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1. In t roduc t ion . A pair (X,s/) is a ringed space if it is a subsheaf of rings 
with 1 of the sheaf of germs of continuous functions on X. If U is an open sub
set of X, we denote the set of sections over U relative to S0 by T(U, s/). If 
<t> G r(Z7, s/), then 4>{u) £ s/ implies that there exists some open neighbour
hood V of u, V C U, and some g continuous on V such that the germ of g at 
w, uÛ> is <t>(u). Now we define 4>(u) (u) to be g(#) and in this way we obtain, in 
a unique fashion, a continuous complex-valued function on U. The collection 
of all such functions for a given set T(U,S&) is denoted by s/(U) and is 
called the J^-holomorphic functions on U. The following theorem is a special 
case of a result of Quigley (5). 

THEOREM. Let X be a locally connected Hausdorff space and (X, s/) a 
ringed space. Then srf is Hausdorff if and only if s/(U) is quasi-analytic for all 
open connected subsets U C X. 

This result implies the existence of a general notion of continuation in the 
context of ringed spaces. In a natural generalization of the notions of continu
ation and domain of existence from the subject of analytic functions of several 
complex variables we have obtained necessary and sufficient conditions that a 
pair of J^-holomorphic functions are continuations and that an open subset of 
X be a domain of existence. The results obtained are similar to the Cartan-
Thullen theorem. 

We impose more of the conditions on s/ which are enjoyed by the sheaf of 
germs of analytic functions of several complex variables such as completeness 
in the compact open topology and the Montel and Baire properties. The notion 
of convexity is investigated and results concerning functions unbounded on the 
boundary of open convex subsets of X are obtained. 

2. In the following, (X, <$/) is a ringed space in which X is a locally con
nected Hausdorff space. If D is an open connected subset of X and / is in 
s/(D), we let 12(f) be the connected component of xf in s/, where x is any 
element of D, and we let a (J) be the set of all xf, where x ranges over D. 
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Definition 1. With the above notation, suppose that p is in CLD — D and V 
is an open neighbourhood of p. If / is in s/(D) and g is in s/(V), then g is an 
extension oi f to V if and only if g = f on F P i D . We say that p is a /oca/ 
boundary singularity for/ if and only i f /has no extension to any neighbourhood 
of p. The set of all p in CLD — D such that £ is a local boundary singularity 
for / is denoted by Gz(f). If CLD — D = G%(f), we say that D is an S^f-domain 
of holomorphy for f. 

Definition 2. A function g in s/(V) for F open in X is called a continuation 
of / in s/{D) for D open in X if and only if there exist Wi, . . . , Wnj open 
connected subsets of X, and ft in j^(TFi) such that W\ = D, Wn = V, 
Wt Pi Wi+i 9^ 0 and fi+i is an extension of ft to 1FZ-+I. An element p in 
Cl-D — -D is a global boundary singularity for / in <$/ (D) if and only if/ has no 
continuation to any open neighbourhood of p. G\(f) is, by definition, the set 
of all p in CID — D which are global boundary singularities for/. We say that 
D is an ^ -doma in of existence for / if and only if Gi(f) = CID — D. 

THEOREM 1. Let D and V be open connected subsets of X, f in s/(D), g in 
s/(V). Then g is a continuation of f if and only if ti(f) = £l(g). 

Proof. Suppose that g is a continuation of / . Let Wu fi in s/(Wi), 
1 g i ^ n, be the relevant open sets and J^-holomorphic functions, as in 
Definition 2. Let Ui = <r(fi), 1 ^ i S n. Then the Uts are open connected 
subsets of sé and for 5 in WtC\ Wi+i, 8ft = sf i+i which implies that 
Ui H Ui+i 9^ 0. Thus, U = \J[Ui\ 1 S i ^ n] is an open connected subset of 

j / . Now Ui = cr(f) CUC Q(/) and J7B = er(g) C 0(g), and this implies 
tha t !2( / ) = 12(g). 

Suppose that fl(/) = £2(g)> and 5 is in Z2, £ is in V. Let C be the collection 
of all sets of the form [vh: v in W], where Wis an open connected set in X and h 
is in s/(W) ; then C is a base for the topology on s/ consisting of open con
nected sets. Since sf and & are in the same component, there is a chain 
f/i, . . . , Un of sets in C connecting sf and *g- Let a(gi) = Ut and gt € s/(Wt), 
I ^ i ^ n. Now s is in W\, t is in JFW, and since Ut C\ Ui+i 5* 0, there is some 
vt in Wi H Wi+i such that Vigt = Ct-g<+i, 1 ^ i S n — 1. This means that 
there exists a F*, open and connected, Vt contained in Wt P\ Wt+i, such that 
g* = gi+i onVul^i^n — l. 

