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Abstract We present conditions guaranteeing the existence of non-trivial unstable sets for compact
invariant sets in semiflows with certain compactness conditions, and then establish the existence of such
unstable sets for an unstable equilibrium or a minimal compact invariant set, not containing equilibria, in
an essentially strongly order-preserving semiflow. By appealing to the limit-set dichotomy for essentially
strongly order-preserving semiflows, we prove the existence of an orbit connection from an equilibrium
to a minimal compact invariant set, not consisting of equilibria. As an application, we establish a new
generic convergence principle for essentially strongly order-preserving semiflows with certain compactness
conditions.
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1. Introduction

In [9], Matano proved that, in a strongly order-preserving semiflow defined on an ordered
Banach space, an unstable equilibrium always has a non-trivial unstable set. More details
about various applications of this result can be found in [9,10]. Such a result was later
improved by Polác̆ik [11]. More precisely, he presented conditions guaranteeing the exis-
tence of non-trivial unstable sets for compact invariant sets in compact semiflows on a
metric space. By checking these conditions, he proved the existence of such unstable sets
for a non-trivial minimal set and an unstable equilibrium in a compact strongly order-
preserving semiflow on an ordered metric space, from which the existence of a heteroclinic
orbit connection from a minimal set to an equilibrium was then derived. For strongly
increasing discrete-time semiflows on ordered Banach spaces, Dancer and Hess [1] estab-
lished the existence of a heteroclinic orbit connection between related equilibria. By
applying the existence theorem of a heteroclinic orbit connection between related equi-
libria in [1], many convergence results have been obtained for monotone systems (see, for
example, [1,6–8,16,17]). For the theory and applications of the monotone dynamical
system, we refer the reader to [5,13,18,20] and references therein.
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However, the above-mentioned results still have their own drawbacks, and thus require
further study. One reason is that the strong compactness assumptions on the semiflow
make the above-mentioned results awkward to apply to delay differential equations, since
the compactness of the functions in the right-hand side of delay differential equations
cannot generally guarantee the compactness of the induced semiflows (see [2]). Secondly,
the abstract results of Polác̆ik [11] fail for essentially strongly order-preserving semiflows
and it thus becomes necessary to improve the main results of [11] in order that they can
be applied to essentially strongly order-preserving semiflows. Additionally, the existence
of a heteroclinic orbit connection from a non-trivial minimal set to an equilibrium in
essentially strongly order-preserving semiflows leads to convenient applications of the
above-mentioned results to quasi-monotone functional differential equations without the
ignition assumption. Finally, we also hope that the existence theorem of a heteroclinic
orbit in [11] can be used to prove some generic convergence principles.

In the present paper, motivated by the above work and discussion, we will consider
the semiflows with conditional compactness defined on an ordered metric space. The
organization of the rest of this paper is as follows. In § 2, we provide sufficient conditions
guaranteeing the existence of a non-trivial unstable set for a compact invariant set in
semiflows with conditional compactness on a metric space. As an application, we prove the
existence of such an unstable set for an isolated compact invariant set in semiflows with
certain compactness conditions. In § 3, applying the results in § 2 to essentially strongly
order-preserving semiflows with certain compactness conditions, we show that both a
non-trivial minimal set and an unstable equilibrium have non-trivial unstable sets, which
proves the existence of a heteroclinic orbit connection from a non-trivial minimal set to
an equilibrium by appealing to the limit-set dichotomy of Yi and Huang [19]. In § 4, as
an application of the existence theorem of a heteroclinic orbit, we establish a new generic
convergence principle for a class of essentially strongly order-preserving semiflows with
certain compactness conditions. On the one hand, our principle avoids the ω-compactness
conditions (see [13–15,20]) and so does [4], but we do not require the lattice conditions
in [4]. On the other hand, like [19], our principle is suitable for applications to delay
differential equations without the ignition assumption. Recall that in order to ensure that
the delay differential equation generates a semiflow with the strongly order-preserving
property, Smith [12] introduced the ignition assumption and pointed out that the proper
choice of the delay is important in order to guarantee this assumption. An advantage of
the essentially strongly order-preserving property introduced by Yi and Huang [19] is
that it does not require a delicate choice of the state space and the technical ignition
assumption required in the classical work. Thus, one can more conveniently apply the
above results of essentially strongly order-preserving semiflows generated by the systems
of quasi-monotone delay differential equations without the ignition assumption.

