CERTAIN BILATERAL HYPERGEOMETRIC IDENTITIES
OF CAYLEY AND ORR TYPE

NIRMALA AGARWAL

1. Recently I (1) gave some new basic hypergeometric identities of the
Cayley and Orr type with the help of a certain basic differential operator.
The present paper deals with some bilateral generalizations of those identities
together with certain new identities of the same type. In § 4 is indicated how
the generalizations of Orr’s identities given recently by Shukla (8, Theorems
I, II) may be connected with each other. Later in § 5 certain general ex-
pansions of hypergeometric functions are deduced. The following notation has
been used throughout this paper:

(@n) = (a;n) = 1 —gH(A — ¢ ... (1L —¢"™™), (g;0) =
(¢ —n) = (a; —n) = (=) ¢""Yg™ (@ %n), g <1
@)n = (=)/(1 = a)a,

ay, as, . .., ar, o (asm)(assm) ... (ar;m) X"
'\Ilr<b1, bey ..., br'x> B n;m (b1;m)(b2;m) ... (brsm)

where, for convergence, x| < 1, |bibs. .. b, < |a1@s...ax| < 1.

ay, @y, - - (al)n<a2)n .o (@)n B
7H1(b1, b2, n__m (bl)"(b2)n . (br)nx ’ |x| =1

ai, a, . _ ¥ (ar; m)(as;n) ... (a,;m) n
r(I)S(bly b, . > Z (1 n) (bl, )(b2; n) .. (bs; n) Xy lxl <1
“ x) _ P @ @

F <aly as, .
e by, by, . n=0 M. (b1> (b2)n cee (bS)n
F(al, Qs .y ) _ T(a)T(as) ... T(ay)

by, by ooy bn '/ T()T(d2) ... T(bn) ’
r (a’ b ) _ (@)n ()
" z d’ (C)m(d)m ’
Gim) = (1 =g — g™ ... (=g,

where 6§ = x d/9x, and

To(g"™) _ Ty + k)
Ty(q") Ty (h)

4, (h) =
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where T';(x) is a basic gamma function defined by Jackson (7) and

e+ h)

A0 =TT

2. Three bilateral hypergeometric identities. We now proceed to
prove the following three identities that:

(2.1) (¢;m)(d — b;m)(a + ¢ — 2m;m) Ay(c + m)

d— b+m;x> <a+c —m,b;xg_a"’“'")
Xl\h(l—l—m 2V 1+ m,c

= the same expression with ¢ and d interchanged.

22) (f=b;m)(d;m)(1 —a;m)(e — c;m) A(d + m)

. f—b+m;x> (a,b,e—c—l—m;ng_b)
X 1\I’1<1 + m s 1+m,d, e

= (d—b;m)(fym)(1 — c;m)(e — a;m) A (f + m)

d — b+m;x> (c, b,e—a—l—m;qu"’)
X“I"<1+m ¥ 1+ mef

provided @ 4+ f = ¢ + d.

(c;m)(c"sm)
a;m)(c’ — b';m)

A (c +m)A(c" + m)

a, b; xqc—a—b+m> <ar’ b’; X >

X 2‘I'2<1 tom e o\ | o, o

_(d—-a- a'sm)(L —b—=205m) (uroom
1 —=a'sm1 —bym)

b’y c—a + m;x > (C, — b’ _.|_ m,a;x gd'-l—b’—-c’—m)
Xz‘l’z(l—l—m,b—f-b'—-m 2\1/21—|—m,a—|—a'—m

(23) =

Afa + a’) Ag(b + 8

provided a +a' + b4+ 0 =c+ ¢ + 2m.

The identities (2.1, 2.2, and 2.3) are generalizations of certain earlier results
(1, 2.1, 2.2, 2.3).

Proof of 2.1. Consider the known identity (1, 2.1), namely, that

. —a—b
(2.4) A, (6)1®0(d — b x) m(f T bixg >

equals the same expression with ¢ and d interchanged.
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Comparing the coefficients of x” on both the sides we get the transformation
) . a-+cb —mn; gl—"_d>
(2.5) (¢c;m)(d — bym) 3<I>2<Cy 1 4b—d—n

a-+d,b, —n;ql_“'°>
d,1+b—c—mn :

Replacing #, a, b, ¢, and d respectively by 2m + n, ¢ — m, b — m, ¢ — m,
d — m in (2.5) we find that

26) (c;m+n)d—>b;m+n)(a+c—2m;m)

a+c—mb —m— n;ql—“—d“m)
X3\I,3<1+m,c,1—|—b—d—m——n

equals the same expression with ¢ and & interchanged.* Hence on comparing
the coefficients of x* and using the relation (2.6) we find that

= (d;n)(c — b;n) 3‘I>2<

(c;m)(d — b;m)(a + ¢ — 2m;m) Ay(c + m)

d—b+ m;x> (a, +c¢c—m, b;xg_“—b+2m>
X1W1<1+m 2P 14+ m,c

equals the same expression with ¢ and d interchanged, which proves (2.1).
Putting m = 0 (2.1) gives (2.4).

