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Abstract

The duality properties of the integration map associated with a vector measure m are used to obtain a
representation of the (pre)dual space of the space L? (m) of p-integrable functions (where 1 < p < 00)
with respect to the measure m. For this, we provide suitable topologies for the tensor product of the
space of g-integrable functions with respect to m (where p and g are conjugate real numbers) and the
dual of the Banach space where m takes its values. Our main result asserts that under the assumption of
compactness of the unit ball with respect to a particular topology, the space L” (m) can be written as the
dual of a suitable normed space.
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1. Introduction

Let (2, X) be a measurable space and X be a (real) Banach space. Let m: ¥ — X
be a countably additive vector measure and let p, ¢ > 1 be conjugate. The aim of this
paper is to provide a general representation of the space L”(m) of real p-integrable
functions with respect to m as the dual space of a certain topological tensor product.
Such a representation has already been obtained in [12]. However, the results obtained
there give only a partial answer to a general representation problem since they are only
valid under certain restrictions on the measure m, namely positivity, and on the space
L? (m) that can be difficult to describe (see [11, Section 3]). In this paper, we provide
a general tensor product representation of the predual of these spaces.
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The motivation of this paper is that the space of p-integrable functions with
respect to a vector measure provides a general representation technique for p-convex
Banach lattices: each order continuous p-convex Banach lattice with a weak order
unit is (order and topologically) isomorphic to a space L”(m) for some vector
measure m (see [5, Proposition 2.4]). Consequently, the results of this paper lead
to representations of the (pre)dual spaces of general Banach lattices; we show some
concrete examples at the end of the paper.

It seems natural to represent the dual space of L? (m) in terms of the space L9 (m), as
in the case of classical L?-spaces. However, two facts suggest that this representation
cannot be direct. The first is that it is well known that the dual of L? (m) coincides
with L?(m) only in the trivial cases (that is, when L?(m) is isomorphic to L?(u)
of a scalar measure ). Furthermore, L?(m) could be a weighted co-space, hence
reflexivity cannot be expected in general for these spaces. From the technical point of
view, the natural weak topology associated with the integration map, the so-called
m-weak topology, is the keystone of our arguments. For the case p=1, a
representation of the elements of the dual space of L!(m) has been given in [10].

2. Preliminaries

We use standard Banach space and vector measure notation. If X is a (real) Banach
space, its unit ball is denoted by B(X). We write X’ for its dual space. The space
of continuous linear operators from the Banach space Y into the Banach space X
is denoted by L(Y, X). We also need some basic facts regarding weak topologies
on locally convex spaces. If X is a linear space, recall that a linear functional
¢ : X — Ris continuous with respect to a topology generated by a fundamental system

of seminorms {p, | t € I} in X if and only if there is a finite family {¢1, ..., t,} C 1
such that | (x)| < Z?:] P (x) for all x in X. This remark holds even if the family of

seminorms does not separate points.

Let (€2, ¥) be a measurable space and X be a Banach space. We write x4 for the
characteristic function of a set A in X. If m : ¥ — X is a countably additive vector
measure, we write ||m|| for its semivariation and |m| for its variation (see [4, Ch. I]).
A measurable (real) function f is integrable with respect to m (m-integrable) if:

(1) itis scalarly integrable, that is, it is integrable with respect to each scalar measure
(m, x") defined by (m, x')(A) := (m(A), x) for all A € X, where x’ € X’; and

(2) for every A € X there is an element f 4 J dm € X such that

[ onr)=  ams

(see [7] for the equivalence of the definition in [1] to that given here).