2. Preliminary results

The aim of this section is to investigate the existence of non-trivial unstable sets for
compact invariant sets in semiflows with certain compactness conditions. We start with
some notation and definitions that will be used throughout the paper.
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Let R1 = (−∞,∞), R1
+ = [0,∞), and let (X, d) denote a metric space. We use the

notation Ā for the closure of a subset A of X. By dist(x, A) we denote the distance from
a point x to a set A: dist(x, A) = inf{d(x, y) : y ∈ A}. Recall that a continuous semiflow
on X is a continuous map Φ : X × R1

+ → X with Φt(x) ≡ Φ(x, t) satisfying Φ0(x) = x

for all x ∈ X and Φt(Φs(x)) = Φt+s(x) for all x ∈ X and t, s ∈ R1
+.

We write O+(x) = {Φt(x) : t ∈ R1
+} for the positive orbit of a point x ∈ X. The

positive orbit O+(H) of a set H ⊆ X is the union of the positive orbits of all elements
of H. The ω-limit set of a point x ∈ X is defined by ω(x) =

⋂
t∈R1

+
O(Φt(x)). Replacing

x by H ⊆ X in this definition, we obtain the definition of the ω-limit set of H. Let
E = {x ∈ X : Φt(x) = x, t � 0} be the set of equilibria of Φ. By a negative orbit we
mean a function v : (−∞, 0] → X such that Φt(v(s)) = Φ(v(t + s)) for all t � 0 � s

with t + s � 0. If v(0) = x, we say that v is a negative orbit of x. For a negative orbit
v(·), the α-limit set α(v(·)) of v(·) is the set of all limit points of v(t) as t → −∞. A set
K ⊆ X is called positively invariant if Φt(K) ⊆ K for all t ∈ R1

+. K is called negatively
invariant if any element of K has a negative orbit which takes values in K. If K �= ∅ is
both negatively and positively invariant, it is an invariant set. Let K ⊆ X be a compact
invariant set. We say that K has a non-trivial unstable set if there exists a pre-compact
negative orbit whose ω-limit set is contained in K.

Let H ⊆ G be two subsets of X, and let HG
t = {x ∈ H : Φs(x) ∈ G for all s ∈ [0, t]}.

We define the positive orbit of H relative to G by

O+
G(H) = {Φt(x) : x ∈ H, t ∈ R1

+ and Φs(x) ∈ G for all s ∈ [0, t]} =
⋃

t∈R1
+

Φt(HG
t ).

Clearly, if G is open, then O+
G(H) is just the positive orbit of H for the restricted semiflow

Φt|G, t � 0. If H ⊆ G, and G is closed, we define the ω-limit set of H relative to G by

ωG(H) = {y ∈ X : there are two sequences xn ∈ H and tn → +∞ such that

Φs(xn) ∈ G for all s ∈ [0, tn] and Φtn(xn) → y}.

Clearly, ωG(H) ⊆ G and ωG(H) =
⋂

t∈R1
+

O+
G(Φt(HG

t )).
We assume the following compactness condition on the semiflow.

(C) For any bounded set G ⊆ X, there exists a δ > 0 such that Φδ(GG
δ ) is pre-compact.

Remark 2.1. Obviously, the compactness condition (C) we use here is weaker than
that used by Polác̆ik [11]. In this paper, the compactness condition (C) is equivalent
to requiring that the semiflow Φ is conditionally compact in the sense of [2, 3]. Note
that [2, Theorem 3.6.1] implies a semiflow generated by delay differential equations with
the conditional compactness property. As a result, our main results shall be more suitable
for applications to delay differential equations.

Lemma 2.2. Let H ⊆ G ⊆ X. If G is a bounded set, then there exists a δ > 0 such
that O+

G(Φδ(HG
δ )) is pre-compact.
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Proof. Note that the compactness condition (C) implies that there exists a δ > 0
such that Φδ(GG

δ ) is pre-compact. Also, we have

O+
G(Φδ(HG

δ )) =
⋃
t�δ

Φt(HG
t ) = Φδ

( ⋃
t�δ

Φt−δ(HG
t )

)
.

