1) (u;'n(t) (& 4 [Tun(0]12) Aum(t) +g(u;,,(t)),w) —0 VweV,

m
(2.2) Um(0) = Upm = Z (vo, w;)wj, uom — uo in HENH?
=1
m
(2.3) ur(0) = uip, = Z (w1, w;)wj, uim = w1 in HEN L%,
=1
where Vi, is an m-dimensional vector space spanned by {ws,- - ,wn}. By virtue of

the theory of ordinary differential equations w,,(t) can be defined on some interval
[0,¢). In the next step, we obtain a priori estimates for the solution um(t), so that it
can be extended outside [0,t,,), to obtain one solution defined for all ¢ > 0.

(i) A PRIORI ESTIMATE 1: Taking w = 2u,(t) in (2.1), we have

d (.1
(@ + 2 19um Ol + 31 Tun @) +2 | o(um(®)im(®rd2 =0,

Integrating in [0,t], t < t,,,, we obtain

) Iun@l+ 5190 @42 [ [ (o)) dsis

1
< lluall3 + [ Vuollz + 511 Vuoll2.

23 @) [V (8], < e
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Here and after we denote by ¢ various positive constants independent of m and ¢.
From (2.4) we conclude that um,(t) can be extended to [0,T) for any 0 < T < +co.
Furthermore, we conclude from (2.4) and (1.4) that

(2.6) urg(ur,) is bounded in L'(Q x [0,T]),
(2.7) 9(u,,) is bounded in L% (@ x [0,T7)).

(ii) A PRIORI ESTIMATE 2: Let us define

Vs )]l3
F.(t) =
© m=1 + || Vi (8)]|

A simple computation shows that

3 + [ Bun®)]]; = fu(t) + | Aua (O],
2

(= (n7 4 V) B, 2800 ) 5G|V, 3

Fl(t) =
M1+ [Vt (M1 + ||V |2)?
 2(=g(up), ~Aul)  20(Vum, Vul) [ Vul, I3
m=1 + (| V|3 (m=1 + || Vami2)?

< =27fm(t) + cfm (t)3/2'
Since
(2.8) FL(8) + (27 — cfm(8)/?) fm(t) < 0,
it is easy to see that F,(t) < Fia(0) for 0 <t < ¢* if fm(t) < (v/c)® for 0 < ¢ < ¢*.
Assume F(0) < (7/c)?/2. Since

_ Va3

IVuoll3
it follows that F,(0) < (7/c)? for sufficiently large m, and therefore f,(t) < Fin(t) <
(r/c)®. Thus, taking € = (7/c)*/2 in (1.5) we may get t* = co. Integrating (2.8) over
[0,t), we obtain

Fm(0) = F(0) + | Aul? as m — +oo,

2

Fm(t)+7'/0tfm(:c)dz§ (E) ,

which implies

(2.9) | Aum(t)], < e,
(2.10) ”V“m(t)nz 2\ 1/2 <ec
(m=1+[[Vun)l;)
[ Vunl;
(231 J ot Ve
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(iii) A PRIORI ESTIMATE 3: Taking w = u,,,(¢) in (2.1) and choosing ¢ = 0, we obtain
that

1
@I, < (; + 190m13) 1 A2omllz + la(urn),

< (1 + [IVuomll3) 1 Auomllz + [|g(uim)||,-

Since g(uim) is bounded in L%(Q) by (1.4), hence u!,(0) is bounded in L2(Q). Next,
by differentiation of (2.1) and multiplication with 2w, (¢) we obtain

d 1
% (Hu”m(t)lli +(=+ IIVum<t>||§)||Vu:n<t>|I§) +2 /Q Ul (£)9' (turm (£)) dz
= 2(Vum(t), Vup,(t)) ||Vu:n(t)||§ + 4(Vum, Vul,) x / Uy, Aty dz
Q
< 2|V |2l Vura 13 + 4l Ve |2 Vg, llzllum |2l Avm|l2