Now 5 is in D C\ W\ and sf = sgi; thus, there exists an open connected 
subset Vo C D r\ Wi such that / = gi on F0. Let A0 = gi on F0. For t\ in 
Wi H TF2, let Vi be an open connected subset of W\ C\ W2 such that gi = g2 

on Fi. Let Ai = g\ = g2 on V\. For /2 in IF2 C\ IF3, let F2 be an open connected 
subset of W2 P TF3 such that g2 = g3 on F2 and let h2 = g2 on F2. Continue 
in this way to / in Wn C\ V and let Vn C Wn C\ V be such that gw = g on Vn 

and let /zw = gn on Fn. Now write the chain as follows: 
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Wi' = D; gî = f, 
W2

f = Vo; g2 = h0 

W7 = W!) g* = gi 
Wl = VU g* = Ai 

WY = W,; gh = g2 

Wm-2 = Wn] gm-2 = gn, 
Wm-i = Vn\ gm-1 = kny 

Wm' = V; grr! = g. 

Then W{ C\ Wi+1' * 0, and g/ = gi+1' on W{ C\ J F m ' , 1 û i û m - 1, 
f = gugm = g,D= W,r, and Wm

f = V. 

In the following, we let x be the local homeomorphism of <$/ onto X. 

LEMMA 1. Let D be an open connected subset of X, p in C\D — D,f Ç s/(D). 
Then p £ G\{f) if and only if p $ ?r(fi(/)). 

Proof. Suppose tha t£ g G\{f), then there exists a V, an open neighbourhood 
of p, and an h i n s / (V ) such that 12(/) = 12(A). Since ph is in Q(/) , we see that 
7r(ph) = £ G T ( 0 ( / ) ) . 

Now suppose thatp £ 7r(12(/)).Then there exists s £ £2(/) such that7r(s) = £; 
thus there exists an open connected neighbourhood W of 5 such that 
{TT\W)~1 G T ( J / , TT(WO), and we let F be TT(TF), V C i r (0( /)) . If we let 
# = (TTIIF) -1 and A(w) = <l>(u)(u), then A is in Ja/(F). Since p is in F, 
ir(£) = ph 6 TFC 0 ( / ) , and thus s is in a(h) C\ 0 ( / ) . This implies that 
« ( / ) = 0(A)-

THEOREM 2. Le/ D be an open connected subset of X. Then D is an s/-domain 
of existence for fins/(D) if and only if ir (ti(f)) = D. Further, if s/ is Hausdorff 
and D is a domain of existence, then ir is one-to-one on Î2(/) and, in fact, if D is 
not a domain of existence, there exists a p in CLD — D such that p (? G%(f). 

Proof. Suppose that TT(Q(/)) = D\ then if p is in CLD - D, p g D\ thus, 
£ g 7r(£2(/)) and by Lemma 1, £ is in G\(f). 

Now assume that CLD — D = Gi( /) for / in s/(D); then we show that 
ir(0(/)) = Z>. Since ir(cr(/)) = D C *r(Q(/)), it is sufficient to show that 
T ( Û ( / ) ) C Z > . 

Let £ be in 7r(12(/)) and assume that p ([ D. Then there exists an s in £2(/) 
such that 7r(s) = p and an open neighbourhood Voî p and an A in s/{V) such 
that 12(A) = £2(/). Now let Fi, . . . , Fw be open connected sets and ft in 
^ ( F O , 1 ^ i ^ w, where Fw = V, / i = / , / » = A, the standard chain of 
Définition 2. Since £ is not in .D, there is some m such that 1 ^ m ^ n, and 
7m C\ (CLD - D) * 0. 
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Thus, fm is a continuation of / and Œ(fm) = 12(/). This means that there 
exists an x in Vm C\ (CLD — D), and hence xfm is in 12(/). Therefore, x is in 
ir(0(/)) H (CLD - D), which is a contradiction since Gi(f) = CLD - D. 
Thus p is in D. 