Since Φt−δ(HG
t ) ⊆ GG

δ for all t � δ, it follows that
⋃

t�δ Φt−δ(HG
t ) ⊆ GG

δ , and hence
O+

G(Φδ(HG
δ )) ⊆ Φδ(GG

δ ). Therefore, O+
G(Φδ(HG

δ )) is pre-compact. This completes the
proof. �

Lemma 2.3. Let G ⊆ X be closed and let H ⊆ G. If O+
G(Φδ(Hδ)) is pre-compact for

some δ � 0, then ωG(H) is compact negatively invariant. Moreover, dist(ΦtHt, ωG(H)) →
0 as t → ∞.

Proof. Lemma 2.3 follows easily by applying [11, Lemma 2.1 and Remark 2.2]. �

Remark 2.4. Assume that H ⊆ G ⊆ X and G is bounded and closed. If the compact-
ness condition (C) is satisfied, then the conclusions of Lemma 2.3 follow from Lemma 2.2.

Proposition 2.5. Let K ⊆ X be a compact positively invariant set. Assume that
there exist a neighbourhood U of K, a set M ⊆ Ū and a constant t0 � 0 with the
following properties:

(i) K ⊆ M ;

(ii) there exists a sequence yn ∈ M \ K such that Φt0(yn) /∈ K and dist(yn, K) → 0 as
n → ∞;

(iii) If y ∈ M \ K, then either Φt0(y) ∈ K or there exists t1 > 0 such that Φt1(y) ∈ ∂U

and Φt(y) ∈ M for all t ∈ [0, t1).

(iv) if H ⊆ M̄ ∩ U is compact and invariant, then H ⊆ K.

Then there exists a negative orbit v(·) with pre-compact image such that v(t) ∈ M \ K

for all t � 0 and α(v(·)) ⊂ K.

Proof. Choose a bounded open set V such that K ⊆ V ⊆ V̄ ⊆ U and let H = M ∩V .
From Remark 2.4, we see that ωV̄ (H) is compact and negatively invariant. By (iii), we
have O+

V̄
(Φt0(H

V̄
t0 )) ⊆ M , and hence ωV̄ (H) ⊆ M̄ ∩V̄ . We show next that ωV̄ (H)\K �= ∅.

Consider the sequence yn ∈ M \ K as in (ii). By compactness of K and the fact that
dist(yn, K) → 0 as n → ∞, passing to a subsequence, we may assume that limn→∞yn =
y. Since Φt0(yn) /∈ K, by (iii) and V ⊆ U , there exists tn > 0 such that Φtn(yn) ∈ ∂V

and Φt(yn) ∈ V for all 0 � t < tn. It follows from y ∈ K, the invariance of K and the
continuity of Φ that for any T > 0 there exists n0 > 1 such that Φt(yn) ∈ V for 0 � t � T

and n > n0. Hence, tn → +∞ as n → ∞. Again since

Φtn(yn) = Φδ(Φtn−δ(yn)) ∈ Φδ(V̄ V̄
δ )

https://doi.org/10.1017/S0013091506000320 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091506000320


Unstable sets, heteroclinic orbits and generic quasi-convergence 801

for all sufficiently large n, we can find a convergent subsequence of the sequence
{Φtn(yn)}n�1 such that Φtnk

(ynk
) → z as nk → ∞. By definition of ωV̄ (H), we have

z ∈ ωV̄ (H). From z ∈ ∂V , it follows that z /∈ K, that is, ωV̄ (H) \ K �= ∅. Now choose
x ∈ ωV̄ (H) \ K. Compactness and negative invariance of ωV̄ (H) imply that x has a
pre-compact negative orbit v(·) such that v(t) ∈ ωV̄ (H) ⊆ M̄ ∩ V̄ for all t � 0. Since
x = v(0) /∈ K and K is positively invariant, we have v(t) /∈ K for all t � 0. In view of

α(v(·)) ⊆ ωV̄ (H) ⊆ M̄ ∩ V̄ ⊆ M̄ ∩ U,

by (iv) we obtain α(v(·)) ⊆ K. This completes the proof. �

Proposition 2.6. Let the hypotheses (i)–(iii) of Proposition 2.5 be satisfied and let
M be closed. Then the result of Proposition 2.5 holds.