Let 1 < p <oo. The space L?(m) of p-integrable functions with respect to m
(that is, equivalence classes of measurable functions f which differ on a set of null
m-semivariation such that | f|” is m-integrable) is well known; it has been studied
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in [5, 11, 12]. This space endowed with the almost everywhere order and with the
norm given by

1/p
Il fllem) = SUP{ (/Q | f17 d|(m, X’>|>

for all f € L?(m), where |{m, x')| denotes the variation of the scalar measure (m, x’),
is an order continuous Banach lattice. If x’ € X’ and |(m, x')| is a Rybakov measure
for m, that is, a scalar control measure for m defined by an element of X’ (see
[4, Ch. IX]), then (L?(m), || - llLr(m)) is an order continuous Banach function space
over (2, I, |{m, x’)|) with weak unit xq (see ‘Kothe function space’ in [8, p. 28] for
the definition). The relation between the spaces L”(m) and L9 (m) has been analyzed
in [11].

Since LP(m) - L9(m) € L'(m) (see [11]), it can be proved that each function
g € L9(m) can be identified with the operator I, : L”(m) — X given by I;(f) :=
fQ fg dm (see [5, Proposition 3.1] and [11, Section 3]).

Throughout the paper, m : ¥ — X is a countably additive vector measure and
1 < p <o0o. Such a measure m is scalarly dominated by a measure m : ¥ — X if
there exists a positive constant K such that

x' e B(X’)}

|(m, x)|(A) < K|(m, x')|(A) VAe X Vx'eX.

The following Radon—Nikodym theorem for scalarly dominated measures is given
in [9, Theorem 1] and provides an important tool for our work. We give an adapted
version in the following lemma.

LEMMA 2.1. Let m and m be vector measures with range in a Banach space X. The
following assertions are equivalent.
(i)  There exists a bounded measurable function 6 such that

m(E):/ 0dim VEeX.
E

(ii) m is scalarly dominated by m.

In what follows we characterize the continuous linear operators G : L?(m) — X
that can be identified with (integration operators defined by) functions of L9 (m) in
terms of a domination property. This property is related to the definition of the
class of uniformly scalarly integral operators in [12, Definition 3], in which the set
of integration operators I, is always contained.

THEOREM 2.2. The following assertions are equivalent for an operator G :

LP(m) > X.

(i)  There is a function g € L9(m) such that G = I, that is, G(f) = ffg dm for
every f € LP(m).
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(ii) There are functions g1, . . ., g, in L9(m) such that for all x' € X/,

[reen)

(iii) There is a function go in LY (m) such that for all x' € X',

(G, XN <Y VfeLP(m).
i=1

HG(f), x))] S/Ifgoldl(m,X')l VfeLP(m).

Moreover, the subspace of all the operators G of L(LP(m), X) that satisfy (i), (ii) or
(iii) is isometrically isomorphic to L9 (m).

PROOF. By the representation of the operator G of L(L?(m), X) as an integral, it is
obvious that (i) implies (ii).

The proof that (ii) implies (iii) is a direct consequence of the following inequalities.
Let G : LP(m) — X be an operator satisfying (ii). For all x" in X’ and f in L?(m),

</fg,~ dm,x/> sZ/|fg,~|d|<m,x/>|
i=1
=/(Z |gi|>|f|d|<m,x’>|.
i=1

Since Y _7_, |gi| € L7(m), we obtain (iii).
To prove that (iii) implies (i), suppose that G satisfies (iii) and define the set function
mg: % — X by

(G, <D
i=1

mg(A) :=G(xa) YAeX.

It is easy to show that mg is a countably additive vector measure, since L?(m) is
order continuous. Let us define the measure m : ¥ — X by m(A) := f 4 8o dm for
all A € 3. It clearly satisfies the inequality

G (), x)]| S/Ifldl(m,x/)I VfeLl(m).
Take a set A € X; then
[(mg (A), x)| = {G(xa), x')| S/XA d|(my, x")| = |(m1, x)|(A).

