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A Free Product Formula for the
Sofic Dimension

Robert Graham and Mikael Pichot

Abstract. It is proved that if G = G *g, G2 is free product of probability measure preserving s-regular
ergodic discrete groupoids amalgamated over an amenable subgroupoid Gs, then the sofic dimension
s(G) satisfies the equality

s(G) = H(G)s(G1) + H(GDs(Ga) — H(GH)s(Gs),

where ) is the normalized Haar measure on G.

1 Introduction

Let G be a group. The sofic dimension of G is an asymptotic invariant that accounts
for the number of unital maps

o: Fi — Sym(d)
from the “Cayley ball” F}. of radius # in G into the symmetric group Sym(d), where
F C G is a finite set, n is an integer, d is a “very large” integer and the maps o are
multiplicative and free up to an error § > 0 relative to the normalized Hamming

distance on Sym(d) (see §2). If SA(F, n, d, d) is the (finite) set of all such maps, and
NSA := [{o|F, o € SA}|, then the sofic dimension of F is

logNSA(F, n,d,d
s(F) = inf inflim sup 0 NSA(F, 1,9, )
nENGS>0 y_yoo dlogd

(so the limit is on d first, and then on § and n). This definition was considered in
[DKP1,DKP2]. It is a combinatorial version of Voiculescu’s (microstate) free entropy
dimension §(F), which can be defined by a similar formula involving maps

o:Ff — U(d)

into the unitary group U (d) (see [V0i96, Junl]). It can be shown that the value of
s(F) does not dependent on the finite generating set F of G and is therefore denoted
s(G). A limiting process allows to define of s(G) for an arbitrary group G.

The definition of the sofic dimension can be extended to probability measure pre-
serving (pmp) actions of countable groups, their orbit equivalence relations, and
more generally to discrete pmp groupoids. We refer to [DKP2, Definition 2.3] for
the general groupoid definition. An interesting feature of s is to provide combinato-
rial proofs of statements in orbit equivalence theory (for example, Corollary 7.5 in
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[DKP1] reproves Gaboriau’s theorem that the free groups on p generators are pair-
wise non orbit equivalent using the counting method).

Let G be a pmp groupoid and assume that G = G *g, G, is an amalgamated free
product over a subgroupoid Gs. A free product formula of the form

s(G) = s(G1) +5(Gz) — s(G3)

is known to hold in the following cases (under some technical assumptions, for ex-
ample “finitely generated” and/or “s-regularity”):

(a) G, Gy, Gy, and Gjs are pmp equivalence relations on (X, i) and Gj is amenable as
an equivalence relation: see [DKP1, Theorem 1.2].

(b) G, Gy, Gy, and Gj are countable groups and Gj; is an amenable group: see [DKP2,
Theorem 4.10].

(c) Gisthe crossed product groupoid G := G; * G, X X of a pmp action (G; *G,)
(X, 1), where G; and G, are countable groups and X is a standard probability
space. Here Gj3 is assumed to be the trivial group but the action of Gy * G, is not
necessarily free (if free this is covered by (a)); see [DKP2, Theorem 6.4].

The general strategy to establish this sort of formula was devised by Voiculescu for
the free entropy dimension: see in particular [Voi91, Voi96, Voi98].

The proofs of the above results in [DKP1,DKP2] apply distinct tools to handle the
amenable amalgamated part, namely the Connes—Feldmann-Weiss theorem in (a),
and the Ornstein—Weiss quasi-tiling theorem in (b). This was a reason why it was
hardly conceivable to incorporate an amenable amalgamated subgroup Gs in (c); in
fact, the technical details would presumably (to quote [DKP2, §6]) be ‘formidable’
even if the action of G3 ~ X is essentially free.

We follow a different approach here, based on the use of Bernoulli shifts as a “cor-
respondence principle”:

groupoids «~ equivalence relations

by which we mean that proving a result for (pmp) equivalence relations automati-
cally implies an a priori more general statement for (pmp) groupoids in a variety of
situations, and in particular for the computation of s (see §10 for more details).

The exact assumptions that we need for the free product formula are described in
the following statement, which is the main result of this paper.

Theorem 1.1 Let G be a discrete pmp groupoid of the form G = G, *g, G,, where
G, G, are s-regular ergodic subgroupoids of G and Gj3 is an amenable groupoid. Then

s(G) = H(G))s(G1) + B(Gs(G) — H(G3)s(Gs),
where }) is the normalized Haar measure on G and G° is the object space of G.
The more technical assumptions in this result can be weakened slightly. For ex-
ample, one way to remove the s-regularity assumption, following Voiculescu’s idea
(see e.g., [Voi98, Remark 4.8]), is to replace the lim sup in the definition of s(F) by a

limit along a fixed ultrafilter w. What is rather unclear is the extent to which the as-
sumption that G; is amenable is essential. Cohomological tools can be used to prove

https://doi.org/10.4153/CJM-2014-019-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-019-5

A Free Product Formula for the Sofic Dimension 371

a similar formula for the first L? Betti number 3, under the much weaker assump-
tion that §1(G3) = 0. (This is a result of Liick; see [BDJ, Theorem A.1] for the group
case.) Furthermore, Mineyev and Shlyakhtenko [MS] have shown that Voiculescu’s
non-microstate free entropy dimension 6* satisfies 6*(G) = £;(G) — So(G) + 1 for
any finitely generated group G, and therefore we have the formula

(G #¢, Gy) = 6"(G1) + 8%(G,) — 6" (G3),

where G; and G; are finitely generated groups and Gs is a group such that 8;(G3) =
0. A fundamental relation between the microstate and the non-microstate approach
to free entropy is provided by the Biane—Capitaine—Guionnet inequality § < §*
[BCG]. A free product formula for dp has been established in [BDJ] for amalgama-
tion of (Jo-regular) groups over an amenable subgroup (where §; < § is a technical
modification of § not depending on the generating set of the group; see [Vo0i96, Sec-
tion 6] and [Vo0i98]). We also note that the above correspondence principle for
is probably less useful as the amenable part can always be handled uniformly using
the hyperfiniteness of von Neumann algebra LG; (see in particular [Jun2]; for exam-
ple, the proof in [BDJ] in the group case does not rely on quasi-tilings). Concerning
pmp equivalence relations, a free product formula has been established by Gaboriau
[Gab] for the cost, allowing for amalgamations over amenable subrelations, and by
Shlyakhtenko [Shl] for dy, for free product with trivial amalgamation.

Question 1.2 Can the assumption that G; is amenable in Theorem 1.1 be weak-
ened (for example to 5;(G3;) = 0)?

The paper is organized as follows. Sections 2 and 3 establish basic facts about pmp
groupoids and their actions. In the case of s(G), the correspondence “groupoids «~»
equivalence relations” is achieved by using the formula s(G) = s(Gx X$), where G ~
X§ is a Bernoulli shift; see Theorem 8.2 (other applications of the correspondence
principle are given in §10). The proof of this formula uses the idea in a result of L.
Bowen [Bow, Theorem 8.1] for the sofic entropy, as explained in Section5. Other
difficulties inherent to the groupoid setting are dealt with in Sections 4, 6, and 7
(these difficulties were avoided in [DKP2] by working with groups and their actions
rather than with general groupoids). The proof of Theorem 8.2 is given in Section 8.
In Section 9 we prove a scaling formula for s(G). In Section10 we prove Theorem 1.1
by putting together these ingredients.

2 Review of s(G)

Recall that a discrete standard Borel groupoid G with base (i.e., set of objects) e
source map s: G — G° and range map r: G — G, is said to be probability measure
preserving (pmp) with respect to a Borel probability measure ;1 on G if the left and
right Haar measures ) and h~! on G coincide: ) = h~!, where

hH(A) ::/ |A°|du(e) and  BHT(A) ::/ |Ac| dpe(e)
el e
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and A C G is a Borel set with A° := r~'(e) NAand A, := s~ !(e) N A fore € G°.
Then b = blgﬁ = u, so we simply denote by b the measure y on G°.

A bisection is a Borel subset s C G such that the restrictions of s and r to s are
Borel isomorphisms onto G°. The set of bisections form a group called the full group
of G and are denoted [G]. A partial bisection is a Borel subset s C G such that s and
r are injective in restriction to s. The set of partial bisections forms a Polish inverse
monoid called the full inverse semigroup (or the full pseudogroup) of G, denoted [G].
For s € [G] let dom(s) := s~ 's C G” and ran(s) :=ss~! C G°.

For example, if G := {1,...,d}?* is the transitive equivalence relation on the set
{1,...d} with d € Z>; elements, then [G] = Sym(d) is the symmetric group on d
letters and [G] is the inverse semigroup of partial permutations. We denote the latter

by [4].
The semigroup [G] (and [G] C [G]) is Polish with respect to the uniform distance

|s—t| :=b{e € G° | se # te}.

If G = {1,...,d}? then the uniform distance is the normalized Hamming distance
on [d].

The (von Neumann) trace on [G] is given by
7(s) ;== h(s N G°) = h{e € G° | se = e}.

It is the restriction to [G] C LG of the finite trace on the von Neumann algebra LG
of G.
We have

Is—t|=71("s) + 7t ') — (s st ™) — (st™Y).

We will write tr for the trace on [d]. So
1
tr(o) = 5% number of fixed points of o € [d].

IfF C [G] is a finite subset and n € Z>,, then F’_ denotes the set of all products of
at most 7 elements of Fy. := FUF~! U {Id}. For F C [G] welet X F C [G] denote
the set of sums of elements of F with pairwise orthogonal domains and pairwise
orthogonal ranges.

By definition, G is sofic if its full inverse semigroup [G] is sofic:

Definition 2.1 A pmp groupoid G is called sofic if for every finite set F C [G],
0 > 0and n € Z, there existd € Z>; and a map
o: X FL — [d]
such that
6] lo(st) —o(s)o(t)| <6
for every s,t € 3 F!} such thatst € X F'} (o is §-multiplicative) and
(ii) [troo(s) —7(s)| < ¢

for every s € F/} (o is 0-trace-preserving).

