SERIES OF PRODUCTS OF BESSEL POLYNOMIALS
F. M. RAGAB

1. Introduction. The Bessel polynomials, which arise as solution of the
classical wave equation in spherical co-ordinates, are defined by Krall and
Frink (3) by the equation

) 'V”(x’avb)=2F0<—ﬂ,a+n——1;—%>.

The purpose of this paper is to present some series of products of these poly-
nomials when the two arguments are different as in the case of Legendre
and Hermite polynomials. Such an explanation was given by Brafman (2),
namely:

. = (n) _TI'Q—a—mn) _%_2)27 (___ |
@) ;0(1')1‘(2—(1—71—7)( b b ”x+y'“b>

= v (x, a, 8) v.(y, a, b).

These series will be stated and proved in § 2. The following formulae are
required in the proofs:

3) F<a,l+oade _I)ZI‘(l—i—a—d)I‘(1+a—e)
P\l lta—dl4+a—e Frl4+a)T(A+a—d—e)

(1, p. 28, formula 3). Gauss's theorem, namely:
If R(y) >0, R(y —a —B) >0,

r(v) I'(y —a — B)
I'(y —a) T(y — B)

(4, p. 144, Example 2) and Saalschutz’s theorem (5), namely:
lfp+o=a+B+v+1andif a, B, or v is a negative integer,

(5) [4<a B, v; ]> P(P) I’(l + a — a') I‘(l + 8 — 0.) F(l 4y — 0’)
P Il —o)T(p—a)T(p =) Tl —v)

Frequent use will also be made of the factorial notation:

(a;n) = -I:%%ﬂ = af

(a)O) =1 fOr(X;éO.

4) Fla, B;v;1) =

a+1)...(a+n—1forn=1,23,...,

2. Formulae and proofs: The expansions to be proved are:
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© Y (- 1)’(”) Flﬂl(z__“ =1 (1= 6 = 20) 75,0, 8) 7,3, 00 B)

n a=r)
N ES]

(7) Z (- 1) ( ) F(‘}Z_;;:;;:’;,) §>'v,(x, a, b)
T2 —a—mn)

TG g —2*57%(90, 2a — 2, b);

= yo,(x,a — 2n, b);

Z _ ;A =—a—20n4+2)TU —a —2n+7r) ﬂ s
(9) ;0 ( ]-) 7"{(11 _ 7,)‘ 11(2 —a —n + 7,)}2 {'Yn—r(-)‘/v @, b)}
= ()’ T2 — a)}  ymlx,a — 20, b);
S (nYA 4+l ~—a—a—n—r;r)(1—a—2r)
(]0) ;{] (1,) (1 —a —n — r;n + 1) yf(xv (l, b)
= va(x, 1 +a + a, b).
Proof of (6). If on the left of (6) we replace v,(x, a, b) v.(y, a, b) by the
series in (3), then after changing the order of summation it becomes

> - (3 +2)" <x3?§"”’> 2 (-1 O(m)

'l—a
P(Q—a—m—r)(l—a_%)

If we apply the formula

r\Tl—a—n—r .
Z:m(—])()(m)I’(Q——a—m—r)(l_a_2r>"( )" 8ny
then the right-hand side of (6) is obtained. If ¥ = x, (6) becomes

a5 - 0() P e 2 )

a-r)

= (2—;) Yu (3%, a, b).

Proof of (7). The following lemma is required in the proofs of (7) and (8):
LEMMA: If n, N, r are positive integers, then

(12) (—=n; N —n+4+2r) = (— D"Cn)} ()22 (— 2n; N)
GN —n;7r) 3+ 5N —n;7).

Proof. We have
(=n; N —n 4 2r) =281 (— In; 3N — in 4+ 7).
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But

(= 455 AN = Jn ) = (=3 3N — ) (BN — ni7)
and

(= 3V = dnt ) = (b= bn, 3N — ) G+ 3N — i),
so that

"N (N — e+ 2r)
GN —n;1)G + 3N —n;7)
= (=3 3N — n)(5 — an; 3N — in)
=2"V(—n; N —n)
{2n)2n —1) ...+ DI{(=n; N —n)}{(n])}
28" (2m)!
(— D"n!

=§N*—n(—2nﬂi(—2n)(—2n+l)u.(— 2n + N — 1)}

= (= 12" ) {@n)) 7 {(—= 2n; N)},

from which the lemma follows.

Proof of (7). In the left-hand side of (7) write n — » for r, substitute for
Yur(x, a, b) from (1), then it becomes:

zn: ET (= 1y 'C—a—2n+r(=n+4r;s)

rlst (n —r)!