< 2| Vumll2l Vup, I3 + 16] Vum 131 Vur, 13 Avm|3 + [lumll3,
and then

2 (Il + 21 Tum ) + [7am @ Pn 0]

2
+ 2/Quzlzgf(u;n) dz < gn(t) + ”u:;(t)“2
where
Im (t) = 2[|Vtm|l2[| Vg, 13 + [[VumlI31 Ve, 5] Aunml3.
Whence

1
lun @3 + IVum @Ol + [ Vun Ol Vem @)

1 T

< & (Jun O + 19Ol + [T O T @) +67 [ (o)
for all t € R, , and we deduce that
(2.13) _ um(t) is bounded in  L*°(0,T; L?).

(iv) PASSAGE TO THE LIMIT: By applying the Dunford-Pettis theorem and the Riesz
lemma, we conclude from (2.5)-(2.7), (2.9)-(2.12) and (2.13), replacing the sequence up,
with a subsequence if rieeded, that

(2.14) um — u  weak-star in L°(0,T; Hy N H?)
(2.15) up, = u'  weak-star in L°°(0,T; H})

(2.16) up, = u”  weak-starin L*(0,T;L?)

(2.17) u,, & u' almost everywhere in § x [0, 7]
(2.18) g(ul,) = x weak-star in LTD/9(Q x (0,T))
(2.19) |Vum||2Aum — ¢ weak-star in  L°(0, T; L?)

https://doi.org/10.1017/5000497270003327X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003327X

6 M. Aassila [6]

for suitable functions u € L% (0, T; Hy N H?), ¢ € L*(0,T; L?) and x € L{4*+1)/9(Q x
(0,T)). We have to show that u is a solution of (P). From (2.14)-(2.16) we deduce that

/um(O)wj dx—)/u(O)'wj dz and /u;n(O)wjd:c—%/u’(O)wj dz
Q Q Q Q

for any fixed j > 1. From (2.2)-(2.3) we deduce that u(0) = ug and w/(0) = u;.
Now let us prove that ¥ = ||Vul|2Au, that is,

|Vtm||3AUm = || Vul3Au  weak-star in  L(0, +00; L?).

For v € L2(0,T; L?), we have

T

T
(2.20) / (¥ — | Vull2Au,v) dt = / (¥ = | Vim||3AUm, v) dt
0 0
T T
+ /0 IVul3( At — Du,v)d + /0 (17 = [ Vl12) (At ) .

The first and second term in (2.20) tend to zero as m — +co, and for the third one we
have

T
/0 (V2 = [Vl12) (At v) dt
T
<c /0 (IVtm = Vull2) (I Vetmallz + [Vl]2) | At lalfo]l2 .

As (um) is bounded in L*>(0,T; H3(f?)) and the injection H} < L? is compact, we
have um — u strongly in L?(0,T; L?), and hence

T T
/ / (U, = |Vt |2 At ) dadt - / / (W = [|Vul3Au)o dodt
0 L] 0 Q

as m — +oo for each fixed v € L9+1(0,T; H}).

It remains to show that

T T
(2.21) / /vg(u;n)dxdt—)/ /vg(u')d:cdt as m — +o0.
0o Ja 0o Ja

It follows from (2.6) and Fatou’s lemma that w/g(u’) € L*(© x (0,T)). This yields
g(u') € L*(Q x (0,T)). On the other hand, g(u},) — g(u’') almost everywhere in
2 x [0,T).
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Let £ C Q x [0,T] and set
1
El = {(Z‘.t)EE,g(U;n(.’E,t))S\/ﬁ}, E2 ::E_El:

where |E| is the measure of E.

If M(r):= inf{|x| ; ¢ € Rand |g(z)| > r}, then we have

/E|9(u;n)|d:zdt <VIEl+ (M(\/%_l)>—l/}32|u;ng(u;n)|dxdt.