Hence, mg is scalarly dominated by m;. By [9, Theorem 1], there is a bounded
measurable function 6 such that

mG(A):G(XA)=/ 9dm1=/ g0 dm
A A

for each A € X. Note that the product 6gg is also in LI(m). If Igg, is the
integration operator from L”(m) into X defined by Iyg (f) = f fOgodm, then Iy,
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and G coincide on the set of simple functions. Since this set is dense in L”(m)
we obtain G(f) = Igg,(f) for all f in L?(m) which gives (i) for g =60gp. Finally,
the isometry is a consequence of [11, Proposition 8]: for every g € L9(m), we have
gl = lIgllzaqm)- 0

3. Tensor product representations for L9 (m)

In this section we provide a representation technique for spaces L9 (m) based on
topological tensor products. A first step towards this is in [12], where such an
identification is found, although under strong restrictions on the spaces L?(m); the
topologies introduced there are different to those considered here, which lead to a
general representation for any L?(m). Indeed we will prove that LY (m) is always
the dual space of a certain topological tensor product. The main tool that we use is
Theorem 2.2.

From the technical point of view, it is necessary to define several tensor product
topologies. Let us first introduce a weak topology for the space L9(m). For any
function f € L?(m) and x’ € X', the expression

Pra(g) = ‘</fg dm, x/>

defines a seminorm on L9(m). We call the topology generated by this family of
seminorms in L9 (m) the m-weak topology, and we denote it by y. Since the linear
functional f + ([ fg dm, x') satisfies

{fron)

the topology y is weaker than the weak topology of LY (m); it has been already studied
in [6, 11]. Notice that Theorem 2.2 can be written in terms of the continuity of an
operator G with respect to this topology.

We set up the topological framework for the tensor product L?(m) ® X'. For
g € L9(m), we define the seminorm p, by

n n
Z</figdm,xl{>‘ wherez:Zﬁ@xl{eLp(m)@X/.
i=1 j

i=1

, VYgelLi(m),

<N F e ligliammllx'll,

pg(2) ==

The definition is independent of the particular representation of z. Using this family of
seminorms we can provide a topology (in general not Hausdorff) on the tensor product
LP?(m) ® X'. We will denote it by t; it corresponds to the topology generated by the
family of seminorms {p, | g € L9(m)}.

Suppose that g € L9 (m) and define the associated integration map I, : LP (m) — X
by I,(f) := ffg dm for all f in L?(m). Define the functional

@e: LP(m)® X' — R
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by @g(2) := Y7 (I4(fi), x!), where z=)""_, f; ® x! is any representation of the
tensor z in L?(m) ® X’; notice again that the definition does not depend on the
particular representation of z. The following result shows that this relation provides a
procedure to identify the set of g-integrable functions with respect to m with the dual
space (LP(m) ®; X')'. Asusual, we denote by Tyqi+ the weak topology generated on
a dual space by the elements of the original space.

PROPOSITION 3.1. The map Y : (L1(m), y) — (L?(m) ®; XY, Tyea*) given by
Y (g) := @g, is an isomorphism.

PROOF. We start by proving that Y is well defined and injective. Clearly, if g €
L9(m), then

n
> U (fi). x)
i=1
for any tensor z =73 i, fi ® x/, and then ¢, belongs to (L”(m)®, X)". It is
known that if A € L9(m) and h # g, there are f € L”(m) and x’ € X’ such that
([fhdm,x")# ([ fgdm,x) (see [11, 12]), hence the identification g — ¢, given
by T is injective. Notice that Y is also linear.
To prove that the map is also surjective, consider a functional ¢ in (L” (m) ®; X')’.
Since it is continuous with respect to 7, there are functions gy, ... g, € LY(m) such
that |¢(z2)| < Y 7| pg, (2) for any tensor z € L (m) ®; X'. In particular, for a simple

tensor z = f ® x’,
</fgi dm,x’>

Now fix a p-integrable function f and define the map F;: X' — R by Fy(x') :=
¢ (f ® x'). Note that Fy is well defined; also, by (3.1),

[rnen)

for every x’ € X'; since for all i =1,...,n, [fgidm € X, it follows that Fy is
continuous with respect to the weak* topology of X’. Therefore Fy is an element
of the dual space (X', Tyeqc) that coincides with X.