Remark 2.2 If G is a group, one can replace [d] by Sym(d) as is easily seen.
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Remark 2.3 The notion of sofic pmp equivalence relations was introduced by Elek
and Lippner in [EL] in terms of graph approximation and in [Oz] by requiring that
[G] be sofic as in the definition above (compare [DKP1, DKP2]). The sofic prop-
erty was first considered for groups by Gromov and Weiss in terms of (Cayley) graph
approximation and was studied by Elek and Szabo. It is a simultaneous generaliza-
tion of amenability and the LEF property of Vershik and Gordon (see [Pe] for more

details).
Let
SA(F,n,6,d) := {o: 3 F} — [d] satisfying (i), (i) }
and define
| SA(F,n,0,d)|g := [{op | o € SA(F,n,6,d)}|
for E C F.

Definition 2.4 For E C F C [G] finite, n € Z>; and § > 0 define successively

. log | SA(F, n,6,d)|g
sg(F,n,6) := limsu ,
t d%oop dlogd

sp(Fyn) := %I>1£SE(F: n,9),

sg(F) := inf sg(F, n).
nEZZl

If K C [G] is an arbitrary subset, the sofic dimension of K is

s(K) := supinfsg(F)
g F

where E C F C K are finite subsets. The sofic dimension of G is s(G) := s([G]).
One defines similarly the lower sofic dimension s and the w sofic dimension s* for a
ultrafilter w on Z>; by replacing lim sup,;,_, . by liminf;_, ., and lim,_,,, respectively.

Voiculescu’s regularity condition reads as follows.
Definition 2.5 A pmp groupoid G is s-regular if s(G) = s(G).
Finally we recall the following definition.

Definition 2.6 A subset K C [G] is transversally generating if for any t € [G] and
€ > 0 there existn € Z>; and s € 3 K/} such that [t — 5] <e.

This definition appears in [DKP1, Definition 2.4] where it is called “dynamically
generating”. The more classical notion of generating set for pmp equivalence rela-
tions (and groupoids) (as in [DKP1, Definition 2.2]) is that of Connes—Feldmann—
Weiss. While being distinct notions, a groupoid is finitely generated in the Connes—
Feldmann—Weiss sense if and only if it is transversally finitely generated (by an ar-
gument similar to that in [DKP1, Proposition 2.6]), so “finitely generated” is unam-
biguous for groupoids (and coincide with the usual notion in the group case).

The following result is proved in [DKP1, Theorem 4.1].
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Theorem 2.7 (Invariant of s under orbit equivalence) Let R be pmp equivalence
relation and K, L be transversally generating sets. Then s(K) = s(L), s(K) = s(L), and
#(K) = s“(L).

The result in [DKP1] is stated for finitely generated equivalence relations, but the
same proof works in the general case (as does the proof of [DKP1, Theorem 1.2]).
The proof for groupoids is given in full generality in [DKP2, Theorem 2.11]. We will
not use this more general result here but will rather deduce it from Theorem 2.7 as
an illustration of the correspondence principle.

Remark 2.8 Itis sometimes convenient to use the 2-norm on LG and its restriction
to [G]:

Is =]l == (s = )s =) ") = 7((s = )7 (s = 1)).
Observe ||s — t]|3 > |s — t| (with an equality ||s — t]|3 = 2|s — t| on [G] C [G]) as

ls—t)|3="7(s""s)+7(t7 ') —27(st™") and T(st™') < 7(s'st™'t).

3 Actions of Groupoids

Let X be a standard Borel space endowed with a Borel fibration p: X — G, where
G is the base of G. If (i°).cqo is a Borel field of probability measures on X, we
define a probability measure ;o on X by p := [, o H°db(e), where D is the invariant
Haar measure on G°. Recall that a pmp action of G on the fibered space (X, ) is a
measurable map
G X3 (g, x)»gxeX

(where G fibers via the source map s: G — X) satisfying the usual axioms of an
action, and such that g, u%® = p*® for ae ¢ € G. Groupoid actions are denoted
G ~ X. The crossed product groupoid is the fiber bundle G x s X endowed with
groupoid law defined by (s, x)(¢, y) = (st, y) whenever t(y) = x.

Example 3.1 (Bernoulli shifts) Given a pmp groupoid G with invariant Haar mea-
sure b and a probability space (Xo, t), consider the probability space

(XG, ) = /G 1 do(e)

(where XOGF := [ [ Xo is the infinite Cartesian product over G° := r—!(e)) endowed
with the fibration X§ — G° and field of measures (u® ) .co. Every element x € X$
can be viewed as a sequence x := (x;);cge of elements of Xy. The Bernoulli action
G ~ X§ is given by

5((xt)t€G'(S)) = ((xs*‘t)teGr(s)f
Remark 3.2 The notion of groupoid action has long been used in ergodic group
theory (see for example [Ram]). They can equivalently be described as actions on

bundles (cocycles) as above, or as groupoid extensions that are fiber bijective. In
[Bow2] L. Bowen discusses Bernoulli shifts using the latter description.
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We first prove a few lemmas that will be used in the proof of Theorem 1.1.

Lemma 3.3 Let G ~ X§ be a Bernoulli action and let H C G be an ergodic sub-
groupoid with G° = H°. Then the action H ~ X§ is isomorphic to a Bernoulli shift
over H.

Proof By the von Neumann selection theorem, we can find a measurable section
s: RG — Gof (s,r): G = RG (i.e., the pmp equivalence relation associated with G)
such that that s(RG’) = G” and s(RH) C H and, since the set G(e) /H(e) is countable
for e € G°, measurable sections (gj: D; C G — SG)ej of SG — G° such that for
aee € G% G(e) = ujelH(e)gj(e). By ergodicity we may assume h(D;) = 1. Let
(¢i)ier be a sequence in Aut(G°) such that {RH[p;e] }icr form a partition of RGle]
for ae e € G° (see [FSZ]). Then

= | Ll H(e)gj(e)s(e, ;' f),
i€l J€J (e,f)ERH

since any ¢ € G° can be written uniquely in the form hogj(e)s(e, ;' f) for i and f
such that (e, f) € RH and f = ¢;s(g), so

gs(e, gpi_lf)fl € G(e) and hy = gs(e, gai_lf)*lgj(e)*1 € H(e).

Consider the measurable field of maps 1,: X§* — (X;*/)"" defined by sending
x € X§ to

( (xhogj(ws(e,vf ! f))ﬁd')el xJ ) ho€H(e),(e,f)ERH"
These maps are measure preserving, and if we consider the Bernoulli action of H with
base X;/ then we see it is H-equivariant: for h € H¢ say h = hy 's(d,e)~", where
hy € H(e)

%(h(x)) = w(h(xhog](e)s(e#flf))(i,j)EIx],hgeH(e),(e,f)ERH)
= (X ey, g, (e)s(esp 1)) 0 EIX T EH (o) (e ) ERH)
= ( (xs<d,e>h1hogj(e>s<e,wr‘ f))<111'>€1 XI) ho€H(e),(e,f) ERH

= h( (xhogj(E)s(e-,v,"f))("J)EIW) ho€H(e),(e,f) ERH

= h(1)e(x)). u
We say a groupoid action G ~ X is essentially free if for ae s € G \ G°,
p* (Fix(s)) = 0,

where
Fix(s) = {x € X*® | sx = x}.

Lemma 3.4 If the pmp groupoid pmp action G X is essentially free, then G x X is
isomorphic to a pmp equivalence relation.

Proof Since G n X is essentially free and G, is countable, the set

Xo:={xeX|sx#x,Vs€G,, s#e}
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has measure 1 in X° for every e € A C G° a measurable subset with h(A) = 1. Let
(X2, ) — (A, D) be the measure fibration corresponding to (X¢)eca. Since G x X is
isomorphic to G4 X X%, we may assume that sx # x foralls € G\ G°, x € X*0,
However, for (s,x) € G X X,

r(s,x) = s(s,x) < x € Fix(s),

s0 (s, x) # s(s,x) for every s € G\ G’ and x € X. This shows that G x X is an
equivalence relation. It is an easy exercise to check that it is pmp (more generally if G
is pmp and G ~ X is a pmp action, then G x X is a pmp groupoid). [ ]

Lemma 3.5 If G is transversally finitely generated, then so is G x X for any ergodic
pmp action G ~ X.

Proof Let R be the orbit equivalence relation of G ~ X. Since R is ergodic, there
exists an ergodic automorphism 6 € [R], which is orbit equivalent to a Bernoulli shift
7.~ {0,1}* ([Dye]). For i € {0, 1}, let B; be the cylinder set {x € {0,1}* | xy = i}.
Let py, ps be the projection in L*°(X) corresponding to By and By in Z ~ {0, 1}7. If
F C [G] is a finite transversally generating set for G, then F U {6, p;, p»} is a finite
generating set for G x X. ]

Lemma 3.6  The Bernoulli action G ~ X§ is essentially free if G has infinite fibers
(ie., |G?| = oo for ae e € G°) and the support of g contains at least two points. If in
addition g is diffuse, then the action is essentially free.

Proof Lets € G° s # e, such that |G°| = oo. We show that u¢(Fix(s)) = 0. If
r(s) # s(s), this is clear, so we assume s € G(e). Note that (x;);cc: is (s)-invariant
if and only if x», = x, for all n € 7Z,t € G°. Thus we can find an infinite family of
pairwise disjoint pairs {s;, t; }ics, si # t; € G°, such that x,, = x;, for every x € Fix(s)

and i € I. Since |I| = oo, the set of x € X such that x, = x;, is negligible, so
1€(Fix(s)) = 0. If in addition pq is diffuse, then the set of x € XOGE such that x, = x,
is negligible so p°(Fix(s)) = 0 in this case. [ |

Lemma 3.7 If G is ergodic with infinite fibers then the Bernoulli action G ~ X§ is
ergodic for any base space (X, ).