Now assume that s/ is Hausdorff. We will show that ir is one-to-one on 
12(/). I t is sufficient to prove that if <j> in T(s/,D) is such that f(u) = 4>(u)(u), 
then 0(P) = o"(/) = 12(/), for T is one-to-one on the range of any section. 
Since 4>{D) is contained in 12(/), we take s in 12(/) and show that s 
is in <r(/). T O do this it is sufficient to prove that if s is the germ at x of some 
J^-holomorphic function g over a sufficiently small connected open set V, 
then zg = xf. Since ^g 6 12(/), then 12(/) P\ 12(g) ^ 0 and this means that 
12(/) = 12(g). Thus by Theorem 1, g is a continuation of / and we have a 
connecting chain Fi, . . . , Vn, gt € -4 (70 , where Vi = Dy gx = f, Vn = 7, 
gn = g, VtC\ Vi+i 7* 0 and gt = gi+i on Vi C\ Vi+i. Further, by the first 
part of this theorem and Theorem 1 we have 7r(12(g0) = ^ ( ^ ( / ) ) = D> 
1 :g i g n. Thus, v{gi), contained in 12(g0> implies that 

x(fl(g,)) = ^ C T ( Q ( / ) ) = P . 

Now using the quasi-analyticity of s/{D), we have the following: f\V% = g2, 
thus g3 = / o n F2 ̂  F3 which implies that f\ F3 = g3, . . . , / | V = g. Hence, 
xf = *g, which implies that w is one-to-one on 12(/), as noted. 

The last statement is clearly a consequence of the Hausdorff property on s/. 

Definition 3. Let D be an open subset of X. Then D is said to be locally 
connected at p in CW — D if and only if p has a base 5(/>) of open connected 
neighbourhoods whose intersections with D are connected. 

THEOREM 3. If D is locally connected at every x in CLD — D, s/ is Hausdorff, 
and there is some f in s/(D) such that Gz(f) is equal to CLD — D, then D is an 
s/-domain of existence for f. 

Proof. Suppose that D is not an J^-domain of existence for/. We show that 
in this case there is some p in CLD — D which is not a local boundary singu
larity for/. 

Since 12(/) is a connected component in s/ and C W / ) is connected, then 
C W / ) C 1 2 ( / ) . I f C W / ) = * ( / ) , then a(f) is equal to 12(/) and TT(12(/)) =D 
which implies that D is an Ja/-domain of existence for/. Thus 

CW/) - a(f) * 0. 

Let s be in C W / ) — <r(f) and 7r(s) = p; then p is in CLD. Suppose that p 
is in D; then there exists an open connected W in the filter base of open 
neighbourhoods of s such that ir\W is one-to-one and ir(W) = V C D, where 
F is open. Letg, in j / ( 7) , be such that g (w) = (ir\W)-1 (u) (u) ; then a(g) = W 
and pg = s. Since s is in C W / ) , then °"(/) ̂  v(g) is not empty; hence, there 
exists a » in V such that pg = vf. This means that there is some U (Z V for 
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which g = / on U, [ /an open neighbourhood of v. Since s/ is Hausdorff, this 
means that f\V = g; thus, ^g = pf = s, which means that s is in c ( / ) , a 
contradiction; thus p is not in D. 

Now we have F as an open neighbourhood oîp,p'm CLD — D, and thus there 
is some V in B (p) such that F ' C V and F ' P\ D is connected. Since 
g |F ' is in J</(V), then o-(g|F') being a neighbourhood of s implies that 
(g\V) r\ <r(f) 9* 0. Thus, there exists v in Y C\D such that vg = ,f, and 
hence/ = g on F ' P\ ZX Thus, £ is not a local boundary singularity for/. 

Definition 4. Let Z> be an open subset of X, and let p be in C1Z> — D. Then 
£ is a semi-local boundary singularity for f in s/(D) if and only if for all open 
neighbourhoods V of p and all connected components U of V C\ D such that 
p is in Cl U,f\ U has no extension to V, and Gz(f) is defined to be the set of all 
p in CLD — .D such that p is a semi-local boundary singularity for/. 

I t is easy to show that if D is open in X a n d / is in s/(D), then 

Gi(J) C G,(/) C G,(/). 

LEMMA 2. Le/ J ^ 6e Hausdorff, D an open connected subset of X, and f in 
s/{D); then if CLD — D — G2CO, D is an s/-domain of existence. 