Thus, we can define the operator Ty : LP(m) — X by Ty(f) := Fy. Note that Tj
is linear and (T4 (f), x") = ¢ (f @ x’) for all f in L?(m), and then

[rnin)

Therefore, the operator Ty satisfies the inequalities in (ii) of Theorem 2.2. Thus, there
is a function go in L9 (m) such that Ts(f) = fgof dm for all f in L?(m). Hence,
@oo(f @x")=([gof dm, x") =¢(f @ x') for every simple tensor in L?(m) Q@ X',

|§0g(Z)| = = Pg(Z)

. (3.1)

B@I <Y pu(f@x)=)
i=1 i=l

IFrGHl=1o(f @) <)
i=1

(Tp(H), ) =1p(f @xN <)
i=1
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which implies that ¢, = ¢, and then T is surjective. The fact that Y is a topological
isomorphism is clear because of the definitions of the topologies y and Ty.e,i*; the
action of the tensors of L”(m) ®; X’ on the functionals of its dual space is given by
evaluations of a finite set of the functionals that define the topology y . O

Although Proposition 3.1 provides a representation of the space LP(m) as the
dual of a certain topological linear space, this space is not in general Hausdorff.
The following trivial example shows this. Consider the Lebesgue measure space
(€2, =, ) and the vector measure mg : & — £2 given by mg(A) := u(A)e; for all
A € %, where e is the first element of {e; | i € N}, the canonical basis of £2. Clearly,
if we consider a simple tensor f ® e;, where f € L”(m) and i > 1, then we obtain
Ps(f ® e;) =0 for every g € L9(m). The same argument can be used for any vector
measure m to show that for every x’ € X’ that satisfies ([h dm, x’) =0 for every
h e L'(m) and f € LP(m), the equality pe(f ® x") =0 holds, and then the induced
topology cannot be Hausdorff.

The rest of the paper is devoted to improving the representation of L9 (m) as a dual
of a Hausdorff topological vector space. The first step is to construct a (Hausdorff)
quotient space preserving the duality properties with respect to L9 (m). As usual, if
g € L9(m), we define the kernel of p, as

ker p, ={z € L?(m) ® X' | pg(z) =0}.

The set () ¢ ker p,, where the intersection is taken over the set of functions g in
L4(m), is a linear subspace of the tensor product. Consider the quotient space (defined
algebraically) (L”(m) ® X)/(("), ker pg). We define in this space the topology 7
generated by the family of quotient seminorms {p, | g € L?(m)}, that are given by

$fsean

i=1

9’

pe([z]) := inf p,(v) = inf
Ps vela T Ty Feers)

where the elements of the equivalence classes [z] of z are elements of the tensor
product L?(m) ® X'. Note that pg([z]) can be computed directly by

v

forany > 7, fi ® x/ € [z], since the quotient is defined using the family of seminorms
{p¢}. The next result, together with Proposition 3.1, provides a representation of the
space L4 (m) as the dual space of a Hausdorff topological vector space.

pe(lz]) =

PROPOSITION 3.2. The map

Q0 : ((LP(m) ®; X/)/’ Tweak*) —> (((Lp(m) ® X/) / <ﬂ ker pé’)’ f) > Tweak*)
8

given by Q(¢) = (f), where qg([z]) = ¢ (2) for each tensor z in L (m) ® X', is a linear
isomorphism.
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PROOF. We give the straightforward proof for the sake of completeness. Let ¢ be
a functional in the dual space (L?(m) ®. X')’. By the continuity of ¢ with respect

to t, for every tensor z in L?(m) ® X’ there are n g-integrable functions g1, ..., g
such that
n
6@ <) pg (). (3.2)
i=1