Proceeding exactly in the above manner we can prove the identities (2.2)
and (2.3). Putting m = 0in (2.2) and (2.3) we get back to the known identities
due to Agarwal (1, 2.2, and 2.3).

3. Certain new identities and their generalizations. In this section
we prove three new identities and later deduce their bilateral generalizations.
The identities are

a, b, c;x
@3.1) Al +4a —c)iFole — cix) 3F2<1+a—b,1+a-—c>
—2b,1+4+ 3a — b, —b,c;x>

a
= A(C) 1F0(1 + a — 26,9(1) 4F3<%a _ b, 1 +a _ b, ¢

and

a 3+ 1,bc;x >

3.2) A +4a—c)rFole —cix) 4F3<%a, l4+a—-b1l4a—c

a — 2b, —b, c;x)
14+a—0,e !
*The limiting case as g— 1 of (2.6) can be obtained directly by putting ¢ =m +n 4+ 1

and replacing 2 — ¢, 2 — f, b, d, and @ respectively by ¢,d,1 —b,1 —m,and 1 + ¢ — 2m
in a known result due to M. Jackson (6, p. 34).

= A(e) 1Fo(1 +a — 2¢;x) an<
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provided 1 +a — ¢ — e = 2b in (3.1) and (3.2), and

a,3a+1,b,¢c;x )

33) A(l+a —c)1Fo(e —c;x) 4F3<%a,1+a—b,1+a—c

26 1, 3a
= A(e) 1F0(1 +a - 26 x) 4F3<1 _ b 21

20

+%—b,——b—1,c;x)
+a—0b,e

provided a — ¢ — e = 2b.

Proof of (3.1). It is easy to see that for suitably restricted parameters we
have (4)

r¢+ord—c
TG+ d)

Let us replace ¢ and d respectively by 1 4+ ¢ — ¢ and ¢ and take

fx) = 1Fo(e — ¢; %) 3F2<‘ll’_1:_’2;f 14 a— C) _

Then the right-hand side becomes

1
a—c _ et+c—a—2 _ c—e a, b, C, XU >
J;u 1 —u) (1 — ux) 3F2<1 fa—b1l+4a—c du.

Expanding the ;F, series and interchanging the order of integration 3and
summation (which is easily justifiable), we have

)f(x) = J;uc_l(l — w)" Y (xu) du.

TZZO r'(l + a((—l—‘)rb()bg(rl(C_)}_r —— C)T xr ‘I; ua+T—C(1 _ u)e+c—a—2(1 _ ux)c—e du
. (@), (8),(c)x 'l+a—c+nletc—a—1)
= r'1l4+a—-08,14+a—c)," T'(e +7)
—¢l4+a—c+r;x
F<e+r )

Using Euler’s identity (Tract 1, 1.2, 2.) we get

r'l4+a—o)fle+c—a—1)
I'(e)

= (@),0), ), . (c +redc—a— l;x>
;0 r!(1+a~b)r(3)1x2Fl e+ r ’
Now, we have the transformation

F( —2b,la+1—b, aag
YN\ —b14a—b,e

S (@):(0),(c), F(c—!—re—l-c—a—lx)
7_07"(1-*—0,—1))()7 +7

(3.4) 1Fo(l 4+ a — 2¢; x)
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provided 1 4+ a — ¢ — e = 2b, which can easily be obtained by collecting the

coefficients of x* and using the known summation theorem (2, §§ 4.5, 1.2).

