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Conjugate Radius and Sphere Theorem

Seong-Hun Paeng and Jong-Gug Yun

Abstract. Bessa [Be] proved that for given n and ig, there exists an e(n, ip) > 0 depending on n, i such that
if M admits a metric g satisfying Ricgu gy > n — 1, inj(M,g) > ip > 0and diamgpy gy > 7 — ¢, then M is
diffeomorphic to the standard sphere. In this note, we improve this result by replacing a lower bound on the
injectivity radius with a lower bound of the conjugate radius.

1 Introduction

Let (M, g) be an n-dimensional compact Riemannian manifold. Otsu [O] proved that for
given n, ip > 0, and k € R, there exists an £(n, i) > 0 depending on n, iy such that if M
admits a metric g satisfying Ricci curvature Ricgv gy > n—1, sectional curvature Ko g) > K,
injectivity radius inj, ., > ip and diameter diamgy gy > 7 — ¢, then M is diffeomorphic
to the standard sphere’ S". Bessa [Be] improved this result by removing the condition on
the sectional curvature. He used the C*-compactness theorem [AC] as a basic tool and
remarked that a lower bound on the injectivity radius cannot be replaced by a lower bound
on the volume in the case of manifolds with dimension bigger than or equal to 4.

We consider the conjugate radius of M, conj,, .y and investigate the case that a lower
bound on the injectivity radius is replaced by a lower bound on the conjugate radius. Recall
that the conjugate radius is defined to be the maximal radius r such that for every q € M,
the exponential map exp, has maximal rank in the open ball of radius r centered at the
origin of the tangent space TqM.

In general, inj(M_’g) and conj .y have significant differences in each geometric contents.
For example, consider the class of manifolds satisfying

Ricmg =n—1, injyq =10 and diamug) < D,

then we know that the above class is C*-compact [AC]. But if we replace the condition on
the inj(M’g) by the conj(M_’g), then it is not C*-compact any longer since a collapsing may
occur. Note also that if Ky < K, then conj,, > ﬁ

The main purpose of this paper is to show the following theorem;

Theorem 1.1 Given an integer n and ¢y > 0, there exists an € = e(n, ¢p) > 0 such that if M
admits a metric g satisfying

Ricmg >n—1, conjpyg =>C and diammg > —e,

then M is diffeomorphic to S".
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Theorem 1.2 Given an integer n and ¢y > 0, there exists an e = e(n, ¢p) > 0 such that if M
admits a metric g satisfying

Ricgmg) > n—1, conj(M_’g) >C and Ayug < N+e,

then M is diffeomorphic to S", where A (v gy is the first eigenvalue of M.

Theorem 1.2 is an immediate consequence of Theorem 1.1 and the theorem due to
Croke [Cr]. The proof of it is just similar to that of [Be], so we omit it.
We can also prove the following volume/diameter sphere theorem.

Theorem 1.3 Given an integer n, there exists ¢ > 0 such that if M is an n-dimensional
Riemannian manifold with Ricgvg) > n — 1, d\lla%m > —candemg < & then M is
diffeomorphic to S", where wy, is the volume of the standard sphere S" and eq gy is the excess

of M.

The excess condition in Theorem 1.3 cannot be removed. This can be seen by using, for
example, M* = CP? with metric normalized so that Ricy, = 3.

We would like to express our gratitude to Professor Hong-Jong Kim for much kind and
helpful advice.

2 Preliminaries
We begin with the estimate of the Hessian of the distance function due to R. Brocks [Br].

Theorem 2.1 Let M" be a complete Riemannian manifold with conj,, > ¢, and Ricy >
—(n — 1)k? and ¢ be a geodesic on M". Let A(t) be a Hessian of distance function along c(t)

from ¢(0). Let at) = k%t + 2kcothk(co — t)/2, v(t) = 2/(n — Da(®)vifor0 <t < cq.
Then

t |
/O [a ~ 1] ar < 220

for all t such that v(t) < 1/7.

Let M be a manifold as the above theoremandc: [0, lp] — M be a geodesic on M, where
lp < co/2. If J(t) be a Jacobi field along c(t) such that J(0) = 0and (J’(0),¢’(0)) = 0, then
we know that A(t) can be written in normal coordinate as B(t) + |/t with B(t) smooth at
t=0.