Define the linear map ¢ from (L” (m) ® X')/( ; ker pg) into R by d(2]) :== ¢ (2),
forall z e [z] € (LP(m) ® X/)/(ﬂg ker pg). If [z1] = [z2], then pg(z1 — z2) =0 for
each g € L9(m), and so ¢(z1 —z2) =0 by (3.2). Thus ¢([z1]) = $([z2]) by the
linearity of ¢. Obviously ¢ is continuous with respect to the topology %, since
16([zD] < 37—, Pg, ([z]) for every [z] by (3.2). Therefore Q(¢) := ¢ is well defined
and injective.

To see that it is also surjective, consider a (T-continuous) functional é:
(LP(m) ® X/)/(ﬂg ker pg) > R and define the map ¢:LP(m)® X' — R by
#(2) := ¢([z]). Direct computations like those in the previous part of the proof show
that ¢ belongs to the space (L?(m) ® X', t)’; clearly Q(¢) = ¢. By the arguments
used above, the equivalence between the weak* topologies of both spaces is also
clear. O

In what follows we introduce the uniform topology associated with t in the tensor
product L?(m) ® X’ in order to find a representation of L7 (m) as the dual space of a
normed space. We denote by t, the topology generated by the seminorm

v

where z=3)"7_; f; ® x| is an element of L”(m)® X’. For a functional ¢ in
(LP(m) ® X', ), we define

9

u(z) = sup
gl g my=<1

@l :=sup [P ()],

where the supremum is computed over all tensors z € L”(m) ® X’ satisfying u(z) < 1.

Clearly ker u =) 2 ker pg, where the intersection is defined over all the integrable
functions in L9(m); as in the previous case, we will deal with the quotient space
(L?(m) ® X')/ ker u. In this case, we also define the quotient topology t; generated
by the seminorm i([z]) := u(z), for z € L?(m) ® X’. The corresponding norm on the
dual of the quotient space is given by

IBllz := (su;a 1 16([zD] Vo e (LP(m) ® X')/ker u, T7),
a([z)<

where the elements [z] belong to (LP(m) ® X')/ ker u.
We omit the proof of the next proposition, which follows along the lines of the proof
of Proposition 3.2.
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PROPOSITION 3.3. The function
Qu: (LP(m) @7, X'V, |- llu) —> (LP(m) ® X' /keru, 7z)", || - l2),

defined by Q,(¢) = ¢~), where ¢~>([z]) = ¢ (2) for each tensor z in L (m) @ X', is an
isometric isomorphism.

We give an easy example of the representation procedure developed here.

EXAMPLE 1. Let 1 <r, p <00, and s, g be the corresponding conjugate exponents,
and let ([0, 1], X, n) be the Lebesgue measure space. We define the vector measure
m: ¥ — L"(u) asm(A) := xa, forall A € ¥. Itis easy to see that L” (m) = LP" (u),
while L9(m) = L9 (1), and (L" (1))’ = L% (). Notice also that for every function &
in L'(m), fk dm =k. Take a tensor z=1y ;_, fi ® h; in LP(m) @ (L"(n)) =
LP"(n) ® L*(w). Then

u(z) =  sup
gEB(L1(m))

$fseons}

5 (o]

/g 12:1: fihi dﬂ‘.

= sup
8EB(LI" (1))

= sup
8EB(LI" ()

1 1 I\1 1 1
—4-=(1-2)-+=1-=,
pr s q)r s qr

Yoioy fihi € (LY (w)) and u(z) = 13_7_, fihill(Ler )y - Observe that

Since

keru = {z = fi®hi e LP(m) ® L*(u) : Z fihi = 0 p-almost everywhere}.
i=1 i=1

Therefore, the space ((L?(m) ® L*(w))/ keru, ) can be identified isometrically
with (L9(m)) = L*(u), where 1/gr + 1/t =1, and the formulae for u provide an
equivalent representation of the norm of L’ (u).