Applying (2.6), we deduce that sup,, [ |g(us,)|dzdt — 0 as |E| — 0. From Vitali’s
convergence theorem we deduce that g(u,) = g(u') in L(€2 x (0,T)), hence

9(ul,) = g(v/)  weakstar in L@+D/7(Q x [0, T])

and this implies (2.2). Hence
T
/0 /Q(u" — | Vull}Au + g(v'))vdzdt =0, Vv e LIY(0,T; HY).

(v) || Vu(@)|l, > 0 for 0 <t < +00: We need the following lemma
LEMMA. Ifv:[-T,T)— H}N H? is a weak solution of
V() ~ [[Vut)|I3Av(t) + g(v'(t)) =0 -T <t<T,
{ v(0) =0, v'(0) =0,
then v(t) =0 for t € [-T,T].
PrOOF: Multiplying with 2v'(t), we obtain

d 1
@I+ 3190 +2 [ st do =0,

and the integration of the above identity with (1.3) gives
, 1 I¢l
v+ 5ivel; <l [l as

Gronwall’s inequality assures v’(t) =0 and v(t) =0 for t € [-T,T]. a
We now turn to the proof of ||Vu(t)|| > 0, ¥t > 0:
Let T be a point such that Vu(T) = 0. Since the a priori estimates imply

that ||Ve/(t)||,/||Vu(t)||, is bounded, then Vu/(T) must be zero. Hence, the above
lemma implies that u(t) = 0 (0 < ¢ < T), which contradicts ug # 0. Thus we obtain

| Vu(t)}], > 0 for all £ > 0.

{(vi) UNIQUENEsSS: The uniqueness is a consequence of the monotonicity of g and
Gronwall’s lemma. We shall omit the proof since it can be obtained in a standard way.
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3. ENERGY ESTIMATE
For the proof of the energy decay, we need the following lemma

LEMMA. (Nakao (14].) Let ¢(t) be a bounded and nonnegative function on [0, o)

satisfying
S ¢! (s) < ko{o(t) — ¢t +1)}
—8_
forr >0 and kg > 0. Then
c
$(t) < m for ¢ >0,

with some constant ¢ = c(r, ko, $(0)) .

We shall follow the method developed in [14], so we give here only the main steps
of the proof.
Taking the scalar product of the first equation of (P) with 2u’, we have

(3.1) E'(t) + 2/ wg(u')dz = 0.
Q

Integrating (3.1) over [t,¢+ 1], we have
t+1
(3.2) 2/ / g(u)u' dzds = E(t) — E(t +1) (= D(t)z).
t Q
Then there exist t; € [¢,t+ (1/4)], t2 € [t + (3/4),¢ + 1] such that
(3.3) / g(u'(t:))v/ (t:) dz < 4D(t)* for i=1,2.
Q

Taking the scalar product of the first equation in (P) with 2u and integrating it over
[t1,%2], we have from (3.2)-(3.3) that

ta
(3.4) / ||Vu(s)”3 ds < C{D(t)2 + D(t) sup (Vu(s))z} (= A(t)2).
t1 t<s<t+l
Using the Poincaré inequality, we obtain from (3.1), (3.2), (3.4) that

to

E(s)ds < cA(t)?

E(ts) <
(2)“t2—t1 ;

and hence

t+1
sup E(s)¥% < E(ty) + 2/ / v g(u') dzds
¢ Q

t<s<t+1

<cA@t)? < c{D(t)2 + D(t) sup E(s)1/4}.
t<s<t+1

https://doi.org/10.1017/5000497270003327X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003327X

(9]

Degenerative wave equations 9

Using Young’s inequality, we arrive at

sup E(s)*? < eD(t)” = c(E(t) - E(t +1)).

t<s<t+1

Hence, Nakao’s lemma gives

(1]
(2]

(3]

(5]
(6]
(7]

(8]

Y
(11)

[12]
(13]
(14]

(15}

cE(0)

E(t) < Tr0

t>0.