Proof. We now show that the hypothesis (iv) of Proposition 2.5 is satisfied. Assume
that H ⊂ M̄ ∩U = M ∩U is a compact invariant set and H \K �= ∅. Choose x ∈ H \K.
By (iii) and invariance of H, we have Φt0(x) ∈ K. Since x is arbitrary, it follows that
H = Φt0(H) ⊆ K, which yields a contradiction. Hence, (iv) of Proposition 2.5 is proved
to be satisfied. Therefore, Proposition 2.6 follows by applying Proposition 2.5. �

Remark 2.7. If t0 = 0, then Propositions 2.5 and 2.6 with the compactness condi-
tion (C) improve Theorems 1 and 1′ of [11], respectively.

Now recall that a compact invariant set K is called an isolated compact invariant set
if it is a maximal compact invariant set in some neighbourhood of K.

Definition 2.8. A compact invariant set K is called stable if for every neighbourhood
U of K, there exists a neighbourhood VU of K such that O(VU ) ⊆ U . A compact invariant
set K is called unstable or instable if K is not stable, that is, there exist a neighbourhood
U of K and a sequence {xn}n�1 of U such that dist(xn, K) → 0 as n → +∞ and
O+(xn) \ U �= ∅ for n � 1.

Corollary 2.9. Let (C) hold. Let K ⊆ X be an isolated compact invariant set. If K

is unstable, then there exists a negative orbit v(·) with pre-compact image disjoint from
K such that α(v(·)) ⊆ K.

Proof. Since K is an isolated compact invariant set, there exists a bounded open
neighbourhood V of K such that any compact invariant set K̃ ⊆ V is contained in
K. By Definition 2.8 and instability of K, there exist a neighbourhood U of K and a
sequence {xn}n�1 of U such that dist(xn, K) → 0 and O+(xn) \ U �= ∅. Let W = U ∩ V

and M = (
⋃

n�1 O+
W̄

(xn))
⋃

K. Then the hypotheses of Proposition 2.5 are satisfied if
t0 = 0. This completes the proof. �

As an application of Corollary 2.9, we can obtain the following results by arguing as
in the proof of [11, Proposition 3.2].

Corollary 2.10. Let (C) hold. Assume that the α-limit set of any pre-compact nega-
tive orbit consists of equilibria. Then, for any unstable isolated equilibrium e, there exists
a pre-compact negative orbit v(·) such that v(t) �= e for all t � 0 and α(v(·)) = {e}.
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3. Existence of heteroclinic orbits and instability for essentially strongly
order-preserving semiflows

Assume that X is an ordered metric space with a metric d and a closed partial order
relation �. Let Φ be an order-preserving semiflow on X, that is, whenever x, y ∈ X with
x � y, we have Φt(x) � Φt(y) for all t � 0. For any x, y ∈ X and some constant t0 � 0,
we write x ≺t0 y if x � y and Φt0(x) < Φt0(y). We shall write ‘≺’ for ‘≺t0 ’ when no
confusion results.

Given a set K ⊆ X, we denote X+(K) = {y ∈ X : y � x for some x ∈ K} and
X−(K) = {y ∈ X : y � x for some x ∈ K}. In particular, for x ∈ X, X+(x) = {y ∈ X :
y � x} and X−(x) = {y ∈ X : y � x}.

The following definition can be found in [19].

Definition 3.1. The semiflow Φ is said to be essentially strongly order-preserving if
Φ is order-preserving and for any x, y ∈ X with x ≺ y, there exist open sets U and V ,
and some constant T0 � 0 such that x ∈ U , y ∈ V and ΦT0(U) � ΦT0(V ).

In the following, we always assume that Φ is an essentially strongly order-preserving
semiflow whose orbits have compact closure in X.