The following theorem is the main result of this paper. We show that the key to
obtaining a satisfactory generalization of the duality results for classical L”-spaces
(scalar measure) is a certain compactness assumption for the unit ball of L9 (m). The
theorem gives a description of a suitable normed predual of the space L”(m), and
consequently of the dual space (L?(m))’.

THEOREM 3.4. The two spaces ((LP(m) ® X')/keru, ), |- lz) and (L9(m),
Il - llLa@n)) are isometrically isomorphic if and only if the unit ball of L9(m) is
m-weakly compact.
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PROOF. We start by showing the direct implication. If L4(m) is the topological dual
of ((L?(m) ® X')/ ker u, tj) then this space defines the weak* topology on bounded
sets of L9(m). By Alaoglu’s theorem the unit ball of L9(m) is weakly* compact;
since the weak* topology coincides with the m-weak topology of L4(m) on its unit
ball, By is m-weakly compact.

To prove the converse, first notice that the function space L7 (m) can be identified
with a subspace of ((L?(m) ® X’)/ ker u, t;)’ that coincides with (L” (m) ® X', 7,,)’
by Proposition 3.3. The inclusion is given by the identification explained before
Proposition 3.1, that is, by the map

i:Li(m)— (LP(m)® X', ;)

where i (g) := ¢, for g in L9 (m) with

‘Pg(z fi ®xi’) = Z</f,-g dm, xl’>
i=1 i=1

Clearly i is well defined, and direct computations show that it is continuous. To
prove that it is an isomorphism, we take é € (LP(m) ® X')/keru, t;) and we
must prove that ¢ belongs to ((LP(m) ® X')/ker u, 7)’, which can be identified
with L7(m) by Propositions 3.1 and 3.2; our aim is to show that any functional

¢ : (L?(m) ® X')/ker u — R that is continuous with respect to t; is also continuous
with respect to the topology 7. Thus, we search for a function g¢ in L9 (m) such that

16([zD] < 1§l - Py ([2])

for every [z] € (L?(m) ® X')/ ker u. In order to find this element it is necessary to use
a separation argument; we choose one based on Ky Fan’s lemma (see [3, p. 491]). For
afixedz=7)7_, f; ® x/ in LP(m) ® X', we define the function ® : B(L(m)) - R
as follows:

®.(8) = d([z]) — llPllape(2)

=Y o(fi ®x)) — I|<5I|a(Z</fi8 dm, x£>),
i=1 i=1

where ¢ is a functional satisfying Q(¢) =¢ provided by Proposition 3.2, and
Y fi® x] is any representation of z (note that the definition of the function ®,
is independent of the particular representations of [z] and of ¢). Thus let F be the
family of functions @, for z in L”(m) ® X’'. We need to prove that F satisfies all the
hypotheses of Ky Fan’s lemma.

All the functions &, are defined on the unit ball of L7 (m), which is compact with
respect to the m-weak topology by assumption. Remark that the space L7 (m) with the
m-weak topology is a Hausdorff space.
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The family of functions F is concave; if z; and z, are in LP (m) ® X’ then for any o
in [0, 1], there is an element zg in L?(m) ® X' such that a®,, + (1 — )P, = O
take zo = az1 + (1 — a)z2.

Let us now show that for every tensor z in L”(m) ® X', the function @, is
convex. By the linearity of @ it is enough to prove that this holds for a simple tensor
z= f ®x’. Suppose that g1, g2 € Bra(m) and « € [0, 1]. Then

D (g1 + (1 —a)g2) = d(f ®x) - ||<l~5||zz</f(06g1 + (1 —)g2) dm, xl>
=ad;(g1) + (1 —a)P.(g2).

Moreover, by construction, @, is continuous with respect to the m-weak topology of
L?(m)forall zin L?(m) ® X'.