REFERENCES

A. Arosio and S. Gravaldi, ‘On the mildly degenerate Kirchhoff string’, Math. Methods
Appl. Sci. 14 (1991), 177-195.

A. Arosio and S. Spagnolo, ‘Global solutions to the Cauchy problem for a nonlinear
hyperbolic equation’, in Nonlinear PDE and their applications, (H. Brezis and J. L. Lions,
Editors), Collége de France seminar 6 (Pitman, Boston, 1984), pp. 1-26.

B. Bernstein, ‘Sur une classe d’équations fonctionnelles aux dérivées partielles’, Izv. Akad.
USSR Ser. Mat. 4 (1940), 17-26.

H.R. Crippa, ‘On local solutions of some mildly degenerate hyperbolic equations’, Non-
linear Anal. 21 (1993), 565-574.

P. D’Ancona and Y. Shibata, ‘On global solvability of non-linear viscoelastic equations in
the analytic category’, Math. Methods Appl. Sci. 17 (1994), 477-489.

P. D’Ancona and S. Spagnolo, ‘Global solvability for the degenerate Kirchhoff equation
with real analytic data’, Invent. Math. 108 (1992), 247-262.

P. D’Ancona and S. Spagnolo, ‘On an abstract weakly hyperbolic equation modelling the
nonlinear vibration string’, in Developement in partial differential equations and applica-
tions to mathematical physics, (G. Buttazo and G. P. Galdi, Editors) (Plenum Press, New
York, 1992), pp. 27--32.

R.W. Dickey, ‘Infinite systems of nonlinear oscillation equation with linear damping’,
SIAM J. Appl. Math. 19 (1970), 208-214.

Y. Ebihara, L.A. Medeiros and M.M. Miranda, ‘Local solutions for a nonlinear degenerate
hyperbolic equation’, Nonlinear Anal. 10 (1986), 27-40.

G. Kirchhoff, Vorlesungen iber Mechanik (Teubner, Stuttgart, 1883).

L.A. Medeiros and M.M. Miranda, ‘Solutions for the equation of nonlinear vibrations in
Sobolev spaces of fractionary order’, Comput. Appl. Math. 6 (1987), 257-267.

G.P. Menzala, ‘On classical solutions of a quasilinear hyperbolic equation’, Nonlinear
Anal. 3 (1979), 613-627.

T. Mizumachi, ‘Decay properties of solutions to degenerate wave equations with dissipa-
tive terms’, Adv. Differential Equations 4 (1997), 573-592.

M. Nakao, ‘A difference inequality and its application to nonlinear evolution equations’,
J. Math. Soc. Japan 30 (1978), 747-762.

K. Nishihara, ‘On a global solution of some quasilinear hyperbolic equation’, Tokyo J.
Math. 7 (1984), 437-459.

https://doi.org/10.1017/5000497270003327X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003327X

10

[16]
(7]
18]
[19]

(20}

M. Aassila (10]

K. Nishihara and Y. Yamada, ‘On global solutions of some degenerate quasilinear hyper-
bolic equations with dissipative terms’, Funkcial. Ekvac. 33 (1990), 151-159.

S.1. Pozohaev, ‘On a class of quasilinear hyperbolic equations’, Math. USSR-Sb. 25 (1975),
145-158.

J.E.M. Rivera, ‘On local strong solutions of a nonlinear PDE’, Appl. Anal. 10 (1980),
93-104.

Y. Yamada, ‘Some nonlinear degenerate wave equations’, Nonlinear Anal. 11 (1987),
1155-1168.

T. Yamazaki, ‘On local solutions of some quasilinear degenerate hyperbolic equations’,
Funkcial. Fkvac. 31 (1988), 439-457.

Centre de Recherches Mathematiques
Universite de Montreal

C.P. 6128-A

Montreal (QC) H3C 3J7

Canada

e-mail: aassila@crm.umontreal.ca

https://doi.org/10.1017/5000497270003327X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003327X