The following three propositions come from Corollary 3.1, Lemma 3.1 and Theorem 3.2
in [19], respectively.

Proposition 3.2. If z ∈ X, x ∈ ω(z) and x � ω(z) (ω(z) � x), then ω(z) = {x}.

Proposition 3.3. Let K and H be two compact subsets of X satisfying K ≺ H. Then
there are two open sets U and V , K ⊂ U , H ⊂ V , and T0 � 0, ε > 0 such that

ΦT0+s(U) � ΦT0(V ) and ΦT0(U) � ΦT0+s(V ), 0 � s � ε.

Proposition 3.4 (limit-set dichotomy). Let x, y ∈ X satisfy x ≺ y. Then one of
the following holds:

(i) ω(x) < ω(y);

(ii) ω(x) = ω(y) ⊂ E; moreover, limt→∞ d(Φt(x), Φt(y)) = 0.

Definition 3.5. An equilibrium e ∈ E is said to be stable from above (below) if it is
stable for the restricted semiflow on X+(e) (X−(e)). Otherwise the equilibrium point is
said to be unstable from above (below).

Hereafter, we always assume that the compactness condition (C) holds.

Lemma 3.6. Let e ∈ E be unstable from above. Then there exists a neighbourhood
U of e with the following property: for any x ∈ X+(e) ∩ U , either Φt0(x) = e or there
exists an sx > 0 such that Φsx(x) ∈ ∂U .

Proof. Since e ∈ E is unstable from above, there exist an ε0 > 0 and sequence
xn ∈ X+(e), tn ∈ (0, +∞) such that xn → e, d(Φtn

(xn), e) = ε0, and d(Φt(xn), e) < ε0

for all t ∈ [0, tn). By continuity of Φ, we have tn → +∞. Without loss of generality, we
may assume that tn > 2t0. Let N = {Φtn−t0(xn) : n � 1}. Then it is obvious that e < N
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and e � N̄ . We show that N̄ is compact. Indeed, let G = {x ∈ X : d(x, e) � ε0}. Then,
by the compactness condition (C), there exists a δ > 0 such that Φδ(GG

δ ) is pre-compact.
Since tn − t0 > δ for all sufficiently large n, it follows that

Φtn−t0(xn) = Φδ(Φtn−t0−δ(xn)) ∈ Φδ(GG
δ )

for all sufficiently large n, and hence N̄ is compact. Next, we show that e ≺ N̄ . Assume,
for the sake of contradiction, that there exists z ∈ N̄ such that Φt0(z) = e. Then
there exists a subsequence tnk

such that Φtnk
−t0(xnk

) → z as nk → ∞. Continuity
of Φt0(·) implies that Φtnk

(xnk
) → Φt0(z) = e, which contradicts the statement that

dist(Φtn
(xn), e) = ε0 > 0 for all n � 1. Since e ≺ N̄ , by Proposition 3.3, there exist

an open neighbourhood V of e and T1 > 0 such that ΦT1(V ) � ΦT1(N̄). We claim that
dist(ΦT1(N̄), e) > 0. Otherwise we have ΦT1(N̄) = e and hence ΦT1(V ∩ X+(e)) = e.
This means that the equilibrium e is stable from above, which yields a contradiction and
the above claim is therefore established. Let

δ0 = 1
2 min{dist(ΦT1(N̄), e), ε0, dist(N̄ , e)} > 0, U = V ∩ B(e, δ0).

Then U is an open neighbourhood of e. We shall show that such a U has the property
required in the conclusion. Assume that x ∈ U ∩ X+(e). If Φt0(x) = e, then the proof is
complete. In what follows, we assume that Φt0(x) �= e. We now show that there exists
sx > 0 such that Φsx(x) ∈ ∂U . Otherwise we have O(x) ⊂ U . Clearly, e ≺ x. Since Φ is
an essentially strongly order-preserving semiflow, there exist an open neighbourhood W

of e and T2 > 0 such that ΦT2(W ) � ΦT2(x). Since xn → e, there exists n0 > 0 such that
ΦT2(xn) � ΦT2(x) for all n � n0. It follows from tn → ∞ and monotonicity of Φ that
there exists n1 > n0 such that

ΦT1(Φtn−t0(xn)) = Φtn+T1−t0(xn) � Φtn+T1−t0(x) = ΦT1(Φtn−t0(x))

for all n > n1. Since O(x) ⊆ U ⊆ V , we obtain Φtn−t0(x) ∈ V . Thus, from ΦT1(V ) �
ΦT1(N̄), we have ΦT1+tn−t0(x) = ΦT1+tn−t0(xn) ∈ ΦT1(N̄). Hence,

dist(ΦT1+tn−t0(x), e) � dist(ΦT1(N̄), e) � 2δ0.