Proof IfA C X{ isa nonzero G-invariant subset and p: X§ — G°, then B := p(A)
is G-invariant and nonzero therefore § := u°(A°) # 0 and is almost surely constant
by the ergodicity of G. Let & > 0 be arbitrary. Since |G°| = oo almost surely, we
can find by the von Neumann selection theorem a nonzero measure field (F¢),cp of
finite subsets of (G°).ep such that p°(A° M Ajp.) > § — ¢ and a section s of s such that
s.F¢ N F**) = & for ae e € B. By invariance ;%) (A™) N Al,p) > 6 —¢€,50
,U/s(e)(A|Fr(se) mAlseFe) > (5 — 257
15 (Ao N A pe) = 1% (Ao )1 (Ao ),
‘UJS(e)(A‘Fr(sf) mA‘SeFe) < 52 + 655 + 262.

Letting ¢ — 0, we get 82 > 6,506 > 1and u(A) = 1. []
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Lemma 3.8 Let G ™ X be a groupoid action and suppose that G = Gy x¢, G,. Then
G x X~ (G X X|1) *@Gxx)y) (G2 X X)p),

where X; = p~1(G)).

Proof First note that G; acts on X; and that G; x X|; is naturally a subgroupoid of
G x X. Given an arbitrary groupoid H and groupoid morphisms f: G, x X|; — H,
fr Gy x Xjp — Hwith fi| ;
morphism k: G x X — H such that the following diagram commutes (where the
unlabeled edges are the inclusion map).

— fz‘ ER we want to show there is a unique

G3 X XB

7N

G XX — GXX—— G xXp

h k h

H

Since k\Glxx“ = file X1 k\szx‘z = f2|sz<X‘2, and the values of k are determined
on Gy X X|; and G, X Xi2s which generate G x X, this gives uniqueness. To show it
is well defined note thatif g € G; x X®' U G, x X® and g1 - - - g, = Idy(,) and if g/
are the corresponding elements of G; and G, then g| - - - g, = e, so using the fact that
G and G; are in free product over Gs this shows that k(g;) - - - k(g,) = Idg(f(g,) or
Idy(f,(e,)) as appropriate. ]

4 Overlapping Generators

Let F C [G] be a finite subset, 7 be a partition of F, and o: F — [d] be a map.
Denote F|, the setof e € G such that

e< st
s€F
and
Vs,t €F, es=et < 7(s) =n(t).
Here and below we will view a partition 7 of F as a map from F to {1,...,a} =:

ran 7 for some o € Z>y.
Similarly, let F{_be the setof e € {1,...d} (identified with the base space of the
transitive relation on {1, ..., d}) such that

e< [[o(s)o(s)™!

s€F
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and
Vs,t € F, eo(s) = eo(t) < w(s) = w(t).
The following lemma will be useful in the proof of Theorem 8.2. We denote a
projection onto a set A by pa.
Lemma 4.1 GivenF C [G],n > 1, let
F,:=FU{pr,, | Fo C Fi, partition of Fy}
Ifo € SA(F,,4n|FL| + 1,6,d), Fy C F, and  is a partition of Fo, then

|Fg|7r‘
b(Fojr) — 7| < c1(F,n)d,
where ¢ (F,n) = 176(3*")|F.|*".
Proof Fix some Fy C F} and let m,m,,..., 7, be the family of partitions of F,
(so m = Be(|Fy|) is the Bell number of |Fy|). For convenience let p; := Pr,,, and
1

P} = P
Ifmj(s) =m;(t), pj =st"'pj,s0
|a(s)o(t)"'alpj) — olp;)|
= o)) a(p)) — olst™'pj)

<|a(s)o®)a(pj) — a()at Na(p)| +|a(s)ot™alpj) —olst™'pj)|
<46+306 =176

by [DKP1, Lemma 3.1(8)].
Similarly, if 7;(s) # m;(t), then

|O’(S)O’(t)_10(pj) — J(st_lpj)| < 74.
As 7(st7'p;) = 0, we have
|tr(o(s)o(t) "o (p)] = |tr(a(s)a(t) " a(pj)) — T(st™ ' pj)|
< |t(a(s)a(t) " a(p))) — troa(st™" pj)|
+ |troa(st*1p]-) — T(stflpj)’
<76+0 =289

by [DKP1, Lemma 3.1 (4)].
Moreover,

|o(pj) —o(pyalp))| = |o(p}) —a(pjo(p;)] <4,
and since Z;":l pi = [licp, 55~ " using [DKP1, Lemma 3.5]
| f: o(pj) — 11 a(s)o(s)_1| < |0( 11 ss_l) - 11 O’(S)O’(S)_l| + 150(2|F| + 1)*"6
j=1 s s€ky

€Fy sEF,
|Fo|40 + |Fo|20 + & + 150(2|F| + 1)*"§
157(3%")|F4 |*"6.

INIA
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If V denotes the set of integers 1 < k < dsuchthatforalll < j <mands,t € Fy:

O’(S)O’(l’)_la(pj)k =o(pjk
U(s)a(t)fla(pj)k #+k
a(pj)k=o(pj)o(p;)k

(S oten)k= (11 6o ")k

j=1 sEF,
then
\V| > (1 —768|F}| — 78|F| — §|FL| — 6|FL| — 157(3°")|Fx|*"5) d
> (1—175(3*")|F+|*6) d.

So, for all 7; we have that o(p;) v is a projection and

mi(s) = w;(t) = a(s)o(t)_la(pj)w = o(pj)v and tr(o(s)a(t)_la(pj)w) =0.

Hence ran(a(p;)pv) C ran(p‘;pv), but since we also have

(S oten) v = (I oo™ o= (3 97) o

=1 seky
we conclude that o(p;) pv = p7 pv, which implies
’ troo(p;) — | g‘m|/d| < 175(3%")|F+|*"6.
Therefore,
|D(Fy)) — [Fj | /d | = | tr(p)) — [Fg)s, | /d |

< |t(pj) — troa(py)| + [troa(p;) — |Fj,.|/d|
< 6 +175(3%")|F "6 < 176(3%")|F[2"5. u

5 Bernoulli Shifts and Random Partitions
For1 <i<glet
Bi:={xec{l,....,q}° | x. = i},

where X = {1,...,4}° is endowed with the Bernoulli action G ~ X, and for d €
Z>ylet Ay, ..., A, be a partition of {1,...,d}. Given aset F C [G] and function
Y: F—{1,...,q}, we define

By = ﬂ sBy) and Ay = ﬂ U(S)Aw(s)
SEF sEF,

for any 0: F — [d]]. (Here and below the dependency in o is omitted from the
notation A, as the chosen map will always be clear from context.)
The next lemma adapts the proof of Theorem 8.1 from L. Bowen’s paper [Bow].
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Lemma 5.1 Ifd is large enough (depending on F, n, and §) then there is a partition
{A1, Ay, Ay of {1, ..., d} such that if o € SA(F,, 4n|FL| + 1,0,d) then for every
subset Fy, C F'} and every function: Fy, — {1,...,q}

Ay
’M(Bw)—| v < &(F,n)d

d
where ¢, (F,n) = 2¢,(F,n) Be(|F+|") and Be is the Bell number.

Proof FixF;, C F} and¢: F;, — {1,...,q}. Create a random partition
{A13A27 e 7Aq}

of {1,...,d} using the following scheme: for each k € {1, ..., d} place k in A; with
probability 14 (7).

We will find the probability that |u(By) — |Ay|/d] < c2(F, n)d.

Let 7y, 7, ..., ™y, be the family of partitions of F,. Lets;: ranm; — Fy be an
arbitrary section of ;. If

. Jo if ds,t € Fy such that 7;(s) = 7;(t) and ¢ (s) # ¥(¢t),
Xj= 1 otherwise,

then
p(By) = u( N SBw(s>)

sEFy,

= S b)) TT po(wGsi0))
j=1 reranT;

Since for o € SA(F,, 4n|F" | + 1,6, d), we have
m Ay NES |

|Ay| _ b|7j
d _Z d

j=1

it will suffice to show by the triangle inequality that for all j
|A,l/) NF%, ‘
Y|

7 < 2¢1(F, n)é.

XiO(Fyir) TT po(w(si(k) —

k€ran7;

First suppose x; = 0, so for some s, t € Fy, m;(s) = 7;(¢) and ¥ (s) # 1 (t). Then
Ay N F,glm =g, forifk € Ay N FZIrr, then k € o(s)Ayi N o(t) Ay N F;‘ﬂj which
implies o/(s) "'k = o(t) "'k € Ay(s) N Ay(r), a contradiction.

Next suppose x; = 1. For 1 < k < dlet

Zk: 1 lfkngherAU
0 otherwise

We wish to compute E(Z).
For k ¢ nglm we have E(Z;) = 0. Otherwise, k € F]

a;(lr)k € Ays;(n) forall r € ran7j, and since

N Ay if and only if

|

-1 -1
asj(r)k # asj(r,)k, Vr#1' €ranm;,
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we obtain
EZ) =TI no(¢(si(r)
reranT;
Thus if we let Z = Zk \Zk = |F], i N Ay, then
EZ) = |Fj, | T po((si(n)) -
reranT;
Now let us bound var(Z):
var(Z2) = E(Z%) —EZ)? = Y. E(44) - EZ)?

kle{l1...d}
For k, I §’:‘ ” | we have E(Z;.Z) = 0 = ]E(Zk)]E(Zl) On the other hand if k,l € F

then Z; and Zl are not independent if o_ k =0, (v )l for some r, r’. Thus are at most

si(r)
|F%|?|FS, i | non independent pairs (k, ). Now clearly for these pairs, E(ZyZ;) <
E(Zy)E(Z;) + 1. So returning to our equation above,

S EZZ)-EZP < Y EZOEZ) + |FLPF, | - E(Z%)
1<k1<d 1<k]<d

=E(Z°) + |FLP|F] . | - E(Z*) = |FL]’|F]

P |

pm;

Now we can apply Chebyshev’s inequality to 5 Zfora>0

Z E2Z) Var( ) FLPIEG L P
Z < L < .
Pr (‘ ‘ - ) - a*d? ~ aid
Since Z = |A, N F Wr | and E(Z) = |F v, [TI to(t(s;(r))), and, by Lemma

4.1,

reranT;

;|
Yl

[5(Fy) - < a(Eno,

we have

o

Let a = ¢;(F, n)d, so then

‘ 2

Fﬂ
1) TT o (si(kD) = |Fyy, N Aul/d] = a+ai(Emo) < L

>
k€ran; a*d

- |FL|?
Pr(‘b(me)ker];[W o ((si(k)) — [F,. ﬂAw|/d’ > 2¢,(F, n)§> m

So for d large enough there is some partition (A, ..., A;) such that
[0(Fue) T o(9s(KD) = IF7y,, 0 Aul/d] < 261 (F .
k€ran;
Thus, for d large enough there will be a partition such that this true for all j so that
|A'¢")|

< (F, n)é.