Hence using this transformation in (3.4) we have the required identity (3.1).
To prove (3.2) and (3.3) we proceed exactly as above with

_ . a a+1,b,c;x )
f@) = 1Fole C’x)4F3<—§-a,1+a—b,l+a——c ’

and use the transformations (2, §§ 4.5, 1.3, 1.4) giving the sum of a nearly-
poised 4Fs.
We can also obtain the basic analogue of the identity (3.3) in the form

a _}a+l ta+l b ¢ a—20—2¢
— ’ , - ’ , ;x
(8:5) gl +a — ) 120(g ) m(qga T o ey i ™ )
q,—q9,9 » q
a—2b—1 }a+}—d ta+3—d —b—1 ¢ 14+a—2¢
— ) y T ’ ’ y X
= Aq(e) 1<I>o(ql+“ 20; x) 5‘11‘4<q%az—;—-b7 _qia—%—b’ gl+a—b’ q% 7:%q >

provided ¢ — ¢ — e = 2b.
To prove (3.5) we use the basic integral

LOAATM=0 ) = J w0 = )0 (o) dlgu)

used in an earlier paper as well (1), where (1 — ¢* x)~* means the basic bino-
mial expansion

1+

(3.6)

(1=g¢H1 —¢""h

1-49
U—@U—f)x+””

1-9

x +

or 1® (a; x).
Replace ¢ and d respectively by 1 4+ a — ¢ and e in (3.6) and take

a _}a+l _ je+l b ¢, a—2b—2¢
®(x) = 1Po(g° % x) 5‘1’4<q LA qlkg_é i > .

g%a, ___g&a, gl*Ht—bY q
Proceeding as for (3.1) we obtain, on using a known summation theorem due to
Bailey (3, § 3 (3)), the required identity (3.5).
It may be noted that as a consequence of these identities we get certain
interesting relations between two terminating nearly-poised series. From (3.1),
(3.2), and (3.3) respectively we get

a,b,c, —n;
3.7) 4F3'<1—!—a~b,l—l—a—c,l—l—c—e-—n)
(4 a—2c)(e)n F(a—2b,1+%a—b,—b,c,-—n;)
T A4a—che—c)n " \da—b14a—0562—a—n
provided 1 4+ a — ¢ — e = 2b,

a, %a+1vb16y —n,; >
(3.8) 5F4<%a,1+a——b,1+a—c,l-|—c—-e—n

(A +a—2c)4(e) F<a—2b, —b,¢, —n; )
T Q4a—cae—c)nt" \1+a—05,¢2 —a—n
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provided 1 4+ a¢ — ¢ — ¢ = 2b, and

a,3a+1,b¢, —n; >
(3.9) w&%ﬁ+a—hl+a—q1+c—e—n
_ (14 a— 2c),(e), F<a——2b— l,%a+ % -5, —b—1,c, —n;>
A+a—cwe—c)n " \da—2—b1l4+a—be2—a—n
provided ¢ — ¢ — e = 2b.
The basic analogue of (3.9) may be written as (from 3.5)

a e+l _ %atl b ¢ -—n,
(310) 6@5<Z;; g__ g%’a glq+a*b, (qll—yf—aq~yc gql-;cge-n>
(q1+a—20; ) (qe; n) 6@5<qa—2b—ly g%a+%—b, _q%a+%—by q—b—1’ qc’ g—n; q>

= (g1+a~c; ’I’l) (qe—c; ’ﬂ) q%a-—%——b _q%a~7}—b’ ql+a—by qe’ g?c—a—n
provided ¢ — ¢ — e = 2b.

Next we deduce the bilateral generalizations of the identities (3.1), (3.2),
and (3.3). In the known transformation due to Shukla (8, 2.2) let us take
M =3,N=1,a, = b = 1and ¢4 = 0. This gives us a relation between three
non-terminating nearly-poised ,H, series and a terminating 4F; series viz.;

3.11) (1 —E)(1 — F)

P<1—|~E—D,1—|—F—D,D—E,D—F; >
24+a—-b—-D,24+a—-—c—D,24+c—e—D,D—a,D—bD —c¢

D+e—c—1),

’

X

(D)
H(l-}—a—D,l—l—b—D,l—l—c—D,l—D—n; >
Y\2—-D24+a—-b—D,24+a—-¢c—D,24+c—e¢—D —=n
+ idem (D; E, F)

_P<D,E,F,2—D,2—E,2—F; >

T \l4+ae—-b1+ae—c¢l4+c—el—al—01—c¢
_(_6_: C)n <a’y by c, —n, >
X, M\l f e bl da—cldc—c—n)

Transform the ,F; series on the right by (3.7) and then replace #, «, b, ¢, and
e respectively by 2m 4+ n, ¢ — 2m, b — m, ¢ — m, and ¢ — m. After some
simplification we find that (3.11) may be written as

3.12) (1 —E)(1 — F)