Therefore, the choice of U implies that ΦT1+tn−t0(x) /∈ U for all n > n2. This completes
the proof. �

Theorem 3.7. Let e ∈ E be unstable from above. Then there exists a negative orbit
v(·) with pre-compact image such that v(t) > e for all t � 0 and v(t) → e as t → −∞.

Proof. Let U be as in Lemma 3.6, let K = {e} and M = X+(e) ∩ Ū . The theorem
follows immediately from Lemma 3.6 and Proposition 2.6. �

Remark 3.8. A similar conclusion to that of Theorem 3.7 holds if e ∈ E is unstable
from below.
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Definition 3.9. A point x ∈ X is said to be essentially ordered from below (respec-
tively, above) if in every neighbourhood of x there exist y and z such that z ≺ y ≺ x

(x ≺ y ≺ z). X is said to be essentially ordered from below (respectively, above) if every
point x ∈ X is essentially ordered from below (respectively, above). X is called essentially
ordered if every point x ∈ X is essentially ordered from either below or above. Hence, if
X is essentially ordered from below or above, then X must be essentially ordered.

Remark 3.10. Let C = C([−r, 0], Rn) denote the Banach space of all continuous
mappings ϕ : [−r, 0] → Rn and C+ = C([−r, 0], Rn). Then (C, C+) is an ordered Banach
space. For any ϕ, ψ ∈ C, ϕ � ψ if and only if ψ − ϕ ∈ C+, ϕ < ψ if and only if ϕ � ψ

and ϕ �= ψ, ϕ � ψ if and only if ψ − ϕ ∈ IntC+. For every open subset X of C and for
any x ∈ X there exists a sequence {xn} such that xn � xn+1 and xn → x as n → ∞.
Similarly, for any x ∈ X there exists a sequence {xn} such that xn � xn+1 and xn → x

as n → ∞. According to [19, Theorem 2.1], we know that ‘�’ (respectively, ‘�’) implies
‘’ (respectively, ‘≺’) if a system of delay differential equations is essentially cooperative
and irreducible (without ignition assumption) in the sense of [19]. So every open subset
X of C is essentially ordered.

Lemma 3.11. Let K be a minimal compact invariant set which contains a point essen-
tially ordered from above and which is not an equilibrium. If U is an open neighbourhood
of K, then there exists y ∈ U ∩ X+(K) satisfying Φt0(y) /∈ K.

Proof. Assume that x ∈ K is essentially ordered from above. Then there exists y ∈ U

such that x ≺ y. We shall show that Φt0(y) /∈ K. Otherwise there exists ỹ ∈ K such
that ỹ = Φt0(y). By the invariance of K, there exists x̃ ∈ K such that Φt0(y) = Φt0(x̃).
It follows from x ≺ y that there exist T1 > t0 and an open neighbourhood Vx of x such
that ΦT1(Vx) � ΦT1(y) = ΦT1(x̃). Since x ∈ K = ω(x̃), there exist T2 > 0 and τ > 0
such that ΦT1+s(x̃) � ΦT1(x̃) for all s ∈ [T2, T2 + τ ]. Applying [13, Theorem 1.2.1], we
have ω(x̃) = {e} for some e ∈ E, which contradicts the statement that ω(x̃) = K is not
an equilibrium. Therefore, y satisfies the hypotheses of Lemma 3.11. This completes the
proof. �

Theorem 3.12. Let K be a minimal compact invariant set which contains a point
essentially ordered from above and which is not an equilibrium. Then there exists a
negative orbit v(·) with pre-compact image such that v(t) ∈ X+(K) \K for all t � 0 and
α(v(·)) = K.