More importantly, by the standard arguments for the estimate of the norm of Jacobi
field (see [P1], [DSW], [DW]), we know that for 0 <t < Iy,

e BB 3@t < DO < e B )],
Now let’s estimate f0'° |BJ| in the case of Ricyy > —(n — 1)e?, conj,, > ¢o = Ce L,

where ¢ is a sufficiently small positive constant. To estimate fO'O |IB]l, it suffices to estimate
~4(t) in Theorem 2.1. For this purpose, first we estimate a(t) = £t + 2= coth s(%) in
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Theorem 2.1. For 0 <t < ¢o/2, we have § = %0 < =) < <o — C ang

25C0th5(co_t): 2 ZECO_tcotha(Co_t)
2 Co—t 2 2

8 (co—1t) (co—1)
%s > cothe 5
H

< — = HCe.
Co

<

for some constant H > 0, since we know that f(x) = x coth x is bounded for any x with
C/4 <x<C/2. Now

() = 2v/(n - Da(t)vi

-z {er v eom (©2))

< 2\/(n — 1)((et)? + HCet)

for0 <t < cp/2. So we have

A1) < 24/(0 — 1)((elo)? + HCelo) = 7(lo|e)

fort < ly < co/2. Here, 7(lg|€) is a positive number converging to zero as ¢ — 0 if we fix
lo.

To prove Theorem 1.1, one needs the following result of Calabi and Hartman [CH] on
the smoothness of isometries.

Theorem 2.2 Let (M, g) be a C*-Riemannian manifold with respect to some coordinate.
Then its geodesics are C1 with respect to the same coordinate. Moreover the C1*-norm of the
geodesics can be bounded by the C*-norm of the metric.

An immediate corollary of this result is the following lemma.

Lemma 2.3 If (M;,gi, pi) converges to (M, g, p) in C-topology, then for any geodesics v}
in By, (r) € M; for some r > 0, a subsequence of {~'} converges to a geodesic v in M in

cle’ topology, o’ < a.

3 Proof of Theorem 1.1

Consider a sequence of Riemannian manifolds {(M;, ;) } satisfying
Ricmgy =N —1, conjyy 4y =C, and diamg,g) > 7 —&i,
where lim & = 0. If Mj is a universal covering of M;, then we know that
I—o00

Ric(mi@) >n-—1, conj(mi@) >cg, and diam(mhm) > 7 — ¢,
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where §i is the induced metric on M; from M;.

From now on, we will show that M; converges to S" with the standard metric in the C-
topology and it suffices to prove Theorem 1.1 since the only Riemannian manifold with
diameter close to 7 which has S" (with the metric close to the standard metric of S" in the
C%-sense) as a Riemannian covering space is S" itself.

Note that if injy; is uniformly bounded below, then we have done by [Be]. So suppose
that injy converges to zero. (In this case, we will induce a contradiction.)

Theorem 3.1 ([P2]) Let M be an n-dimensional complete simply connected Riemannian
manifold. Given n,H,cq > 0, there exists an io(n, H,co) > 0 depending on n, H, ¢y such
that if Ricy > (n — 1)H?, conj,, > Co, then injectivity radius of M has a lower bound
io(n,H,cg) > 0.

Proof Consider a sequence of simply connected manifolds {(M;, gi)} satisfying
Ric(v,g) > (N —H?,  conjyy, oy >Co and injgy, o — 0.

Let ~; be the shortest closed geodesic on M; and r; be the length of ~; as above. Then we
know that ~; are smooth and r; — 0 asi — oc.

We will show that there are no conjugate points on ~;(t) fort < 7/H. Rescaling metrics
by multiplying by r;%, we obtain

Ricqw, gy > (0 — DH?F — 0, CONj gy, gy = Co/Ti — 00

and inj(Mi,gi’) > i, where g/ are the rescaled metrics. From the compactness theorem
of [AC], we know that M; — X for some smooth manifold X with C*-metric. We also
know that exp;: Tp,Mi — M; is nonsingular for B(0, ¢o/ri) and ||d exp; || is estimated in
previous sections. Let id be an identity map from R" = T, M; to R". From Section 2, we
get that for any fixed Iy,
ldexpi | ooy _ 4
[[id. ||

ase; — 0. So exp; converges to id in Holder sense for every compact set.

We know that exp is a covering map from T;M = R" to M if conj,, = oo [BC]. By the
same reason, we know that exp, = |I_I>n;> exp; = id is a covering map so R" is the universal

covering space of the limit space X. So X is a flat manifold.
We know that the homomorphism

i: w1 (B(pi, ri)) — m1(B(pi,Co/2))

are inclusions. Consider the universal covering space of B(pi, ¢o/2), B(p/ich//Z). We know
that v; do not represent 0 in 7y (B(pi, ri)) . So we define T; as (~;)-orbit of ¢y /2-ball centered

at a lifting of p;, p; in B(pi, ¢o/2).