Proof. Suppose that there exists some p in G%{f) such that p is not in G\{f). 
Then there exist Vi, . . . , Vn open connected subsets of X, gt in J^(F*) , 
1 ^ i S n, such that gi = / , V\ — D, p in Fn, and g* = gi+\ on F* P* Vi+i. 
Let j be the least integer such that Vj H (CID - D) 5* 0. Then Fy-i C £> 
since the Vts are connected. Further, gi = / on F* for 1 ^ i S j — 1 since 
is Hausdorff. Now Vj P Vj-i meets some component of Vj P\ D. Call this 
component U. Since D and F^ are connected, Vj C\ D 5*0, Vj ÇL D, and Uis a 
component o f D P i F ; , there exists a q in CLD — £> such that q is in Cl U C\ Vj. 

We also know that gj = gj-i = / o n F;- P\ F ;_i H [/, and hence gj — / o n £/. 
Therefore g is in G2GO. Thus, we have shown that if Gi(f) is contained in 
but not equal to G2C/), then Gi{f) is contained in but not equal to CLD — D. 

Definition 5. Let D be an open subset of X. Then D is s/-convex if and only if 
whenever K is a compact subset of D, the set [x G .D: | / (x) | ^ | | / |U, for all 
/ 6 s/(D)], which is denoted by hulls/(D)K, is a compact subset of D. 

If X is a locally compact space, we say that s/ is a c.o. (compact open) 
complete sheaf if and only if for all U open in X, s/(U) is closed in the c.o. 
topology on C(U). 

LEMMA 3. Let X be locally compact, locally connected, D an open subset of X, 
and [Kn] a sequence of relatively compact open subsets of D such that \jKn = D, 
Kn C Kn+i, and hullj*(D)Kn is a compact subset of D. Then if [qn] C D is such 
that qn is in hulL*(i»2£n+i — hull^(D)Kn, then given any sequence [rn] of positive 
real numbers, there is some f in s/{D) such that \f(qn)\ ^ rn. 

Proof. This is essentially a lemma due to Quigley (4, pp. 85-86). 
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Definition 6. Let D be an open subset of X and let B be the topological 
boundary of D. A set S C B is said to be countably connected in B if and only if 
for all ^ in S there exists a basis of neighbourhoods [Vsi: i G Z+] , where Z + 

denotes the positive integers, such that for each i in Z + there are at most 
countably many connected components [Vsij: j G Z+] such that 5 is in CI V5z;-. 

If 5 is countably connected in B, then S is spread in B if and only if for every 
p in B and every open neighbourhood V ol p, every component of V P\ B 
meets S, and if TV is a component of V C\ D such that p is in CI TV and 5 is 
some element of S in the component of V P\ D containing p, then for some i in 
Z + such that Vsi C V there exists a j in Z + such that Vsz-;- P\ TV ^ 0. 

LEMMA 4. Le£ X be a locally compact, locally connected Hausdorff space, s/ 
a Hausdorff sheaf which is c.o. complete, D an open S$-convex subset of X 
countable at co such that there exists a countable set S C B, the topological boun
dary of D, which is countably connected. Then there exists anfin s/(D) such that 
S is contained in G2 (f ). 

Proof. Let [wu: u G Z+] be the set S, and for each u in Z + let [Vu1c
f: k G Z+] 

be a countable nested basis of neighbourhoods of wu and [Viulc
r: i G Z+] the 

set of components of Vuk
r (~\ D such that wu is in CI Viu1c

f for each i in Z+ . 
Now let [pji j G Z+] be the sequence W\, W\, w2, Wi, w2, wz, W\, . . . , so that 
each wu occurs infinitely often in \pf\. Whenever pû = wu, let Vjjc = Vuk' and 
Vijk — Viuk • 

Now let D = \JKn', where Kn' is a relatively compact subset of D, 
C\Kn

f C i W , and define Kn to be h\A\^{D)Kn'. Since 7 m H (CLD - £>) ^ 0, 
there exists a gnW(i/ in 7 m such that gnW(i/ is not in K\. Let Kx = Km and 
<Ziiw(i/ = #111 by definition. Now there exists a v(l) in Z+ such that qm is in 
i£»(D and a gnW(2)' in Vm such that #11 (̂2/ is not in KvW. Define Kv^) to be Kn2 

and giiM(2)
/ to be q112. 

Now we continue in this fashion and exhaust the set of indices 

Q = [(i,j, k): i,j, k in Z+ , i ^j S k] 

using the following ordering; if (i,j,k) and (I, m, n) are in Q, then 
(i, j , k) ^ (h m, n) if and only ii k ^ n, and if & = n, then 7 ^ m and if 
j = m, then i ^ /. Now define a: Q —̂  Q by the rule 

{(1, 1,& + 1) if £ = j = &, 
o-fei, k) = < (*, j + 1, &) if i Sj < k, 

( ( * + l,j ,&) iff <j = k. 