Indeed for large enough d nearly all partitions will satisfy this and hence we will have
nonzero probability that for all F, C F7 and ¢: F;, — {1,...,q} the inequality
|(By) — |Ap|/d| < c2(F, n)d holds.
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6 A Lemma on Approximate Equivariance

Given a groupoid G acting on a set X for any finite set of projections P C L™ (X, u)
and finite set F C [G], let Pr denote the set of all projections of the form [ ], sps,
where p; € Pand F' C F.

Let P = {pg,}, where

Bii={xe{l,....q}° | x. =i}
and X = {1,...,q}¢ is endowed with the Bernoulli action G ~ X. Fix F C [G] and
a basis {ps, , P,,;s-- - PB@,-K} for span(Pp ) in L>(X,, ) associated with ¢;: Fy, —
{1,...,9},1<i<UL

We set
K= max la;] > 1.
lb,wl,»--ﬂ(/’uﬂl,--ﬂk
PB, =i 4iPBy,

Both x and ¢ depend only on F and n.

Lemma 6.1 Let 0 € SA(F,,4n|FL| + 1,0,d) and take a partition {A,,... Az}
satisfying the conclusion of Lemma 5.1.

If for some: Fy — {1,...,q}, pB, = Zle aips,, then

l
H ba, — E aipa,,
i=1

where c;(F,n) = ((1 + (3 + k) Be(£)Ny))c2(F, n) and N, = £2°.

<o nve,

Proof ForI C {1,...,¢} define
Dii={xeX|x€By, — icl}
and similarly
DI :={1<k<d|keAy < icl}.
We want to bound |u(Dy) — |D7|/d|.
Note that forany I C {1,....4},

p{xeX|Viel, xeBy} :ﬂ(nBi/,,.).
i€l

Now either for some s € Fy, N Fy, we have 1, (s) # ;,(s) and so [);¢; By, =
@, or otherwise ();c; By, = By for some 1)’: Fyy — {1,...,q}. In the first case,
ﬂiel Ay, = @ as well, and in the second case, by Lemma 5.1,

| w(By) — |Ay|/d| < ca(F,m)é
and

Awlfd=|NAu|/d=[{1<k<d|Viel keA,}|/d
i€l
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So in general we conclude that u{x € X | Vi € I, x € By,} is within ¢;(F, n)d of
{1 <k<d|Viel, ke Ay}|/d. By inclusion-exclusion,

¢
w(Dr) = Z Z (D" Mu(x e X |Viel, x € By}),

k=|1| I'>1
II'[=k

and similarly

|D’ Z ST (-Dk ‘I%}{lékgdWieﬂ,keAwi}|,

k=|I| I'>I
|I'|=k

so by applying the triangle inequality at most N, = £2° times, we have

| (Dy) = D[ /d| < e (F,m)Nd.

pBy) = > D).

IC{1,..0}

Pierai=l
Soif ), c;ai = 1, then p((;c; By,) = p((;c; By, N By) so by a similar argument
pu{x € By | Vi €I, x € By, } is within ¢;(F,n)0 of [{k € A, | Vi € I, k € Ay,}|/d.
So if we let

Now,

Dy :={kcA,|xcAy, <icl}
then |u(Dy) — |D7|/d| < c3(F, n)Ny, so
7| |D7|

d

< 26 (F,n)N¢d.

Leta(I) := ), ai. Then

l
H pa, =2 ﬂiPAm,.‘
i=1 2

= pAL;_ E (Z%)PD”
IC{1,..0} i€l

< ||pa,— X pop|| + Z Zal)pm
a(h=1 2 (Hg¢fo1} i€l

< = 2P|t X Py~ 2 pop|,tet > |Dfl/d
a(l)=1 a(l)=1 a(l)=1 a(l)¢{0,1}

< "A“ |D‘ > ’|D| IDFL) § et Be()en(E )N,

u(I a(l)= d d

s 1]

< [Ay|
d a(l)=1 a(l)=1 d

+ +/Be(£)2¢,(F, n)0N; + k€ Be(£)c, (F, n)ONy
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< ¢ eEmi+ 3 [uo) |+ /Be@aEmon,
a(l)=1
+ kl Be(£)cy(F, n)ON,
< o (En)V8 + (3 + kl)Be({)Nycy (E, n)V'8
= ¢;(F, n)Ve. [ |

7 Sofic Dimension and Groupoid Actions

We now briefly recall the group action formulation of s(G x X) given in [DKP2,
Section 5], rephrasing it here in the framework of groupoid actions.

Let G ~ X be a pmp action of a pmp groupoid. Let 1 € F C [G] and let P
be a partition of X. We write HA(F, P, n, §, d) for the set of all pairs (o, ), where
o € SA(F,n,6,d) and ¢ is a map ¢: X Ppy — [d] defined on ¥ Ppy C [G] and
satisfying

(a) [trop(p) — u(p)| < dforall p € Ppy
(b) |pos(p)—oa(s)op(p)] <dforallp € Pands € Fii
(©) |e(pip2) — p(p)p(pa)| < & forall py, pa, p1ps € X Ppr, .

(Note that since P partitions X and F contains the identity, we have px € span Py, .)
We observe that if ¢ satisfies these conditions, then it is automatically approxi-
mately linear.

Lemma 7.1 If(o,p) € HA(F,4n,4,d), then

lp(p1 + p2) — ((p1) + 0(p2))] < 1466
forall py, pa, p1 + pa € B Ppy with p1py, = 0 and with o(p1) + p(p2) defined as in
[DKP1, Def. 3.3].

Proof Using (p; + p2)pi = pi> we have

[p(pi) — w(p1 + p2)p(pi)| <6
fori = 1,2. Let m;(¢(p1), ¢(p2)) be defined as in [DKP1, Def. 3.3], so

w(p1) +@(p2) == (p)m(p(p1), p(p2)) + (p2)m(e(p1), e(p2)).

By [DKP1, Lemma 3.4], using the approximate homomorphism property of ¢, we
obtain

|mi(p1, p2) — @(pi)p(pi) '] < 400
fori = 1,2. Since |p(p;) — p(pi)p(pi)~!| < 8 we obtain
lo(p1 + p2)mi(pr, p2) — @(pi)| < 486
and so
lo(p1 + p2)w(pr, p2) — (w(p1) + @(p2))] < 486,
with 7(p1, p2) := m((p1), 9(p2)) + m2(2(p1), P(p2))-
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Then

tr(o(p1 + p2)w(p1, p2)) = tr(o(py + p)mi(p1, p2))) +tr(e(p1 + p2)ma(p1, p2))
> tr(p(p1)) + tr(e(p2)) — 960
> 71(p1) + 7(p2) — 980
= 7(p1 + p2) — 980.
Therefore,
lo(p1 + p2) — ((p1) + p(p2))] < 1466.

(Similarly one can also show that ¢(p) is approximately a projection for every p €
3 Ppr ) [ |
+

Definition 7.2 Given E, Q, F, P, n, and 6, define successively
1

se.o(F,P,n, ) := limsup ——— log(| HA(F, P, n, 6, d)|g.0),
E,Q( ) dﬁoopdlog(d) g(l ( )\EQ)

SE,Q(E p7 Tl) = 1n£5EQ(E R n, 6)7
650
sgo(F P) := ;2{ sg,o(F P n).
IfK C [G] is a transversally generating set and R is a dynamically generating family
of projections of L>°(X, 1) define
s(K, R) := sup sup infinfsg o(F, P),
E g F P

where E and F range over finite subsets of K and P, Q range over finite subpartitions
of R. Set s(G, X) = s([G], L (X, {0, 1})).

Since [G] U L*(X, {0, 1}) is a transversally generating set of the crossed product
groupoid, we obtain by Theorem 2.7 (if the action G ~ X is essentially free) and
[DKP2, Theorem 2.11] in general (compare [DKP2, Proposition 5.2]).

Proposition 7.3 s(G x X) = s(G, X).

Moreover, if F is a finite transversally generating subset of [G] and P is a finite and
dynamically generating partition of unity, then s(G x X) = sgp(F, P).

Proposition 7.4 s(G x X) < s5(G).

Proof For every (o, ) € HA(E P,n,6,d) there are at most |Q|” restrictions ¢|q,
and hence

|HA(E,P,n,6,d)|5q < |Q|Y| SA(E, n,8,d)|k

so we have sg (F, P) < sg(F), and the result follows directly by the proposition above.
|

Remark 7.5 The set HA differs from the set HA introduced in [DKP2] in that we
do not assume ¢ to be a strict homomorphism. Furthermore, the maps in [DKP2]
are defined on L*°(X) with values in My using the 2-norm. It is often convenient
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to adopt the latter point of view for computational purposes, and we will do so be-
low. The definition of HA given above has the advantage of being purely finitary, in
the spirit of the sofic property. We have maintained the notation HA in view of (c)
and (d).