Let 4 = R be the lifting of ~;. We also know that the injectivity radii of B(E,\EO//Z)
are bounded below [BK]. Then by compactness theorem, we know that (T;, p;) converges
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to (X, p) in C*-topology uniformly since wl(B(pi, c0/2)) act on B(mZ) cocompactly.
Rescaling the metrics by multiplying ri_2 as above, we easily know that

LTI

(The above values are invariant under rescaling. For the rescaled metrics, we know that
ri = 1and (M, g/) converges to flat manifold so fol IB/|l — 0, where B/ is the B; for g;.)
We also know that the rotational parts of holonomy along ~; depends only on [ ||B;|| since
M; are simply connected and ~; are smooth att = 0. From Section 3, we obtain that the
rotational part of parallel translation along v := iim ~i = R C TpX from ~(0) to 7(r) is

lim | for‘ |IBill, where lir; = r and T X has the pull-back metric by exp. Since
I—00

l; Bi
Wy 1B,
liri

Y

we know that the parallel translation along ~ is the same as that of T,X with Euclidean
metric. So we may consider X as R x F for some C*-manifold, F in infinitesimal tubular
neighborhood of R. This means that there exist geodesics in T; such that the distance from
pi to the first conjugate point converges to infinity asi — co. But Ricyy > (n — 1)H2 > 0
implies that ty < 7/H, which is a contradiction. [ |

From this theorem, we know that M; have a lower bound on injectivity radius so we
completes the proof of Theorem 1.1.

Remark 3.2 We may wonder that the condition of Ricyy > (n — 1)H? can be replaced
by Ricy > —(n — 1)H2. But considering Berger’s spheres, we know that the positive
Ricci curvature condition is essential. This theorem can be considered as a Ricci curvature
version of Klingenberg’s theorem for the lower bound on injectivity radius [CE].

4 Proof of Theorem 1.3

Consider a sequence of manifolds {(M;, gi) } such that Ricow, g) > n—1, 2 —¢; <
and eqv; gy < €i, Where lim g =0, > 0.

i—o00

Passing to a subsequence, if necessary, we assume that diamg, ¢y < /2 for all i or
diamw, g) > 7 /2 foralli.

VOI(M| i)
diam (v, ;)

Case 1

diamv, g) > 7 forall i:
Let p;, gi be the points satisfying maxy ep, ¢;(X) = eqw; ;) and d; be the distance between

pi and g;.

From diamg,g) < emg) + di, it follows immediately that d = I|m di =
lim diamgv, 4y > 7. So we can choose «j, G so that o; + 3 = dj and a. T /2,
I—00
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Gi Td — m/2. Using the volume comparison theorem, we have

V0|(|\/|i ai) 1 €j €j
W)~ A + 2 B+ 2L
diam(Mi,gi) - di vol Bp' (Oq * 2) +vol Bq' (IBI * 2)

1 ai+F Bi+ 3
—{wnl/ sin" 1t dt +wn,1/ sin“‘ltdt}
di 0 0

Wn_1 Qi Gi
== {/ sin"~t dt +/ sin"‘ltdt} +4;
di 0 0

IN

. v 3 v
< ”"‘l{ﬁ/ sin“*ltdt+@/ sin”ltdt}+5i
di ™ Jo ™ Jo
- ﬂ + 5i7
™
where §; — 0asi — oo. Since Volong) > ¢ _ g, we obtain by letting i — oo, that
dlam(Mi7gi) ™
i d—m/2 o n—1 _ 1 (Tann—1
e o sin"Ttdt = 2 [ sin" bt

X qinn—1
Now since f(x) = M is strictly increasing function of x(< %), we have d —

m/2 = w/2ord = m. S0 Vol gy — wn and the result follows from the Appendix 1
of [CCo2] (cf. [CCol]).

Case 2

diamgv, g) < 5 forall i:
Note that there exists a space M such that M; — M in the Gromov-Hausdorff topology.
Let| = diamy then diamq, gy =: li — | < 7 and we have

li o an—1
- sin"~“rdr i
volowi g) < fo7T —_ < l
Wn Jo sin"“rdr
Thus by the limit argument, we obtain
Jysin"trdr _ I sin"trdr

| T

_>

|
T o

Now as in the case 1, we have | = 7. So, we observed that diamv, 4) — 5. Under the same
setting as in Case 1, choose «j, G; so that «; 1 7/3, 5i 1 7/6. Then we have

Qi Bi
YOI(M“gi) < &t {/ sin"~ttdt +/ sin”‘ltdt} + 5
dlam(Miygi) di 0 0

Swn—l{ﬁ/ sin”‘ltdt+ﬁ/ sin"‘ltdt}+5i
di ™ Jo T Jo

Wn
= — + 4.
™

By letting i — oo, we know that the above inequalities are equalities. Consequently, we
X ainn—1
have a contradiction to the strict increasing property of f(x) = M(O <x< 7).
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