Finally, we must prove that for all z in the tensor product L”(m) ® X', there is a
function g in the unit ball of L7 (m) such that ®,(g,) < 0; this is a consequence of the
fact that @, is a continuous function defined on a compact set. Indeed,

¢ (2) := ¢([z]) < 1p([zD)| < $llz - @([z])

— 1dlz-  sup (<Zflgdmx>>

”g H L9 (m)= <1

and this supremum is attained for some g, in the unit ball of L9 (m). Then for all z in
LP(m) @ X', there exists g; in Bra(m) such that

&(g f ®x£) < ||¢3||ﬁ(§<fﬁgz dm, x£>>.

By Ky Fan’s lemma, we conclude that there is go in B(L?(m)) such that for all
z=Y" fi ®xl e LP(m)® X',

&(Z fi ®x£) < ||<Zs||g<2< / figodm, x{>>- (3.3)
i=1 i=1

Thus ¢ is continuous with respect to 7 and so ¢ € (L?(m) ® X’)/ker u, T)’; the
identification is clearly bijective, since this space is isomorphic to L9(m) by
Propositions 3.1 and 3.2. A direct computation using inequality (3.3) shows that
the function g}, := goll@|l; € L9 (m) can be identified with ¢ and clearly ||g) |l La(m) <
l@ll;. The converse inequality follows by a simple calculation: if ng6 and qbg(/) are the
functionals defined by gy and z =) i, f; ® x, € LP(m) ® X', then

1B([2D| = |g (12D = I¢g; (2)]

/
< / Fillghll o —C— dm, x;>
||go||L 9 (m)
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/
< llgollzagm) - sup
Al

E:«/ﬁhdm,#>
Laem=1lj=1

= llgollLagm) - (@) = lIgollLam) - @((zD.

This proves the isometry and completes the proof. O

Since the m-weak topology is weaker than the weak topology of the space L? (m),
the compactness property required in Theorem 3.4 is satisfied if the space L?(m) is
reflexive; some results regarding reflexivity of this space may be found in [5]. In fact,
from [6], it is known that the space L9 (m) is reflexive if and only if its unit ball is
compact for the m-weak topology.

In the following corollary, we isolate a result on the duality of the space L4 (m)
that was implicitly shown in the proof of Theorem 3.4; in particular, this theorem
gives a sufficient and necessary condition for the topological duals of the space
(L?(m) ® X')/ker u with the topologies T and t; to coincide. This assertion is the
natural ‘vector measure’ version of one of the main results of the duality theory of
Banach spaces: the dual of a Banach space with the norm topology coincides with the
dual of the space with the weak topology.

COROLLARY 3.5. The following assertions are equivalent.

(1)  The unit ball of L1(m) is compact with respect to the m-weak topology.
(i) ((LP(m)® X")/keru, T) = (LY (m) ® X')/ker u, t3)’.
(i) (LPm)@ X', 1) =ULP(m)® X', 1,).
Let us finish by illustrating our procedure with two examples. In the first, we obtain
an alternative formula to define the norm in the dual of L9 (m) of a vector measure m

over an Orlicz space. In the second, we characterize the dual of LY (my) of a measure
my induced by a kernel operator.

EXAMPLE 2. Let (€2, X, n) be a measure space, and LO(w) be the space of (classes of
u-a.e. equal) measurable functions. Take a Young’s function ® with the A,-property
(see [2] for basic definitions about Orlicz spaces). We define the vector measure
m: ¥ — LP() by m(A) = xa. Since L®(w) is order continuous, the equality
L'(m) = L®(w) holds, and then

LP(m) = {f e L) : | fI” € L' (m)}
= {f el :|fIP € L®(w)}
= {f e L) : d(fIP) e L (w)).