1+E-D,1+F—D,D—E,D— F;
n2+a—-0606—D—m2+a—c—D—m2+c—e—D,
D—a+2mD—b+mD—c+m

(D+e¢—c—1)om <D—|—e—c—1+2m;x>
) H\p 4 om X

X
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3H(H-a-—p—2m,1+1>—.D—m,1+c—1)—m;x)
\2—-D,24+a—-b—-D—-m24+a—c—D—m

+ idem (D; E, F)

- D EF2—-D,2—E?2-—F,
a l1+a—b—ml4+a—c—ml+c—el—a+2m,

1—b4+ml—c+m

XP(e,a—2b,%a+1—b,l—c,—-b+m,1+a——2c;>
"\1,3%a — b, —a,c—a,14+a—c

Ale + m)
Al4+a—c+m)

< H(a—2b+m,%a+1—b+m,—b+2m,c;x>
CN14mla—b4+ml4ta—be

X

s}

provided 1 +a — ¢ — e = 2b — 2m. (3.12) reduces to (3.1) when D = 1 and
m = 0.

jln exactly the same manner bilateral generalizations of the identities (3.2)
and (3.3) may be written in the form

3.13) 1—-—E(1-F/H1-06)

F[l+E—D,1+F—D,1+G—D,D—E,D—F,
I+« —-D-m24+a—-b—-—D—-—m24+a—c—D—-—m2+c—e— D,

D — G;
D—a+2m,D—%a—l—l—m,D—b—I—m,D—c—Fm]

(D+e—c—1)2mH<D—|—e—c—1—|—2m;x>
(D)Zm ' 1D+2m

H(1+a—D—2m,2+%a——D—m,l+b—D—m,1—|—c—D—m;x>
““\2—-D 14+ —-D—-—m2+a—-b—D—m2+a—c—D—m

+ idem (D; E, F, G)
_F(D,E,F,G,2——D,2—E,2—F,2—G; )

X

l14+a—b—ml+t+a—c—ml+tc—eita—m1l—a-+ 2m,
—3a+ml—-b+ml—c+m

XF<e,a——2b,—b+m,1—c,1+a—20> Ale + m)
"\1,b —a,c—a,1+a—c A(l4+a —c+m)

1+a—2c+m;x <a—2b+m,—b+2m,c;x>
><1H‘<1+m >3H31-|—m,1+a—b,e
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provided 1 +a — ¢ — e = 2b — 2m,

(3.14)
_T D EF G 2—-D2—E2—F2-GaG;
N l14a—-b—ml4+a—c—m1l+c—e 3a—m1—a-+ 2m,
—da+ml—>b4+ml—c+m

XF<e,1+a—2c,a—2b—1,—b—1+m,1-—c,%a—i—%—b)
"\1,b —a,c—a,14+a—c¢,3a—%—-0

Ale + m)
Al +a —c+ m)

1+a—2c+m;x
xarf1Fe )

« H(a—2b—|—m—1,za+~——b—|—m —b—1+42m,¢c >
N\l b mla—3—b4+mlta—be ¥

provided @ — ¢ — ¢ = 2b — 2m. Putting D =1 and m =0 in (3.13) and
(3.14) we get back to the identities (3.1) and (3.2).

4. Next weshow how the bilateral generalizations due to Shukla (8, Theorems

I, II) of Orr’s identities (Tract, § 10.1 (2 and 3)) may be deduced from each
other by the use of the following identity:

4.1)
’ Y a,b . a, b .
(1 - a)m(]- - b)m(l —a )m(l b )mzH2<1 +m, x>2H2<1 +om, o x)
= (¢ — a)u(c — D)u(c’ — @")u(c" — ")
c—a-+mc—b+m, <c—a-|—mc——b’+m )
2HZ’(I—I—m,c ’x>2H2 1+m,c ¥

witha+a +0+8 =c+ ¢ + 2m.

The identity (4.1) may be obtained from the known identity due to Chaundy
(4, 25).