Proof. Let V = {x ∈ X : x � K}. Then the set V is closed. We shall show that
V ∩ K = ∅. Suppose, by way of contradiction, that there exists x ∈ K such that x � K.
Then, by Proposition 3.2, we have K = {x} ⊆ E, which contradicts the statement that
K ∩ E = ∅. Choose a bounded open set U ⊆ Ū ⊆ X \ V such that K ⊆ U . We claim
that if y ∈ M \ K, then either Φt0(y) ∈ K or there exists t1 > 0 such that Φt1(y) ∈ ∂U

and Φt(y) ∈ M for all t ∈ [0, t1). Suppose that this is not the case. Then there exists
y ∈ U ∩ X+(K) such that Φt0(y) /∈ K and O(y) ⊆ U . Since y ∈ X+(K), there exists
x ∈ K such that y > x. By invariance of K, we have Φt0(y) �= Φt0(x) and hence x ≺ y.
It follows from ω(x) = K, K ∩ E = ∅ and Proposition 3.4 that ω(y) > ω(x) = K and so
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ω(y) ⊆ V . Now, since O(y) ⊆ U , we have ω(y) ⊆ Ū ⊆ X\V , which yields a contradiction.
Let U be as above. Choose M = Ū ∩ X+(K). Then Theorem 3.12 follows immediately
from Proposition 2.6 and Lemma 3.11. �

Theorem 3.13. Assume that K < H are two minimal compact invariant sets such
that there is no equilibrium e satisfying K < e < H. Further assume that K contains a
point essentially ordered from above and is not an equilibrium. Then H = {e} for some
equilibrium e and there is a connecting orbit from K to H. The image of this connecting
orbit lies in D ≡ X+(K) ∩ X−(H). An analogous statement holds if H contains a point
essentially ordered from below and is not an equilibrium.

Proof. By assumption of K and Theorem 3.12, there exists a negative orbit v(·) ∈
X+(K) \ K such that α(v(·)) = K. Next we prove that v(t) ∈ X−(H). Assume that
p ∈ K. Then there exists a sequence tn → −∞ such that v(tn) → p. Since p ≺ H,
by Proposition 3.3, there exist an open neighbourhood V of p and T1 > 0 such that
ΦT1(V ) � H. Now, since v(tn) → p ∈ V , there exists n0 > 0 such that v(tn) ∈ V

for all n � n0. Hence, ΦT1(v(tn)) � H for all n � n0. By invariance of H, we have
v(t) ∈ X−(H) for all t � 0. Let v(t) = Φt(v(0)) for all t � 0. Clearly, the entire orbit v(·)
is contained in D. Since v(−t0) ∈ X+(K) \ K, there exists q ∈ K such that v(−t0) > q.
The fact that Φt0(v(−t0)) = v(0) /∈ K implies that q ≺ v(−t0). Since Φ is essentially
strongly order-preserving, there exist T2 > 0 and a neighbourhood Vq of q such that
ΦT2(v(−t0)) � ΦT2(Vq). From α(v(·)) = K and q ∈ Vq ∩ K, it follows that there exist
T3 > 0 and τ > 0 such that ΦT2(v(−t0)) � ΦT2(v(−T3 + s)) for all s ∈ [0, τ ], that is,
v(T2−t0) � v(T2−T3+s) for all s ∈ [0, τ ]. By [13, Theorem 1.2.1], there exists e ∈ E such
that v(t) → e as t → ∞. We show next that H = {e}. Otherwise we have e /∈ H. As D is
closed, it follows that e ∈ D. Thus, there exist p′ ∈ K and q′ ∈ H such that p′ � e � q′.
Since K ∩ E = ∅ and e /∈ H, by Proposition 3.4, we get K = ω(p′) < e < ω(p′) = H, a
contradiction. This completes the proof. �

4. Generic convergence for essentially strongly order-preserving semiflows

In this section, we establish a new generic convergence principle by combining the ob-
tained results in the previous section and the limit-set dichotomy for essentially strongly
order-preserving semiflows.