8 The Computation of s(G x (X, 110)¢)

Lemma 8.1 IfG ~ {1,...,q}° then s(G x ({1,...,q},10)°) = s(G) for any
probability measure j1g on {1, ..., q} and pmp groupoid G. The same holds true for s
and s*.

Proof LetX = {1,...,q}°. By Proposition 7.4 we have to prove s(G x X) > s(G).
Let P = {pp,} where B; = {x € {1,...,49}° | x, = i}. Let {ps,, PB,, ---P5, } bea
basis for span(Pp; ) C L*(X, p), where 9;: Fy; — {1,...,q}.

Let o € SA(F,,4n|F'L| + 1,8, d). Let & be as defined before Lemma 6.1. Let

"= min{|Z:Tai’ sy, b ay . an, T C {1, 0}

: i = 0.
vy = min{|Z:Ta,~fl| s, gy ay . an, T CA{L, .. 4}

: and ps. = 3 apa, } /0],
v= min{| > abj| ", ar.. . a, T, T C{1,... 0}

i€TjeT

4 14

andpp, = Y aips, , ps, = »_ bips, } /{0}
i=1 i=1

v = min{y1, 7,73},

so that v depends only on F and n and v < 1. We want to find ¢ such that
1
(0, ) € HA(E, P,n,9|Ppy |* = 10 qcs (Fn)*V/6, d)
Y

(for sufficiently large d). Using Proposition 7.3 will complete the proof.

Take a partition {A;,...,A,} such that the conclusion of Lemma 5.1 holds
(namely a random partition for d large). For each pp, ,i = 1,...., 4 let po(pp, ) =
pa,, and extend ¢y linearly to span(PFni) C L*°(X, p) with values in M. We will
check that ¢, satisfies the following properties, where § = 3%n2€2qC3(F, n)2v/4
(compare Remark 7.5):

(1) |trogpy(p) — u(p)| < & forall p € Ppy,
(2) |lpoos(p) —a(s)owe(p)|l2 < o forall p € Pands € F,
(3) llo(p1p2) — o(p1)o(p2)ll2 < & forall py, py € span P,

One can see (as shown below) that properties (1)—(4) are closely related to the prop-
erties (a)—(d) defined above.
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(1) Note thatforanyx € {1,...,d}, v anday,...,a,, if

‘ <§:1 aipa,, — PA,,,) x‘ 40,
then

¢
’ (Z a;ipa,, — PAU,) x‘ > min{y,72} > 7.
i=1

4
Let b, € P}:ﬂi > Say pp, = Z aips,, - Then
i=1

l
po(ps,) = D aipa,,,
i=1

SO

|Ay|
| e

V4
| trowo(ps,) — p(ps,)| < ‘tr<Z aipAﬁ.,) —tropa,
i=1

IN

2
+0(Fn)o
2

s

- aipa,, — Pay
Y i=1 Pay — Pa
lc3(1:, n)26% + &2 (F,n)s < lc3(F, n)>V/8, for§ < 1,
Y Y

IN

where we use Lemmas 5.1 and 6.1
(2) Here we use Lemma 6.1. Let s € F/} and suppose

J4
Sps, = D_ aiPs,, -
i=1

Then
0 J4
@o(sps) = >_aipa, and || > a;ipa, — U(S)PA,-H ) < 3(EmVe.
i=1 i=1
On the other hand,
¢ ¢
b = Z bipBw,» = 500(1731') = E b’-pA@"x
i=1 i=1
and
I
Y bipa, — o(Dpal| | < a(EmVS.
i=1
Thus,

lleo(sps,) — a(s)po(ps,) 2
< llpo(sps,) — a(s)pall + lo(s)pa, — o(s)o(1)pa |2
+[lo(s)a(1)pa, — a(s)eo(ps,)ll2
< 2¢3(F, MV +V6 = 3¢c3(F, Ve
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4

(3) Letpy = Zle a;pp, and py = >, bipp, . Then

‘
H eo(p1p2) — @0(1’1)@0(1’2)” , = H ‘21 aibi(SOO(PBwipBg,J) - PAq,XPAg,J)" )
ij=

l
< Hz Z H(p()(pB.;,»me]) - pf‘\u‘v1 pAu‘vj ||2
i,j=1

So it is enough to show that for all 7, j,

l0(pB,, PB,,) = Pa,, Pa,,ll2 < c3(F, mV.
But as we have seen in the proof of Lemma 6.1, either pg, p B,, and pa,, Pa,, are both
0, in which case we are done, or pg, Ps,, = PB and pa, p Ao, = DAy for some v/,

in which case if ps, = Zle CiPB,,» then by Lemma 6.1,

‘
l0(pB,, PB,,) = P4y, Pay,ll2 = | 3> cipa, — pa ||, < ss(FEm)V.
i

(4) px =21 pp andI; = 31 | pa, so by the triangle inequality it suffices to

show
leo(ps) — pall2 < 26(Em)Vo
By Lemma 6.1
lpo(ps) — o(Dpall> < c3(Fm)v6
o)

lpo(pB,) — pasllz < lleo(ps) — o(Wpallz + [|o(V)pa, — paill2
< 2¢3(F, n)\/3+ Vo < 2¢3(F, n)\fd.
We now show how to define ¢ using ¢,. For each pg,,
[0(ps,) = pal, < s(Em)VS

by Lemma 6.1. Let M be the number of x € {1, ..., d} such that po(pp,)x = pa,x.
Then

d—M
=Y

| wo(ps,) — pa,

hence )
2

Mzd(l — &(En) ?5).

Similarly for pp,, ps,, we have

| 2o(ps,)00(ps,) — ¢(ps,)e(ps,)|, < 262cs(Em)Ve

by (3), so
[{x € 11 pop)po(ps )x = 0} = d(1— cx(F, ﬂfﬁ%) :

Let V be the setofallx € {1, ..., d} such that for all p, (arbitrarily represented) we
have ¢o(pp,)x = pa,x and forall pg . ps , with pp, pg , = 0 we have

©o(ps,)po(ps, )x = 0.
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Then

V] Zd(l—|PFﬂi

1 1
s (F, ”)257 — |Ppr, 25(F, ”)21{457>
Y Y
1
> d(l — 2|y [Pes(F, n)%“d—z) ,
5

and forany p € ¥ Pp, ©o(p)] v C [d]. We finally define
¢: X Ppy — [d]

p = eo(p)|,-
Let us check that ¢ satisfies (i)—(iv):
(1)
|trop(pg,) — u(By)| < |trop(pg,) — trowe(ps,)| + do
< KE2|Ppr 2e5(F, n)%%% + 9y,
(ii)
|<P(5pB;) - 0’(1)90(1)31” S H@(SPB,) - U(U‘P(pB,)HZ
< ”90(51)3;') - QDO(SpBi)”Z
+|la(D)p(ps,) — a(1)po(ps,)]2 + do
< Kl4|Ppy |cs(F, n)nZ\/S% + o,
(iii)
lo(p)p(p2) — e(p1p2)| < llo(p)e(p2) — e(p1p2)ll2
< le(pr)e(p2) — wolp)eo(p2)ll2
+ [le(p1p2) — @o(p1p2)|l2 + do
< m2€2q4|PF; |3 (F, n)/fz\/g% + dg,
(iv)

1
“P(PX) - pd| S H£2|PF§ C3(E n)/{z\/g; + 50.

Thus for every o € SA(F,, 4n|F".| + 1, d, d) with d sufficiently large, we found ¢
so that (o, ) € HA(E, P, n, 9| P, |27%/<95€2qC3(F, n)2V/é, d).
We now check that

1
s(G) = sup ir};f inf inflim su
E n

SA(F,, 4n|F"| + 1,6, d)| ..
ENG>0 déoop dlogd’ ( ] )|E

Recall that F, := FU {pg,, | Fy C Fi, 7 partition of Fy}.
The right-hand side equals

sup 111}fr}2§ sg(Fn, 4n|FL[ +1).
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Let € > 0 and choose 1 so that
|sE(Fry, 410| F12| + 1) — infsg(F,, 4n|FL| + 1) < e
n
and
|SE(F, 4ng|F| + 1) — infsg(F, 4n|FiL| + 1)| < e.
n
Clearly sp(F,,, 4no|F’| + 1) < sg(F, 4no|F'°| + 1), but on the other hand if
o € SA(F,,,4no|(F,)| +1,0,4d),
then o € SA(F,,, 4ng|F}°| + 1,9, d) since 4no|(Fy,)'L| + 1 > 4no|FP| + 1. So
irlgfsE(F, 4no|FP| +1) = iII}fSE(FnO,4n0‘Fi" +1).
Since € was arbitrary
ilgfinfsE(Fm4n|F1| +1) = igfinfsE(F, 4n|F | + 1) = sp(G),
n n
since
infsg(F, n) = infsg(F, 4n|FL| + 1).
n n

However,
1

| SA(F,,4n|FL| +1,6,d)| , < | HA(F,P, n,9|Pp, |*— k>0 qes(F, n)*Vs, d) £,
Y

50 5(G) < s(Gx X) by Proposition 7.3. Replacing lim sup by lim inf or lim,_,,, above,
we get a similar inequality for s and s*. ]

Theorem 8.2 Let G be a pmp groupoid, let (X, f4) be a standard probability space,
and let G ~ X§ be the corresponding a Bernoulli action. Then s(G x X§) = s(G). The
same holds true for s and s*.