The identities due to Shukla can also be written in the form

|+ E—D,D—E;
@2 E>F<1+20—D—2m,3/2—|—a—|—b—c—D—m,>
D—2b+2m,D——an+2m

X(c+D—a—b—l—%—}—m)gmlHl(c—l—D—-a—b-—%-{—3m;x>

1+2a—D—2m,1—|—2b—D—2m;x> . .
2H2<2—D,1+2c—D—2m + idem (D; E)
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_P[D,E,Z—D,Q—E; ]
T2 —-2mi4a+b—c—m1l—2a+2m 1 — 20+ 2m

F[%+c—w%+c—h1+a1—m1—k]
" 1,1,%+C,%+C 1_61%_6

Alc+ 14+ m)

c—a+3+mec—0b+3+m
AT+ )2H2<1+ x>H< x>

14+m,c+1

and

l+E—D,D— E;
(4.3) (I‘E)P< —D—2m3/24+a+b—c—D—m, )
14+D—2a+2m,D — 2b+ 2m

(c+D—a—b—%+m)gmlHl<c+D—a—b——+3m x)

X

2a —2m — D,2b+1 —D — 2m_ >

2Hz(z—z), % —2m — D + idem (D; E)
_I,<D,E,2—D,2—E; )
T\« —-2m—1, 4+a4+b—c—m2—2a+2m,1 — 20+ 2m

F<%+c——a,c—%—b,1—~a,1—b;> A(c + m) H(a,b x)
"\1,1,3/2 —¢c,c — %, 1 —¢ Alc— 34+ m) "\l +m,¢’
c—a+i+mtc—b—3+m )
2H2(1 +m,C Yy X /.
Now let ¢ — 1 in (2.3) and then use the identity (4.1); to transform the right-
hand side put e +a¢’ = b+ b = ¢+ 3 + m, and ¢/ = ¢ + 1. This gives us
the transformation

Ale+m+1)
Tn(eyc+ 1 3 +e=b1—a) zig, =5y
) C-a—*— +mc—b+ +m
X2H2<1+ '>2H2<1+mc+1 )
=Tp(G+ec—a,3+c3+e3— ac—b)A(Z(t-l-;:)m)
b,a + 3 > <—a+ et )
X2H2<1+mc+1’x H\1 4om, o + 3 e

Using (4.2) on the left of the above equation we find that it reduces to (4.3)
with @ + %, ¢ 4+ % for a and ¢. Thus (4.3) is connected with (4.2).

5. Certain general hypergeometric expansions. In this section we
obtain certain general expansions both for ordinary and bilateral hyper-
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geometric series with the help of transformations deduced in previous sec-
tions. Before proceeding to the actual deduction of the general expansions we

prove a lemma which is a bilateral generalization of a known transformation
due to Chaundy (4, 42).

Lemma. If

W(d,... .x)\> and \I,<(1’,... x)
1+m,c,...’q 14+m,c, ...

are two basic bilateral hypergeometric functions (of any order) and h, k, any two
suitable constants then

(5.1)
(h + m;m) (k; m) A,(h + 2m) [a ‘ x] [a . ]
b mm (m) Ak +2m) Ll 4me . Y1 hm o, 0F

_ Z“’ (B—1;n)k;20)(k — h;0)[(h +m; ) asr) ... @;r) ...
T () (R — 120 (B 4+ m20) (i) L (i) ..

7(r— r h+m+7’,a+7’,... )\>
21 _r(r—1)+ 1) .
X g ql(k—{—m—l—?r,l-{—m,c—i—r,...’xq
W(h—l—m—l—r,a’—l—r,... x)
E+m—+2r,1+mc +r ... :

Proof: 1t is easily seen that
A, (h) (a,.... ) _ <h,a,.... >
Aq(k)\ll c, Lo =¥ k, c Lo
and

imyr (—0 —m;r)A(h + m) <a,... ) 7\>
G FmF kA +m) N\l +mec ..

) (B myr)
T esr) ... (B m2r)

h4+m-+tr,a+t+vr,... . x)
\I/<k+m—|—2r,1—l—m,c—l—r,...'xq :

Using the above transformation on the right-hand side of (5.1), it becomes

0+ h 4+ mT(¢+h+m) [r,,(k + m)]Z
Ty +k+m)Ty(¢p + k& +m) LT (h + m)

% f (B =1;r)(k;2r) (B — h;r) (=0 —m;r)(— — m; 7))  (brotomimr
Gk =520 0+ k+mr) o+ k+mr)d

a,... o a,... )
Xq](l +m,c,...’xq>\Il<1+m,c',...’x>’