Then it follows that for the set [#*#, - & ^ : (^ J» &) i n (?L <Z*# is not in KXmn 

if (/, m, n) S (i, j , k) and qijk is in Ka^ijjt1c). Since U-K^co = A there exists / 
in s/(D) such that/(#*#) —» 00 by Lemma 3. Now suppose that there is some 
u in Z+ such that wu is not in G2(f). Then there is an open neighbourhood V 
of wu and some component TV of V C\ D such that / | TV has an extension to V. 
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Let K in Z+ be such that VJ C V for k ^ K and let the set [j(k): k ^ K] 
be a subsequence of Z + such that j(&) ^ k and ^ ;^) = ww for all k. Since IF 
is a component, we know that for each k ^ K there is some i(&) in Z + such that 
*(&) Û j(k) and Fic*),^*),* C W. Thus, [<?*(*) ,*(*),*: * ^ K] is a subsequence of 
[Qijk- (h j , k) in Q] contained in W with the property that qwc),ja),k-^ wu> 
Since f(qi(k),Kk),k) —» °° , we have a contradiction. Thus S C G 2( / ) . 

THEOREM 4. Le/ X, J / , and D be as in Lemma 4. If there exists a countable 
set S spread in B, then D is an se'-domain of existence. 

Proof. Let 5 = [pk: k in Z+] . Suppose that there exists a p in B such that p 
is not in G 2( / ) . Then there exists an open neighbourhood V of p and a com
ponent Wot V C\ D such that p is in CI IF and f\ W has some extension / ' to V. 
Now let pic be an element of 5 which is in the same component of V C\ B as p 
and Vi]cm a component of Vkm P\ D such that ^fe is in CI Vikm and F t o H W ^ 0. 
T h e n / = / ' on F^ m ^ W; t h u s / = / ' on V ikm since J2^ is Hausdorff, and thus 
pk is not in G2 (/ ). This is a contradiction to Lemma 4, and thus 13 = G2 (/ ) and 
by Lemma 3, D is an J^-domain of existence. 

THEOREM 5. Let X and s$ be as in Theorem 4, D open, se-convex, countable 
at oo, separable and such that CID — D is second countable. Then D is an S$-
domain of existence. 

Proof. Let [Vj P\ (CID — D): j G Z+] be a countable basis for the topology 
of C\D — D. Since D is separable, each Vj P\ D has at most countably many 
components Vjk. For each j and & in Z+ there exists a g;fc in 

c\vjkr\ (CLD - z>) r\ Vj. 
Clearly, the set [qjk: j , k in Z+] is a countable, countably connected subset of 
C\D — D, and thus Lemma 4 implies that there is some/ in s/(D) such that 
[g,*: j , & in Z+] C G 2( / ) . 

Assume that there is some £ in CLD — Z> such that p is in G 2 ( / ) . Let F be 
an open neighbourhood of p and let IF be a component oi V C\ D such that £ 
is in CI IF and f\W has some extension to F. Then there is some Vj C F and 
some component Vjk of F;- P\ D such that Vjk C IF. Thus, qjk is in 

ClF;fc H (Cl£> - £>) C CI IF H (CLD - £>), 

which means tha t / cannot be extended across CI IF; hence, p is in G 2 ( / ) . As in 
Theorem 4, this implies that D is a domain of existence. 

Definition 7. Let D be open in X and let p be an element of CLD — Z>. Then 
p is said to have property g3 if and only if for all F (an open neighbourhood of 
p) there is some/ in s/(D) which has no extension to D VJ V. 

Definition 8. s/ is said to be Montel if and only if whenever £7 is an open set 
in X and H is a subset of s/(U) with the property that for every compact 
subset K of U there is some M > 0 such that | | / | | x < ikT for a l l / in iJ, then H 
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is relatively compact ms#( U). se is Baire if no s/( U) is a countable union of 
closed nowhere dense subsets for any U open in X. 

LEMMA 5. Let X be a locally compact, locally connected Hausdorff space, 
<$/ Hausdorff, c.o. complete, Montel, and Baire, D open in X, and p an element of 
CW — D such that X is first countable at p. Then if p has property g3, there 
exists an f in s/(D) such that p is in G 3 ( / ) . 