Proof Again we only need to prove s(G) < s(G x X{). Let U = {Uy,Us, ..., Uy}
be any finite partition of X, into measurable sets. Let
By = {Bu,,-.-,By,}
where
BUi = {x EX(? | Ve € Gy, x, € U,}

Let M := {py,} for all possible choices of U and all 7, so that M is a dynamically
generating *-subalgebra of L> (X, u). Now if Py := {py,, ..., pu, }, then

s(G x X) = supsup infinfsg o(F, Py) = sup sup infinfsg o(F, Py).
E Q F M E g Puv F
Since the map Xy — {1,...,q} defined by U; > x + i extends G-equivariantly to
X§ = {1,...,q}° we have

ilgfs(F) < iII}fSEQ(F, Py).
Hence s(G) < s(G x X). The same holds for s and s*. [ |
Corollary 8.3 A pmp groupoid G is s-regular if and only if the crossed product

groupoid G x X§ associated with the Bernoulli action G ~ X is s-regular for any
base space (Xo, 14o)-
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Proof Since
s(G) = 5(G x X§) < s(G x X)) = s(G),
s(G) = s(G) if and only if s(G x X§) = s(G x X§). ]

9 The Scaling Formula

Proposition 9.1 (Scaling formula) Let G be an ergodic pmp groupoid, 0 # p €
L>®(G®). Then

s(G) = 1.=b(p)(s(pGp) — 1),
where pGp is endowed with the normalized Haar measure I;)'(”;)p . Furthermore, the same
equality holds for s and s,; therefore,

G is s-regular < pGp is s-regular.
We will start by showing > in the rational case, which is easier to handle:
Lemma 9.2 Ifh(p) € Q, then

1 1
G —s(G _ .
S(PGP) < §ry O =

Furthermore the same inequality holds for s and s,,.

Proof Write h(p) = NT_" and choose 51, s5,, . . ., s € [G] with

_ _ 1 LI
s; Iy < P, bis; Is) = 5 and Esisi T—1- p.
iz

LetS = {s1,..., s}, s0 pGpUSis generating Gand let E, F C [pGp] be finite subsets.
We may assume that p € ENF and si_ls,» € ENFforalli. Leto € SA,q,(F, 4n+5,0,d).
In light of [DKP2, Lemma 2.13] we may also assume that N — k|d. Let d’ = - d

N—k
and partition {1,...,d'} into sets Ay, ..., Ay with Ag = {1,...,d} and |A;| = dﬁ.
Since

. _ bis; 'si)
Fix (o(s; 'si)) | > == d— dd,
[Fix(o(70) 12 =50

we can choose a subset B; C A, with exactly dﬁ/ elements such that
| Fix (o(si_lsi)) AB,‘| < od'.

Foreachi =1...klet~(s;) be a bijection B; — A; (we have (%!)k choices).
As

5;1571 =s55,=01,j>1,
si_lsjzoiséjZI,
ssizsi_lszoiz 1,s € pGp,

s ' €F,

1
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each element of |, ([pGp] U S)" can be written (not necessarily uniquely) as s; fs;1
fori, j > 0, where sy = pand f € [pGp]. Let v(so) = pa, We define a map

(FUS)2n+5—> [[d’ﬂ
by
oy (sifs; ) = A(si)o’ (57 sifsy (s ™,

where we denote o’(f) the permutation ( olf) 9) actingin Ay C {1,...,d'}. Note
that o, is well defined: if s;, f1$j_11 = s5; fosi ! P then since the s; have dls)oint ranges,

. - . —1 —1 —1 —1 —1 —1
we have i} = i, j; = j, so s,-lflsjl = s,-lfzsj1 , hence s;, s,-lflsj] Sj, = i, s,-lfzsj] s
so that

1

Vsi)o'(s; i, fisy s (si) T = ()0 (s s fosg s (i) T

Then extend o, linearly to X (F U S)¥*.
Let §' = 5N + 150N%(2|F U S| + 1)2?"*3) 5, We claim that

o, € SAG(FUS,n, 0", d).
Let us first see what this implies. Note if ! (f) # o*(f), then
ol (f) = pa,ol(f)pa, = o (f) # 2 (f).
Next note if v (s;) # 72(si): Bi — A, are two bijections, then if we have
0y, (5)) = 71 (si)a’ (p) = n(s))a’ (p) = 04, (s),
we must have
16D fiatpn = 1260 fiopy

But since | Fix(o(p))A{1,...,d}| < 6d we have at most | [[6d]]| < ([6d] + 1)[od1
choices for 7, such that 7, (s;) # % (s;) and 0,,(s;) = 0,,(s;). Therefore, there
are at most ([6d] + 1)1°?1¥ choices for 7, such that o, ’ sus 7 O | pus Thus each

0|5 € SApgy(F, 1,9, d) gives at least (dﬁll)k/( [6d] + 1)%91% distinct elements o’|pus €
SAG(FU S, n,d’,d"), so we obtain

(i’l)k

|SApGp(Fn 1) d)|E < |SAG(FUS 47’['1‘5 (S/ d/)|EUS/ W

So let us show that 0, € SAG(F U S,n,¢’,d"). We first show that o, is approxi-
mately linear. Suppose in the span we have

M
sifsj = [ZSafeSjm
=1

then if we let L(u, v) be the set of all { with i, = u j, = vthens; fs; = Zeew_j) siﬁzsjfl
and 5,0s, = 0 = ZZEL(u,v) spf[;sq’1 for (u,v) # (i, j). So we may assume that iy =
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i, jo = j forall £. Then
0, (sifsj) = Y(s)0" (57 s f57 177 (s) !
=160 (57 (L i) 5) 1050
. =1
= 7(51‘)0'([:21 Si_lsiffsj_lsj> ()7

so by [DKP1, Lemma 3.5],

M M
| 726sifs5) = S o Gsfisp)| = [y sfsy) = Ao 57 sfis (s
< 150(2|F U §| + 1)X"+9)5,

Thusif f = Zﬁz\; fo, then

M N M N
1) = o] =[5 = 2o (2 sifsy)

i,j=1 =1 i,j=1

N M
<> UV(Siij)—éZUw(Siﬂsj)‘
= -1

< 150N*(2|F U S| + 1)%"+95.

Thus to show that o, is ¢’-multiplicative it will suffice to show that for a,b €
(FU S)%. such that ab € (FU S)"L we have

|oy(ab) — o (a)o,(b)] < 56.
Indeed then for ), a;, >, bi € X (FUS)%L with (3, ai)(zj bj) € Z(FUS)L

oo((50) (58)) -or(S0)r ()

< ’gv(za,»bj) — (Zay(ai)) (Zav(bj)) ’
ij ! J
i (150N2(2|FU S| + 1)2(2n+5)6) 2
< ) PILACTHEDS O',Y(ai)o',y(b]‘)‘ +2(150N?(2|F U S| + 1)2(2n+5)) 2
hi n (assuming 6 < 1)
< 5N25 +2(150N*2[F U §| + 122"9) %5 = &,

So say we have a = silﬂs;1 and b = sizfzsj;l, where fi, f, € FiL.. If j; # i3, then

S, ls;, = v(sj,)~'v(si,) = 0, so we are done. Suppose otherwise; then

|0, (ab) — 0 (@), (b)] = |y(si,)0” (s, si, fi(s3, s, fos, s )y (7)™
—(si,)a’ (5 s fis, i)y (s) T ()07 (3, sy fas i) (i) -
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Note first that for any i > 0,

_ _ L. _ _
() ™y (si) = o' (57| < | Fix(o(s7's0)) A Bil + 1057151 = Prigiots )
<20,

and for g1, g € F"*° such that g1g, € F3"*,

1
|0 (g182) = 0'(81)0" ()| = Zdlo(@1g) —o(go(&)] < 0,
so by repeated applications of the triangle inequality
lo(ab) — o (a)o,(b)| < 26 + 36 = 56.

Let us now show that o is §’-trace-preserving. Let s; fsj_1 € (FUS)L. Ifi # j,
then
tr(sifs; ') = tr(y(si)o’ (s 'sifs sp)v(s) ™) = 0.
Suppose otherwise; then
| tr(oy (sifs; ') — 7(sifs; )|
= |tr(y(s)o’ (s 'sifs; sy (s)™h) = (sifs )|
= |tr(o’(s; sifsy siv(si) T () — T(fs )|
< (o' (7 sifs sy (s) ™1y (s))) — (o' (s s fs ') |
;o _ (N — k)T(fSi_ISi)
+ ‘tr(o (s 'sifs; 151-)) — W

<Q5+0)+6 <8,

where we used the computation above.
We have proved that

QU

(4"

N
| SApGp(F4n+5,6,d)|s < |SAG(FU S, n, 6", d")|pus / Wu

SO

k
U
a

log | SApap(F 4n+5,6,d)| _ log( | SAG(FU S, n, 8", d')|gus / ([&(ﬂ’ﬁ)

dlogd - dlogd
N log|SAG(FUS,n,d",d")|eus
- N-—k d'logd
log(%)! log([6d +17)

—k
dlogd [0d] dlogd

. . 1 1
Now for & > 0 arbitrary and d sufficiently large we have 77 < o7 + 7> s0

the left-hand side is at most

N log | SAG(FU S, 1,8, d")|eus) 3

log(4)!
N_k(1+e) k

d' logd’ dlogd

log([od + 11)

+ (0= o
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By Stirling’s approximation,
d/ d/ ! !/ !
1 (7) L R (1 )
og N N og N + N + Ol log —
therefore

spGpE(F,2n+5,0) < NL(1+5)l1msupsGEU5(FUS n, o d')+ll\<] ko

d— o0

which gives

1 k
spGp,E(F4n+5) < ——(1 +¢)sgpus(FU S, n) + N

b(p)
= ! —— (1 +e)sgrus(FUS,n) +1— L
h(p) b(p)
From here it is clear that
1
s(pGp) < mS(G) +1 “ )
The same proof works with lim inf;_, o, and lim,_,,, instead of limsup,_, __. |

Next we prove the other direction in the general case.
Lemma 9.3 s(G) < b(p)s(pGp) + 1 — b(p) and similarly for s and s,,.

Proof LetS= {s1,5,...,5} C [G] be such that

k
ss'ss<p and Y sisi'=1-p,
i1

and let E F C [pGp] be finite subsets. We may assume that p € E N F and
5;S; s s; s, € ENF foralli.