('—‘ZXJ)T g»‘g—r(rfl)-l—)\f

(5.2)
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where 6 = x 9/9x and ¢ = x 9/9dx operate on the first and second series
alone respectively and hence ¢®** = ¢%. Summing up the above well-poised
¢Ps series we get the required result (5.1). If we take the limit ¢ — 1 we get
the corresponding transformation for ordinary bilateral hypergeometric series,

viz.:
(h+m)pB)p A+ 2m) Ta,... ' ] [a ' ]
(53) (B 4+ m)m(h)m AR + 2m) 1+m,c,...'x H 1+m,c',...’x
— i (k - l)r(k)flr(k _ h)r((h + m)7)2<a)r s e (a’)r .. x2r
(ke — 1)o, (B + m)e,) (h),(c)r ... (€)r-..
h4+m+ra+r,... . hdm4ra +r, ... )
XH<1+m,k+m+21',c+r,...' >H<1+m,k—l—m+2r,c'+r,...’x :

Applications. Applying the transformation (5.1) to the identity (2.1) we
get

) d_b+m > <a+c—-m,b' —a—b+2m>
(54) 1\I/1<1+m X 2\1/2 1+m,c y X q

_(e=bym)(a+d—2m;m)d—m;m)
T d-b;m)a+c—2mm)(c — m;m)

i (c—=m—1;7)(c—m;2r)(c—d;r)(d;7)(c—b+m;r)(d+a—m; )
X @;7)(c—m — 1;2r)(c; 2r)(c;2r) (@ — m;7)

d+r,c—b+m+r >
14+ m,c+ 2 ¥

d+rat+d—m+rb+r, _a_mm)
Xa\Pg(l-I—m,d—l—r,c—i—Qr g :

Similarly, applying the transformation (5.1) to (2.2) and (5.3) to (4.2) and
(4.3) one can obtain three other expansions of similar type.

Next, applying the transformation (5.3) for m = 0 (4, 42) to the right-hand
side of the identities (3.1), (3.2), and (3.3) respectively, we get the following
three expansions

2 —1)+(d—a—
X (b, r)x rqr(r )+ (d—a—b+m) 1 2\I/Z<

a,b,c

(5.5) 3F“’(l’—i—’a —b1+4+a— c;x)

_ (20),(1 4+ a — 2¢),(a — 2b),(3a — b + 1),(=b),(c), o
T e —c+7),(14+a—c)(ia —b), (1+a—b),

c+r20+7r
X2F1<1+a—c+2r’x>

F(a——2b+r,2a—b+1+r —b4rc+r >
s b+r1+a—b+rl+a—c+2r
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with the condition 1 +a¢ — ¢ — e = 25,

a,a+1,b¢ >
(5.6) 4F3<2a 14+a— b, 1+a-—cx

_ ¥ (20),(1 +a — 2¢),(a — 2b),(—0b),(c),
—orle—c+7r).0+a—c)l+a—0), *

X2F1<c+r,2b—l-r _x)3F2(a—26—|—r,—b+r,c+r x)

14+a—c+ 2 l14+a—-0+r,14+a—c+ 2
with 1 +a — ¢ — e = 2b,
5.7
_ Z‘”: 2 —1),(1+a—2c),(@a—2b—1),(Ga+ 3 —b8),(=b—1), (C)r
) Ma—c+r,1+a—¢)(la—3—0).,01+a—0),
c+r1+2b+7r
X2F1<1+a—c+27 ,x)

F(a—Zb— l+rda+3—b4r—b—1ldrctr )
0\ 3—b+rl4+a—c+2r,l1+a—-0b+r ¥
provided @ — ¢ — e = 2b.
The basic analogue of (5.7) may be written as below (by using (5.1) for
= 0 in (3.5))

2a+1 2a+1 b ¢

q g ’ €l ’ q a—2b—2¢
5.8 P < la sa a—b a—c; X )
(5.8) P4 @ —g ,qH g™ q

(q2b—1; 7’) (q1+a—2c; 1,) (qa—%—l; 1’) (q%‘”-%—b; 1')
—0 (q. 1,) (qa—c—H . 1,) (qH-a—c_ 21,) (qia—i——b, r)

|
M

(=@ (@@ ) o eiera2or
X == s *
— i 0 Y

qc+r q2b+1+r
X 2@y q1+aLc+2r VX Qe—c>

a—20—1+71 at+i3—b+r la—b+r+: —b—1471 _ct+7

g y Q y "Q ) q ) q . 14+a—2¢

X 5‘I)4<g,‘;a——%—b+7 _q%a—%—b+r gl+a——b+r q1+a—c+2r y Xq
b b b

with a — ¢ — e = 2b.
Similar expansions could also be obtained from results due to Shukla (8,
vii) and Henrici (5, a ~ b, a ~ ¢).

I am grateful to Dr. R. P. Agarwal for his kind help and guidance during
the preparation of this paper.
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