(a+n—7r—1;5) (Q)’_s
T4 — 2a — 4n + 2r) )

X
Here we put s = r + N — n, and the last expression becomes:

1 2n [l y(=n;N—n+2")TQ@—a—2n+7r)
n!I‘(a-I—n-—l)IvZ:o ,z=:o (= 1) r'T(4 — 2a — 4n + 2r)

T'a+N—-—1)2—a—n;r) (é)"_N
TA+N-—-—n+r)

X,
23n+2a—2 71’%

(=17 en)!'TG—a—2n)T(@+n—1) g;O =27

n—N
T+ N —1)(— 2n;N)<$ {TA 4+ N —n)}!
IN—-n3+3IN-n2—-—a—n ]
2 y 2 2 ’ .
X3F2[1+N—n,§—a—2n i1

by Lemma (12).

Proof of (8). In the left-hand side of (8), write » — 7 for 7, substitute for
Yu—r(2x, a, b) from (1), then it becomes

N~ mer—s(YT@2 —a)(—n+7r;s)la+n—17r— 1;s)(_b>"3~"
IZ=0 SZO =2 (7’) s!IT2—a—n+7) X ’

https://doi.org/10.4153/CJM-1959-020-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-020-2

BESSEL POLYNOMIALS 159

Here we put s = » + N — n; then the last expression becomes

2" 12 — a) A gwla+N-D o <é>
Fla+n—1)TQ2—a—n) ;;0(_ 2) 'd+ N —n) (= 2n:.V) x
lN——n,—{,wl—l]\f——n;l:l
X 2F1|:2 1+ N 2_ "

by Lemma (12). Here we sum the o/ by Gauss’s theorem (4) and so obtain
(8). In (8) write 2x for x; then it becomes

(13) 72n(2x1 a — 277'! b) = Z (n> P(g(i; f")f) <_b4x>r ’Yr(xv a, b)

r=0 4
which may be taken as the duplication formula for Bessel polynomials.

Proof of (9). If y = x in (2), then it becomes

) 3 (1) el o (SE) ma) - et

r=0

To prove (9), substitute in the left of it for {v,—.(x, @, b)}? by the series in
(14), then after some rearrangement the left-hand side of (9) becomes

i (__ 1)1 P(2—a—2n+27) F(l —(1“27’1,—'—1') <é>—2n+27
=0 "mn—n!T1l—a—2n+2)T2 —a—n+r) \x

n—r 1 b 2s L
X ;0 slr = s)IT(2 —a—2n+2r+5) <x> Vs (3%, @, )

_1()"§ _ o\ r'2—a—2n)

_n!<x ,,;o( 2) plin —pPIUTR2—a—2n+p) T2 —a—n)
by . [1+a—2n,§3—%a—n,—p,—n :I

X<x> 'Yn_p(ix,a,b)4F3%_%a_n’2_a_n,2_.a_2n+Pyl .

But the 4F3 can be summed by (3) if we substitute in (3) a =1 — a — 2n,
d = —n, e = — p. Thus the last expression reduces to

1(0)" < (=2 é)” )
! <x> 2 S = pIC —a—n ¥ <x Yup (3%, 0, )

= {(’ﬂ‘)2 re - a’)}_l 72::0 (1:) I‘(g(i ; _a.)r) <_b2x>T v:(3%, a, b)
= {(n)’1r(@ — @)}y (x, @ — 2n, )

by (8). Hence the proof of (9) is complete.

Proof of (10). To prove (10), substitute for v,(x, a, 8) in the left-hand side
of (10) from (1), change the order of summation, then sum the innermost
series by means of (3) and so obtain the right-hand side of (10) by a second
application of (1).

Finally it may be noted that each of the explicitly summed series in the
last proofs can be transformed to another explicitly summed series and the
result in the two cases is the same.

https://doi.org/10.4153/CJM-1959-020-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-020-2

160 F. M. RAGAB

REFERENCES

1. W. N. Bailey, Generalized hypergeometric series, Cambr. Tracts, 32 (1935).

. Fred Brafman, 4 set of generating functions for Bessel polynomials, Proc. Amer. Math. Soc.
4 (1953), 275-7.

3. H. L. Krall and O. Frink, 4 new class of polynomials: The Bessel polynomials, Trans. Amer.
Math. Soc. 65 (1949), 100-15.

. T. M. MacRoberts, Functions of a complex variable (4th ed., Glasgow, 1954).

. J. W. Saalschutz, Eine Summationsformel, Zeit. fiir Math. und Phys. 35 (1890), 186-8.

[ %)

[S LI

Institute for Advanced Study, U.S. .
and
Ein Shams University

https://doi.org/10.4153/CJM-1959-020-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-020-2