Let 0 € SAG(FU S,n + 4,4,d) and assume that d is large enough so that d’ :=
[b(p)d| > 6~". Let By = Fixo(p) so that

\@—b(m]«s

Thus we can arbitrarily extend or shrink By to a subset B such that either B C B, or
B D By and |B| = d’, where

‘U(P) - pB| S ‘U(P) - pFixa(p)‘ + ‘pFixa(p) - pB‘
1
= Hx el dh [ o(p)’x # o(p)}]

[ Bal = bp)] + | 5| Bl = bp)]

|3 F

< 34.
Let§’ = %. We will show that

o' =0y, € SAygp(En, o', d).
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Clearly ¢’ is well defined. Let us show it is ¢’-multiplicative; that is, for a,b €
X FY withab € X F,
|o”(ab) - 0’(a)cr'(b)| <&,

SO

|0’ (ab) — o’ (a)o’ (b)| = dl'xEZB| {x € B| o'(ab)x # o' (a)o’ (b)x}|
d
= *|PBCT(ﬂb)PB - PBU(Q)PBU(b)PB‘
2
< m(155 50) = % <¢ ford < 1.

We now show ¢ is §’-trace-preserving. Let a € F.. Then

‘ | Fix o’ (a)| B 7c(a)

b(p)

_ 1 ||Fixo'(a)] (a)‘
Tl A

Lo 1), LB
“hp)| b(p)‘ o(a)|
< b(p)( ‘FIXPB;'(KZ)PB‘ |F1x§(a) ‘ + | troo(@) — 7o(@) +52)

b( ) (|PBU(Q)PB - U(ﬂ)l +6+ 62)

N 99+ ]

_b()((66+25)+6+5) ) <¢§ ford <1,

so 0’ € SApgp(F n,0',d"), as claimed.
Next we study the map

SAG(FUS, n+4,0,d) — SApcy(F.n, o', d')

oo
Note that
M’W — B
Fix o (s;)o(s;) ™! Fixo(s;s; ')
§’| (si)o(si) |_| (sis; |’ }troo(s, )—b(sz )|
d d
< |U(51)U(51) 1_0'(51 )| +6
<5§+0 <60
and fori # j

| ran(o(s;)) Nran(o(sj))| = ‘ {xe{1,....d} | o(s))a(s))"o(s))o(s) 'x # 0}‘
< d‘ a(s]-)a(s]-)_lo(s,-)a(si)_l‘ < 94d,
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$O
|ran(o(s;))) N Bl = |{x € {1,...,d} | pgo(si)o(s)~'x # 0}]
< d|ppo(s)o(s) ™| < (36 +58)d < 8dd.
So for all d sufficiently large,

ran(o(s;)) \ ( U ran(o(sj)) U B)
i#i
contains at least d; := [B(sis;” "d — (146 + 95k)d| elements so we can find a subset
A; Cran(o(s;)) \ ( 9 ran(o(s;)) U B)
i
with size |Aj| = d;and A; N A; = @ fori # jand A; N B = @. Similarly we have
| Fixo(s;) " lo(s;)

P < 66

—b(s;'si)

and
| dom o (s;) A Fixa(s; 's;) N B
< [{xe{L o d} | PePyy 1% # 0(s) " o(si)x} ]
< d| PyP; o(si)"ols;)| < déd,

iX()’(S;lS,‘) -
so we can find subsets B; C dom(o(s;)) N Fixa(sflsi) N B with |B;| = d;. Let
diyy=d—d — E:;l d;. Also recall that | Fixa(sisf1)| < d(b(sflsi) +9).

Let | SAG(FUS, n+4, 6, d)| ;sus be the number of elements of SAG(F U S, n + 4,6, d)

where we distinguish elements by their values on {pgo(f)ps | f € E} and
{pa,0(s))ps, }- We have shown with the above computations that

[SAG(FU S, n+4,8,d)| ¢ <

d ko (dsy i) +0)\
SA,G,(Fn, &', d ! d;!
(d/?dla"'7dk+l)| PGP( " ’ )|E11;I] ( di 11;[1 ’

where the former term accounts for the choice of the A; and B and the latter terms
for the choice of the B; and o (s;), respectively.
Now note that for f € E,

|pBU(f)pB — 0(f)| < (60 +26) = 80,
and, similarly, for i # j,
’pAia(si)pBi - U(si)’
< |pa —o(s)"'o(s)| + | ps, — o(s)o(s) ™| +36

< (140 + 9k6 + 60) + (140 + 9k6 + 69) + 0 + 34, for d sufficiently large
= (44 + 18k)o
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so we can find k > 0 with K — 0 as § — 0 so that for a given choice of pgo(f)ps
there are d* choices for o(f). Similarly, for o(s;) (see [DKP2, Lemma 2.5]) so

|SAG(FU S, n+4,6,d)|, <

d ko 7d((s;'s) +6)\ * :
A F gt i i A hd‘EUSl.
(d/ad17"'adk+l>‘s PGP( ’n’(S’d)‘Eil;[l ( di ll;ll(dl )d

Therefore,

d!
log | SAG(FU S, n + 4,5,d)|ES < long' + log| SA,Gp(E n, 8, d/)|E
’ Of+1-

£ Ah(s;'s;) + 0)!
* 2108 G ot ) +.8) i

+ rkd|E U S|logd,
hence
log| SAG(FU S, n+4,8,d)| ¢ +logd'! <logd! +log|SA,,(F,n,d',d")| , + (6, d)
with
d(b(s; 's;) +0)!
dNd(h(s;"s;) + 8) — di)!

k
e(d,d) = Zlog + rd|EU S|logd.
i=1

So since limg_; oo logdt _ h(p) and inf; limy_, o £(8, d) = 0, we finally obtain
Tlogd p y

SA,Gp(En, &, d
sgEus(FU S, n+4) +bh(p) < 1+(i$1;gli:?l2p | pGpg(jl’o:d Ll

Using [DKP2, Lemma 2.13]
sgeus(FU S, n+4) +b(p) < 1+D(p)spcpe(Fn),
and we deduce

s(G) < b(p)s(pGp) + 1 —b(p).

The same proof works with lim inf;_, o, and lim,_,,, instead of limsup,_, _. [ |
Finally we deduce the scaling formula.

Proof of Proposition 9.1 Let p, < p < g, be projections with b(p,),b(g,) € Q
and |p, — qu| — 0. We have

b(p)s(pGp) < bH(pu)s(puGpa) +b(p) — b(ps)
by the previous lemma, so liminf, _,~ s(p,Gp,.) > s(pGp). Similarly,

b(qn)s(qann) < b(P)S(PGP) + b(%) - b(P)

by the previous lemma, so limsup,_, . 5(4.Gq,) < s(pGp). However, the two lem-
mas combined imply that

s(G) = b(pu)s(pnGpy) + 1 —b(pa),

https://doi.org/10.4153/CJM-2014-019-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-019-5

A Free Product Formula for the Sofic Dimension 399

$O
1
limsup s(p,Gp,) = ——(s(g) — 1)+ 1
m sup (PuGpa) b(p)((g) )
and
s(G) = 0(qn)s(4xGqn) + 1 — b(qy),
$O
1
liminfs(q,Gq,) = ——(s(G) — 1) + 1.
im inf s(¢, Gq) [)(P)(S( )—1)
Therefore,
1
Gp) = —((G) = 1) + 1,
s(pGp) b(P)(S( )—1)
and the same argument works for s and s,,.
So
s(G) = s(G) & s(pGp) = s(pGp),
and G is s-regular if and only if pGp is s-regular. ]

10 Applications of the Correspondence Principle and the Proof of
Theorem 1.1

Since the work of [Dye], orbit equivalence relations have been used to prove results
in group theory on several occasions, with the Bernoulli action I' ~ X{ serving as a
link. A recent example is the use of the Gaboriau—-Lyons theorem [GL] (that the orbit
relation of I' ~ [0, 1]' of a nonamenable group I contains a nonamenable subtree-
ing) as a way to replace the assumption “contains a nonamenable free group” on I
by “I" is nonamenable”. The ‘correspondence principle’ discussed here is a straight-
forward but useful extension of this well-known idea from groups to groupoids.
For example, let us prove the following result using the principle.

Proposition 10.1 Let G ~ X be a pmp action of an amenable pmp groupoid G.
Then s(G) = s(G x X). In particular s(G x X) does not depend on the action.

Let us first observe that the measure of the set of finite orbits of an action G ~ X
does not depend on the action.

Lemma 10.2 If G ~ X is an essentially free pmp action of a pmp groupoid G and
D C X is a fundamental domain for the set of finite orbits of G in X, then
1

(D) =
G ‘GE|

db(e),
so u(D) depends only on G.

Proof Let
Xp:={x € X | |Gx| < c0}.
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Since G ~ X is free, |Gx| = |Gy(y)| almost surely, so

JE(XE) = 0 if|G,| = o0,
f 1 otherwise,

foraee € G®and if D C X¢is a fundamental domain thenife;, e, .. ., e, are the units
isomorphic to e, we have
n
n
uf(D%) = .
2 G
Therefore,
1
(D) = [ =db(e)
U ARTc
using invariance of y. ]

Remark 10.3 An analogue of the so-called “fixed price problem” [Gab] for s is
the question of whether s(G x X) depends on G only and not on the essentially free
pmp action G ~ X. This “fixed sofic dimension problem” holds for example for
groupoids with fixed price 1 (i.e., all their free pmp actions have cost 1) provided
all their free pmp actions are sofic, but it is open in general. Also open is whether a
groupoid is sofic if and only if all its free pmp actions are sofic.

Proof of Proposition 10.1 Since the Bernoulli action G ~ [0, 1]¢ is essentially free
G x [0,1]¢ is a pmp equivalence relation, so by Theorem 8.2 and [DKP1, Corol-

lary 5.2] 1
=db(e),
GO |G8|

where D is the fundamental domain of the set of finite classes of the amenable pmp
equivalence relation G x [0, 1]¢.