In what follows, by Q = {x ∈ X : ω(x) ⊆ E} and C = {x ∈ X : ω(x) is a singleton set}
we denote the sets of quasi-convergent points and convergent points, respectively.

We make the following assumption on the space X.

(X) If a, b ∈ X satisfying a < b, then [a, b] is a bounded set in X.

Remark 4.1. If X is a subset of a normal ordered Banach space, then X satisfies the
assumption (X).

Remark 4.2. If the assumption (X) holds and A, B are two compact sets in X, then
the set {x ∈ X : A � x � B} is bounded in X.
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Lemma 4.3. Let (X) hold and let X be essentially ordered. If x ∈ X \ Q, then
x ∈ IntC.

Proof. Without loss of generality, we may assume that X is essentially ordered from
above. Let A = {y ∈ X : ω(x) � y}. We show that A ∩ E �= ∅. Otherwise we have
A ∩ E = ∅. As X is essentially ordered from above, it follows that there exist y, z ∈ X

such that x ≺ y ≺ z. Since A ∩ E = ∅ and x /∈ Q, by Proposition 3.4, we obtain
ω(x) < ω(y) < ω(z). Hence, there exist two minimal compact invariant sets K and H such
that K ⊆ ω(z), H ⊆ ω(y), K ∩E = ∅ and H ∩E = ∅, because ω(z) and ω(y) are compact
invariant sets. By Lemma 3.11 and Theorem 3.13, there exists e ∈ E such that H = {e},
which yields a contradiction. Therefore, A ∩ E �= ∅, that is, B ≡ {e ∈ E : ω(x) � e} �= ∅.
Choose f ∈ B. By assumptions (X) and (C), the set D ≡ {e ∈ B : e � f} is compact in
X. By Zorn’s lemma, D must have a minimal element p. If p ∈ ω(x), then Proposition 3.2
implies that ω(x) = {p}: a contradiction. If p /∈ ω(x), then ω(x) < p. By Proposition 3.3,
there exist an open set Ũ ⊆ X and T̃ 0 > 0 such that ω(x) ⊆ Ũ and ΦT̃0

(Ũ) � p. Again
by definition of ω(x), there exists T̃ 1 > 0 such that ΦT̃1

(x) ∈ Ũ . Let Ṽ = (ΦT̃1
)−1(Ũ) and

T̃ 2 = T̃ 0 + T̃ 1. Then ΦT̃2
(Ṽ ) � p and Ṽ is an open neighbourhood of x. Hence, we have

ω(ỹ) � p for all ỹ ∈ Ṽ . Assume that V ⊆ Ṽ is an open neighbourhood of x. Below we
claim that there exists y ∈ V such that x ≺ y and ω(y) = {p}. If this claim is not true,
then for any y ∈ V we have ω(y) < p whenever x ≺ y. Since X is essentially ordered
from above, there exist x′, x′′ ∈ V such that x ≺ x′ ≺ x′′. It follows from Proposition 3.4,
x /∈ Q and the choice of p that ω(x) < ω(x′) < ω(x′′),

ω(x′) ∩ E = ∅, ω(x′′) ∩ E = ∅, {h ∈ X : ω(x′) < h < ω(x′′)} ∩ E = ∅.

Applying Theorem 3.13 yields that ω(x′′) is a singleton set. This is a contradiction and
proves the above claim. Let y be defined as in the above claim. As X is essentially
ordered from above, it follows that there exists z ∈ V such that y ≺ z. Thus, there exist
T̃ 3 > 0 and an open neighbourhood Vz ⊆ V of z such that ΦT̃3

(y) � ΦT̃3
(Vz). Applying

Proposition 3.4 again, we have either ω(y) < ω(u) for all u ∈ Vz or ω(y) = ω(u) for all
u ∈ Vz. Since Vz ⊆ V ⊆ Ṽ implies that ω(u) � p for all u ∈ Vz, it follows that ω(u) = {p}
for all u ∈ Vz. Hence, x ∈ IntC. This completes the proof. �

Applying Lemma 4.3, we can obtain the following result.

Theorem 4.4. Let (X) hold and let X be essentially ordered. Then X \ Q ⊆ IntC.
Hence, IntQ is dense.
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