Proof. Let [Vn] be a basis of nested, open, relatively compact neighbourhoods 
of p. Forn in Z+, define s/(Vm, n) to be the set of a l l / in s/(D) such that there 
exists some / ' in s/(D\J Vm) extending / to D \J Vm and such that 
H/'IIFW = n- Let [fk] be any net in s/(Vm, n) converging c. o. to some/. Each 
fk is uniformly bounded on compact subsets of D and since [fk] is c. o. conver
gent, [fk] is uniformly bounded on compact subsets of D. For fk in s/{Vm, n) 
let gk be an element in s/{Vm U D) such that | |^ | | rm ^ n and gk = fk on D. 
Then [gk] is uniformly bounded on compact subsets of D \J Vm, and since <$/ 
is Montel, [gk] is relatively compact in .se{D \J Vm). 

Thus, there is a subnet [gut)] of [gk] which converges c. o. to some g in 
s/{D U Vm). Now gk{i)\D = fkUy, thus lim gk(i)\D = lim fk(i) = g\D = / \D, 
and ||g*(ollr« = n implies that \\g\\vm is at most w. H e n c e , / i s i n J ^ ( F w , n) and 
s/{Vm, n) is closed in the c. o. topology of J^(D). 

Now by hypothesis there is some h in s/{D) which has no extension to 
s/(D U Vm). Define/^ = / — (l/j)(h), where / is any element of s/(Vm, n). 
Then fj does not extend to D \J Vm, for if it does then we let gi and g2 be 
elements of s/(D \J Vm) such that g\\D = / and g2\D = f}. Since 

h=j(f-fj) =j(gi\D) -j(g,\D) 

and jgi — jg2 is in s/{D U Vm), we have a contradiction. Now 

lim f, = K m / - l i m (1//) (ft) = / , 

however/^ is not in J3^(FTO, w) ; t h u s / is not in the interior of se\Vm, n), and 
we have shown that the interior of s/(Vm, n) is empty. 

If B = \J\sé(Vm, n): m, n in Z+], then B is a countable union of closed 
nowhere dense subsets of s/{D), and hence B is contained in but not equal to 
s/(D). Now def ined = [/in s/(D): p is not in G 3 ( / ) ] , then for / in 5 7 there 
exists an open neighbourhood F of p and / ' extending/ to D KJ V. Let Vm be 
an open neighbourhood of p such that CI Vm C V, and let n in Z+ be such that 
Wf'Wvm ^ ». S ince / ' |F W H Z ) is in s/(Vm H £>), / is in B, and thus B' C B. 
Now let h in s/(D) be such that ft is not in B; then ft is not in B', and thus 
£ is in G3(ft). 

COROLLARY 1. Let X, se, D, and p be as in Lemma 5. Then if f in s/(D) 
implies that p is not in G3 ( / ), there is some open neighbourhood V of p such that 
every g in se\D) has an extension to D \J V. 
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Definition 9. Let D be an open subset of X and let p be an element of 
CW — D. Then p has property g2 if and only if for all open neighbourhoods V 
of p and every component U of V C\ D such that £ is in Cl U there exists an / 
in s/(D) such that f\ U has no extension to V. 

LEMMA 6. Let X and S$ be as in Lemma 5, D an open, separable subset of X 
and p in CW — D such that X is first countable at p. Then if p has property g2, 
there exists an f in s/(D) such that p is in G2(f). 

Proof. Let [Vn] be a countable nested basis of open relatively compact 
neighbourhoods of p. There is at most a countable number of components of 
Vn C\ D for each n. Let [Un. n m Z+] be the subset of these for which p is in 
ClU. If F is an open neighbourhood of p and U is a component ol V C\ D 
such that p is in CIU, define s/{V, U, m) to be the set of all g in s/(D) such 
that there is some g' in s/(V) which extends g\U and \\g'\\v = m- Now the 
method used in Lemma 5 may be applied here to show that s/(V, U, m) is 
closed and nowhere dense in s/(D). 

I f £ i s d e f i n e d t o b e U [ ^ ( F w , UJtn) : m, j , n in Z+], then B is contained in but 
not equal to S>/(D). Let Bf be the set of all / in s/(D) such that p is not in 
G 2 ( / ) . Then Bf C B, and as before we let h ms/(D) be such that h is not in B. 
Thus h is not in Bf and p is in G2Q1). 

COROLLARY 2. Let X, <$/, D, and p be as in Lemma 6. If f in s/(D) implies 
that p is not in G2(/), then there is some open neighbourhood V of p and some 
component U of V C\ D with p in Cl U such that for all g in se(D), g\U has some 
extension to V. 