If G ~ X is a pmp action, then the action G X X ~ [0,1
essentially free, so by Theorem 8.2

(G x X) = s((G x X) x [0,1]9%%).
Now the measure isomorphism
(G x X) x [0,1]9% — G x (X x [0,1]9¥)
((s,%), y) = (s, (x, )

s(G) =s(Gx [0,1]%) =1—pu(D)=1—

16%X is pmp and

is an isomorphism of pmp equivalence relations, where the action G ~ X x [0, 1]%X

is diagonal and G ~ [0, 1]°*X on the first coordinate.
Then
S(Gx X) =s(Gx (X x [0,1]97%))
=1- D)
1
=1— [ —=db(e),
G0 |Ge|
where D’ is the is the fundamental domain of the set of finite classes of the amenable
pmp equivalence relation G ~ X x [0, 1]9%%, So s(G) = s(G x X). [ |
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Another example is the proof that the invariance of s under orbit equivalence
(Theorem 2.7) established in [DKP1, Theorem 4.1] is equivalent to the statement
for groupoids in [DKP2, Theorem 2.1].

Theorem 10.4 Let G be a pmp groupoid and let E, F be transversally generating sets.
Then s(E) = s(F), s(E) = s(F) and s*(E) = s*(F).

Proof If Fis a transversally generating set of G (which we assume to have infinite
fibers) then F U {pg,, pp, } (as defined in Lemma 3.5) is a transversally generating set
of the pmp equivalence relation G x {0, 1}¢. By Theorem 8.2

S(F) = 5(F U {mepBl})

so by Theorem 2.7 we have

s(E) = s(EU {psg,, p, }) = S(FU {ps,, p, }) = s(F).

The same applies to s and s,,.. u

We conclude with the proof Theorem 1.1, which is our main illustration of the
correspondence principle.

Proof of Theorem 1.1 Let G; := Gi|g and G:= Gy = G *G, G, then for every

essentially free pmp action G ~ X of G we have

s(G)—1= b(Gg)(s(él *G, 52) — 1) by Proposition 9.1
> b(Gg)(s(él *G, 52 X X) — 1) by Proposition 7.4
= b(Gg)(s((él X X|1) *(Gx X)) (52 X X‘z)) - 1) by Lemma 3.8
= D(G3) (s(Ry #g, Ry) — 1)
where R; := G; x X|; are pmp equivalence relations by Lemma 3.4
= b(Gg)(s(Rl) + s(Ry) — s(R3) — 1) by [DKP1, Theorem 1.2]
= b(Gg)(s(Rl) +s(Ry) — s(Gs3) — 1) by Proposition 10.1

IfG Xis Bernoulli, then

S(Gy *6, Gy) = s(G) *¢, Gy X X)
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by Theorem 8.2 and él- ~ X); for i = 1,2 are (isomorphic to) Bernoulli actions by
Lemma 3.3. Therefore, s(R;) = s(G;),i = 1,2 by Theorem 8.2. Then

S(G) — 1 =D(GY) (s(Ry) +s(Ry) — s(G3) — 1)
=BG (s(G1) +5(G2) = s(Gs) — 1) byLemma 3.3 and
Theorem 8.2
=D(GY)(s(G1) — 1) +D(GY)(s(Go) — 1) — B(GY)(s(Gs) — 1)

=H(G))(s(G) = 1) +H(GY(s(G2) —1) —b(G3)(s(Gs) — 1)
by Proposition 9.1

=D(G)s(G1) +H(G)s(G2) — H(G3)s(G3) — H(GY) — H(G3) + H(GY)
=BH(GY)s(G1) +H(G)s(Gy) — H(GY)s(Gs) — 1.

(We note that the inequality s(G) < h(G?)s(G1) + H(GY)s(G,) — B(G3)s(Gs) can also
be proved by a direct argument.) ]

Acknowledgment We are grateful to the referee for his comments on the paper.

References

[BCG] P.Biane, M. Capitaine, and A. Guionnet, Large deviation bounds for matrix Brownian motion.
Invent. Math. 152(2003), no. 2, 433—459.  http://dx.doi.org/10.1007/500222-002-0281-4

[Bow] L. Bowen, Measure conjugacy invariants for actions of countable sofic groups. J. Amer. Math. Soc.
23(2010), no. 1, 217-245.  http://dx.doi.org/10.1090/50894-0347-09-00637-7

[Bow2] , Entropy theory for sofic groupoids. I. The foundations. arxiv:1210.1992

[BDJ]  N.P.Brown, K. J. Dykema, and K. Jung, Free entropy dimension in amalgamated free products.
Proc. Lond. Math. Soc. 97(2008), no. 2, 339-367.  http://dx.doi.org/10.1112/plms/pdm054

[Dye] H. A. Dye, On groups of measure preserving transformations. I. Amer. J. Math. 81(1959), no. 1,
119-159.  http://dx.doi.org/10.2307/2372852

[DKP1] K. Dykema, D. Kerr, and M. Pichot, Orbit equivalence and sofic approximation. arxiv:1102.2556

[DKP2] , Sofic dimension for discrete measure groupoids. arxiv:1111.2842

[EL] G. Elek and G. Lippner, Sofic equivalence relations. J. Funct. Anal. 258(2010), no. 5, 1692-1708.
http:/dx.doi.org/10.1016/}.jfa.2009.10.013

[FSZ] J. Feldman, C. E. Sutherland, and R. J. Zimmer, Subrelations of ergodic equivalence relations.
Ergodic Theory Dynam. Systems 9(1989), no. 2, 239-269.
http://dx.doi.org/10.1017/50143385700004958

[Gab]  D. Gaboriau, Coiit des relations d’équivalence et des groupes. Invent. Math. 139(2000), no. 1,
41-98. http:/dx.doi.org/10.1007/002229900019

[GL]  D. Gaboriau and R. Lyons, A measurable-group-theoretic solution to von Neumann’s problem.
Invent. Math. 177(2009), no. 3, 533—-540.  http://dx.doi.org/10.1007/500222-009-0187-5

[Junl] K. Jung, A free entropy dimension lemma. Pacific J. Math. 211(2003), no. 2, 265-271.
http://dx.doi.org/10.2140/pjm.2003.211.265

, The free entropy dimension of hyperfinite von Neumann algebras. Trans. Amer. Math. Soc.
355(2003), no. 12, 5053-5089.  http://dx.doi.org/10.1090/50002-9947-03-03286-0

[MS] 1. Mineyev and D. Shlyakhtenko, Non-microstates free entropy dimension for groups. Geom.
Funct. Anal. 15(2005), no. 2, 476-490.  http://dx.doi.org/10.1007/s00039-005-0513-z

[OW] D.S. Ornstein and B. Weiss. Entropy and isomorphism theorems for actions of amenable groups. J.
Analyse Math. 48(1987), 1-141.  http://dx.doi.org/10.1007/BF02790325

[Oz]  N. Ozawa, Hyperlinearity, sofic groups and applications to group theory. Notes from a 2009 talk.
http://people.math.jussieu.fr/~pisier/taka.talk.pdf

[Pe] V. Pestov, Hyperlinear and sofic groups: a brief guide. Bull. Symbolic Logic 14(2008), no. 4,
449-480. http://dx.doi.org/10.2178/bsl/1231081461

(Jun2]

https://doi.org/10.4153/CJM-2014-019-5 Published online by Cambridge University Press


http://dx.doi.org/10.1007/s00222-002-0281-4
http://dx.doi.org/10.1090/S0894-0347-09-00637-7
http://arxiv.org/abs/1210.1992
http://dx.doi.org/10.1112/plms/pdm054
http://dx.doi.org/10.2307/2372852
http://arxiv.org/abs/1102.2556
http://arxiv.org/abs/1111.2842
http://dx.doi.org/10.1016/j.jfa.2009.10.013
http://dx.doi.org/10.1017/S0143385700004958
http://dx.doi.org/10.1007/s002229900019
http://dx.doi.org/10.1007/s00222-009-0187-5
http://dx.doi.org/10.2140/pjm.2003.211.265
http://dx.doi.org/10.1090/S0002-9947-03-03286-0
http://dx.doi.org/10.1007/s00039-005-0513-z
http://dx.doi.org/10.1007/BF02790325
http://people.math.jussieu.fr/~pisier/taka.talk.pdf
http://dx.doi.org/10.2178/bsl/1231081461
https://doi.org/10.4153/CJM-2014-019-5

A Free Product Formula for the Sofic Dimension 403

[Ram] A. Ramsay, Virtual groups and group actions. Advances in Math. 322(1971), 253-322.
http://dx.doi.org/10.1016/0001-8708(71)90018- 1

[Shl]  D. Shlyakhtenko, Microstates free entropy and cost of equivalence relations. Duke Math. J.
118(2003), no. 3, 375-425.  http://dx.doi.org/10.1215/50012-7094-03-11831-1

[Voi91] D. Voiculescu, Limit laws for random matrices and free products. Invent. Math. 104(1991), no. 1,
201-220. http://dx.doi.org/10.1007/BF01245072

, The analogues of entropy and of Fisher’s information measure in free probability theory.

III. The absence of Cartan subalgebras. Geom. Funct. Anal. 6(1996), no. 1, 172-199.

http://dx.doi.org/10.1007/BF02246772

, A strengthened asymptotic freeness result for random matrices with applications to free

entropy. Internat. Math. Res. Notices 1998, no. 1, 41-63.

[Vo0i96]

[Voi98]

Department of Mathematics and Statistics, McGill University, Montréal, QC H3A 0B9
e-mail: robert.graham2@mail.mcgill.ca pichot@math.mcgill.ca

https://doi.org/10.4153/CJM-2014-019-5 Published online by Cambridge University Press


http://dx.doi.org/10.1016/0001-8708(71)90018-1
http://dx.doi.org/10.1215/S0012-7094-03-11831-1
http://dx.doi.org/10.1007/BF01245072
http://dx.doi.org/10.1007/BF02246772
mailto:robert.graham2@mail.mcgill.ca
mailto:pichot@math.mcgill.ca
https://doi.org/10.4153/CJM-2014-019-5