Notice that the function ® o 7 : Rt — R™ given by ® o () = ®(¢t”) is a Young’s
function, and that the A,-property for @ implies the As-property for ® o 7 since there
exists b such that, for all t > 0,

® o (2t) = ©QP1P) < plPIH @ PPl 1ry < plPI+l @ o (1),
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where |p| =max{n €Z|n < p}. Therefore L?(m)=L®7(u). Let W be the
conjugate Young’s function of ®. Since L®(w) is order continuous, (L®(n)) =
LY (). Take z=Y"_| fi ® h; € LP(m) ® LY (1). Then

u(z) =  sup Z<ff,~gdm,h,~>
i=1

geB(LI(m))

n
- )
gEB(L1(m)) ; o

o

n
Y fihi :
i=1

(L4 (m))

where (L9(m))’ is again an Orlicz space and || - ||(0Lq )y’ is the corresponding Orlicz
norm. Assume now that L7(m) is reflexive. Since a Banach space Z is reflexive
if and only if Z’ is reflexive (see [13, II.A.14]), it is a consequence of Theorem 3.4
that there is an isometric isomorphism between the spaces (L?(m), || - )" and
((LP(m) ® L‘I’(u))/ker u, ;). Thus we can represent the elements of a dense
subset the dual space of L7(m) as equivalence classes of elements ) ;_, f; ® h; €
LP(m) ® LY (m).

EXAMPLE 3. Fix 1 < p<oo and 1 <r < oo and let ¢ and v be their respective
conjugate exponents. Let ([0, 1], X, u) be the Lebesgue measure space and V :
L" () — L" () the kernel operator defined by

t
V(@) 2=/0 F$)K (s, 1) ds,

where K : [0, 1] x [0, 1] — R™ is a bounded integrable function. We define the vector
measure my : X — L"(u) by my (A) := V(xa). Notice that for ¢ = Z?:l ai XA;»

/¢ dmy =" aimy(A;) =V (9).
i=1

ForO0< f e L'(m), there is a sequence (¢,) € S(X) such that ¢, 1 f. By the order
continuity of L!(my), ¢, — f in L'(my), and then [¢, dmy — [ f dmy in L"(w).
There is a subsequence (P, )¢ such that 0 < ¢, 1 f and

/f dmy = lim /qsnk dmy = lim V (¢n,)

t
= lim/ On (S)K (s, 1) ds.
k- Jo

Fix t €[0,1]. Now 0 <¢;,, (s)K(s,t) 1t f(s)K(s, t), since the kernel K(s, t) is
positive in its first variable. A direct application of the monotone convergence theorem
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yields the formula
t t
/ f()K(s,t)ds = lilgn / On (S)K (s, t) ds.
0 0
Since every function f € L!(my) may be written as a difference of positive functions,

f fdmy=V(f)forall f e L'(my). From Fubini’s theorem, for any representation
of zas Y0y fi ®@ by in LP(m) @ L™ (W) = LP(my) ® L* (),

n 1
u(z) = sup Z</(; fig dmv,h,->
i=1

8€B(LI(my))

n 1 1
= sup /(/ ﬁgdm\/)hidu‘
geB(L9(my)) ; 0 0
n 1
I Z/O V<ﬁg>hidu‘
i=1

8€B(LY(my))
n 1 t
= sup Y- f (/ Fi()8®K s, r)dm))hi(r)du(r)
geB(L9(my)) i=1 0 0

noplyopl
= sup Z/O (/o ﬁ(S)g(S)K(S,t)X[o,t](S)dM(S)>hi(t)dM(t)

geEB(L4(my))l;=1

n 1 1
- wp ) /0 g(s)ﬁ(s)(/ K(s,t)hi(t)du(t)>du(S)

8EB(Li(my))l;=1 $

1 n
= sup /Og<s>2¢,~du<s)

geB(L(my)) i=1

> ¢

i=1

Li(my)

where ¢;(s) = fi(s) fsl K (s, t)h;(t) du(t). Then we obtain a representation of a
dense subset of the elements of the predual space L?(my) as equivalence classes of
functions defined by means of elements of L?(my) and L ().
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