THEOREM 6. Let X be a locally compact, locally connected, Hausdorff space, 
D an open subset of X such that CW — D is separable and X is first countable on 
C\D — D,S$ Hausdorff, c. 0. complete, Montel, and Baire. Then if for each p in 
C\D — D there exists an fp in s/(D) such that p is in Gz(f), there exists an f in 
s/{D) such that CW - D = G 8( / ) . 

Proof. As in Lemma 5, for p in CW — D we let [Vn] be a countable basis of 
nested, relatively compact, open neighbourhoods of p. Lets/(p, Vn, m) be the 
set of a l l / in s/{D) such that there exists some extension g of / to D \J Vn such 
that ||g||yn = mi where m is in Z+. Then the same proof as in Lemma 5 shows 
that sé\p, Vn, m) is closed in s/(D) and that if there is some h such that p 
is in Gz{h), s/(p, Vn, m) is nowhere dense in s/(D). 

Now let [pi] be a countable dense subset of CW — D and let hj be an element 
of s/(D) such that pù is in GzQij) for j in Z+. Then for each pt define 
£^(Pu Vn\ m) as above and define 

B = U[<sf(Pt, VS, m): i, n, m in Z+]. 

Then B is contained in but not equal to s/(D). Now let B' be the set of a l l / 
in s/(D) which have an extension to a neighbourhood of D, then B C B' by 
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definition. Now if/ is in B', there are p in CLD — D, an open neighbourhood 
V of £, and a g in j / ( D U F) which extends / to D U F. Let pt be in 
F H (CLD — D) and F„* an open neighbourhood of pt such that C1PV C F 
and let m be the least integer such that ||g||Vni ^ m. Thus , / i s in s/{pu Vn\ m) 
and we have shown that B = B'. Thus there is some/ in s/(D) — B' and we 
have CLD - D equal to G 3 ( / ) . 

THEOREM 7. Le/ X be a locally compact, locally connected, Hausdorff space, 
D open in X, s/-convex, countable at 00 , CLD — D separable and first-countable, 
and s/ c.o. complete. Then there exists an fin S$(D) such that CLD — D = Gz(f). 

Proof. Let [wk] be a countable dense subset of CLD — D and [pi] a sequence 
such that each wk occurs infinitely often in [pt]. Let [Z7/1 be a countable nested 
basis of open relatively compact neighbourhoods of pt and when pt = pm, 
let [Ui1: I in Z+] and [£//*: J in Z+] be the same system. Now let D = \JK3, 
where K3 = hulL/(D)i£;-, which is compact in D, Kj C Kj+i) and let [g;] be a 
sequence in D such that g;- G Kj+i — Kjf qj G £//. We also l e t / ; be an element 
of sf(p) such that \\fj\\Kj ^ 1, iLfeOI > 1. Then there is some / in sf(D) 
such that \f(qn)\ —* °°-

Now each wn occurs infinitely often in [pi], so we let pn^) = wn and we have 
qnU) in UnU)nU) = Z7nwU). Thus gn0) —> «/„ and |/(g„o))| -* co. Consequently,/ 
is unbounded on a dense subset of Q\D — D, and thus on all of C\D — D; 
t husC lP - D = Gz(f). 

Definition 10. For U open in X and / in C{U), we say that / belongs 
s/-locally to s/(U) if and only if for all x in U there is some open neighbour
hood F of x and g in s/( V) such F C U and / | F = g. 

Now it is immediate from the definition t h a t / belongs s/-locally to s/{U) 
if and only if/ belongs to s/(U). 

LEMMA 7. / / X w locally compact, locally connected, and se is c. 0. complete, 
then for each U open in X, <$/ (U) is inverse closed. 

Proof. Let U be an open set in X a n d / an element of s/(U) such that the 
zero set of/, Z ( / ) , is empty. I t is sufficient to show that f~l belongs J^-locally 
tosf{U). 

Let x be in X, c = 2-1( |/(*)l) and D(c) = [s in C: \s - f(x)\ < c]. Now 
z~x belongs to the boundary-value algebra on D(c) ; thus for any e > 0 there is 
some polynomial P(z) such that 

\\P(z) - Z-1\\CID{C) < e. 

Since/ is continuous on U, there is some open neighbourhood F of x such that 
/ ( F ) C D(c). Let K be a compact subset of F; then f(K) is contained in / ( F ) 
which is contained in D(c), and thus 

\\P(f)-f-l\\K<e. 
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Since P(f)\ V is in s/(V) and s/(V) is c. o. complete, we have shown that 
f-l\VismS3?(V). 

PROPOSITION 1. Let X be a locally compact, locally connected Hausdorff 
space, D an open subset of X which is se'-convex and countable at oo and such that 
C\D — D is separable, and X is first-countable at C\D — D and let se be c. o. 
complete, Montel, and Baire. Then if there is some f in s/(D) such that 
D = X — Z(f), there is some h in s/(D) such that CLD — D = Gz(h). 

Proof. Since f~l is in s/(D) for every p in CLD — D, define fp = ( / — f p ) ~ l . 
Thenfp is in s/(D) and p is in Gz{fP). Thus by Theorem 7 we have the desired 
conclusion. 

PROPOSITION 2. Let X be a locally compact, locally connected, separable and 
second-countable space which is countable at oo and whose topology is given by the 
Gelfand topology relative to s/(X), where s/ is c. o. complete and Hausdorff. 
Then for every x in X there is some open neighbourhood V of x such that V is an 
s/-domain of existence. 

Proof. I t is sufficient by Theorem 5 to demonstrate, for each x in X, the 
existence of some open neighbourhood V of x which is J^-convex. 

Since the topology on X is the Gelfand topology, for x in X there exist 
fiy . . . ,fn in s/(X) such that if we let 

V = [y'mX: \ft(y)\ < 1, 1 ^ i ^ n], 

then F is a relatively compact, connected neighbourhood of x. 
Let K be a compact subset of V, and let 

K' = [yinX: | /4(y) | ^ m, 1 ^ i ^ n), 

where m = max[||/*||#: 1 ^ i ^ n]. Clearly, m < 1. Now y in hull^(F)i£ 
implies that 1/̂ (^)1 S WfiWx ^ w, hence y is in K'. Since m < 1, K' C V, 
and thus hu\\^^V)K is a compact subset of V, and hence V is J3/-convex. 

Many of the following results have the same proof as the corresponding 
results in the case of analytic functions. When this is the case, the proofs are 
omitted. 

Definition 11. Let D be an open subset of X, S C s/(D), and D0 C D. 
Then if B is defined to be the following set: 

[xinDo: 1/0)1 < 1, for a l l / in S], 

we say that B is the J^-holomorphic polyhedron in D defined by Do and S. 
We call B finite if 5 is finite. 

PROPOSITION 3. Let D be an open subset of X, B an se-holomorphic polyhedron 
in D defined by D and S C s/(D) such that B is open and CIB C D, and let s/ 
be Hausdorff and c. o. complete. Then for every p in C\B — B there exists some g 
in S£?(B) such that if [qn] is any net converging to p, then |g(gn)| —» °° • 
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Proof. B = [s in D: \f(s)\ < 1 for a l l / in S] by hypothesis. Thus for p in 
CIB — B there exists some/ in 5 such that \f(p)\ ^ 1 and therefore the zero 
set of the function g = (f\B) — f(p) is empty, and hence g~l is in A(B). 
Clearly, g~~l is unbounded on any net [qn] converging to p in the sense that 

PROPOSITION 4. Le/ D be open in X with the property that whenever [qn] is a 
net with no convergent subnet then there is somef in s/(D) such that \f(qn)\ —» oo. 
Then D is sef-convex. 

Proof. Let K be compact in D such that huM^ (D)K, which we denote by K*, 
is not compact. Then there is some net [qn] in K* which has no convergent 
subnet. Since [qn] C K* and for a n y / in s/(D), \\f\\K = ||/ILK*> we have that 
n o / in s/(D) is unbounded on [qn]. 

COROLLARY 3. Let D be an open subset of X. Assume also that B is an 
sér-holomorphic polyhedron in D defined by D and some S C s/(D). Then B is 
^/-convex. 

PROPOSITION 5. Let D be an open subset of X, Do an open subset of D which is 
sé-convex and B a finite se -holomorphic polyhedron in D defined by Do and 
fit • • • » fn in ^/(D). Then B is se-convex. 

LEMMA 8. Let D be an open subset of X which is se -convex, and K a compact 
subset of D. If Do is an open subset of D such that 

hulL*(i»jR: « Do « D, 

then there exists an analytic polyhedron B such that B is s/-convex and 

hulL*(z»2S: « B « D. 

THEOREM 8. Let X be a locally compact, locally connected Hausdorff space, and 
D an open subset of X which is se -convex and countable at oo. Then there exists a 
sequence [Bj] of s/-convex subsets of D such that BJ<<^BJ+I<K D for j in Z+ and 
D = VBj. 
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