
CERTAIN BILATERAL HYPERGEOMETRIC IDENTITIES 
OF CAYLEY AND ORR TYPE 

NIRMALA AGARWAL 

1. Recently I (1) gave some new basic hypergeometric identities of the 
Cayley and Orr type with the help of a certain basic differential operator. 
The present paper deals with some bilateral generalizations of those identities 
together with certain new identities of the same type. In § 4 is indicated how 
the generalizations of Orr's identities given recently by Shukla (8, Theorems 
I, I I) may be connected with each other. Later in § 5 certain general ex­
pansions of hypergeometric functions are deduced. The following notation has 
been used throughout this paper: 

(qa; n) = (a; n) = (1 - <f)(l - <f+1) . . . (1 - q^"'1), (a; o) = 1 

(q°; -n) = (a; -n) = ( - ) " ^^%"(q ^ n), \q\ < 1 

( c ) _ = ( - ) " / ( l - o ) » , 

, (du #2, • • • , ar ) _ y (fli; n) (02; ri) . . . (qr; ri) xn 

r*\b1,bi,...,br
;x)-nèl0 ( f t i ; » ) ( i 2 ; » ) . . . ( J r ; » ) ' 

where, for convergence, \x\ < 1, \bib2. . . br\ < \a\a2. . . arx\ < 1. 

TT ( ah #2 , • • • , drm j _ T ^ (fll)ra(fl2)w • • • (ffr)ro n I I _ i 

W l i u2j • • • > vr / n=—co (b1)n(b2)n • • • (br)n 

fah a2, . . .ar . \ = y* (fli; n)(a2;n) . . . (ar; n) n 

\bu b2j . . . , b8' / «To (l',ri)(bi\ri)(b2;n) . . . (ft,; ri) ' 

/ ai, a2, . . . , ar \ _ y (fli)w(fl2)w • . . (flr)w n 
rP\b1} ft2, . . . , 6.» V fci n!(&i)n(ô2)n • • • (&.)» * ' 

/oi , a2, . . • , am \ = r (g i ) r (a 2 ) . . . T(an) 
\bh ft2, . . . , * « 7 r ( 6 ! ) r ( 6 2 ) . . . r(&w) ' 

1*1 <1 

xl < 1 

n\c, d 7 (c). 

( « ; « ) = ( l - < Z l ) ( l - S , + 1 ) . . . ( l - 2 * f - 1 ) , 

where 5 = x d/dx, and 
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28 NIRMALA AGARWAL 

where T„(x) is a basic gamma function defined by Jackson (7) and 

2. Three bilateral hypergeometric identities. We now proceed to 
prove the following three identities that: 

(2.1) (c; m)(d — b\ m){a + c — 2m\ m) Aq(c + m) 

\ 1 + m / \1 + m, c / 

= the same expression with c and d interchanged. 

(2.2) ( / — b; m)(d\ m)(l — a;m)(e — c; m) Aq(d + m) 

x &({ -b + m>x) ,*,(?•£e "/ + m'xqfA 
\1 + m / \ 1 + m, a, e / 

= (d — b;m)(f;m)(l — c;m)(e — a;m) Aq(f + m) 

w T Id — b + m\ x\ - ( c, b, e — a + m; xqd~\ 
\1 + m / \ 1 + m, e,j / 

provided a + / = c + d. 

(2.3) T fo™)^™) A ( c + OT)A(c> + OT) 

(c — a; w)(c — o ;w) 

\1 + m, c / \ 1 + m, c / 

= ( 1 ~ ^ ~ a > ^ ^ r - ^ f - ^ < Z ( ° + * ' , m A5(a + a') Aq(b + b') 
(1 — a ; m)(l — b; m) 

\ 1 + m, 0 + b — m/ \ 1 + m, a + a — m / 

provided a + af + b + b' = c + cf + 2m. 
The identities (2.1, 2.2, and 2.3) are generalizations of certain earlier results 

(1, 2.1, 2.2, 2.3). 

Proof of 2.1. Consider the known identity (1, 2.1), namely, that 

(2.4) Aff(c)i$0(d - b;x) 2$i 
a + c, b; xq -a—b 

,C 

equals the same expression with c and d interchanged. 
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BILATERAL HYPERGEOMETRIC IDENTITIES 29 

Comparing the coefficients of xn on both the sides we get the transformation 

(2.5) (c;n)(d-b;n)^J^:n
d^

d) 

= {d;n){c-b;n)i*\dl + b _ c * n ) . 

Replacing n, a, b, c, and d respectively by 2m + n, a — m} b — m, c — m, 
d — mm (2.5) we find that 

(2.6) (c; m + n)(d — b',m + n)(a + c — 2m; m) 

x (a + c-m,by-m-n; <f-*-*+»*\ 
3 \ 1 +m, c,l + b — d — m — n / 

equals the same expression with c and d interchanged.* Hence on comparing 
the coefficients of xn and using the relation (2.6) we find that 

(c; m)(d — b;m)(a + c — 2m; m) Aq(c + m) 

fd- b + m;x\ _ (a + c - m,b;x q~
a-b+2m\ 

) 2Hi X 1 ^ 1 \ 1 | / Z-- * \ 1 I 

\1 + w / M + m, c 
equals the same expression with c and d interchanged, which proves (2.1). 
Putting m = 0 (2.1) gives (2.4). 

Proceeding exactly in the above manner we can prove the identities (2.2) 
and (2.3). Putting m = 0 in (2.2) and (2.3) we get back to the known identities 
due to Agarwal (1, 2.2, and 2.3). 

3. Certain new identities and their generalizations. In this section 
we prove three new identities and later deduce their bilateral generalizations. 
The identities are 

(3.1) A(l +a - c) lFo(e - c;x) . f t ^ * b < 1 + a _ ) 

= A(e) ^ . ( 1 + a - 2c; x) Ja
x ~ 2 \ \ + ** " »• ~b' c ; x) 
\%a — b, 1 + a — b, e / 

and 

(3.2) A(l + a - c) lF«e - c; x) . * ( * * + ^ 1 + a - , 

= A(e) ^«(1 + a - 2c; x) tFt(^ ~ ^ ~ * ' C; * 

*The limiting case as q—» 1 of (2.6) can be obtained directly by putting c = m + n -j- 1 
and replacing 2 — e, 2 ~ f, b, d, and a respectively by c, d, 1 — 6, 1 — w, and 1 + a — 2m 
in a known result due to M. Jackson (6, p. 34). 
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provided 1 + a — c — e = 2b in (3.1) and (3.2), and 

(3.3) A(l+a-c)1F0(e-c-,x)lFl(
a
1
,^^1,b'C''3;, ) 

\§a, 1 + a — b, 1 + a — c/ 

Kt \ 77/1 i o \ Z7 (a ~ 2b — 1» \ a + 2 — #> — h — 1, c; x \ 

= A(e) iF0(l + a - 2c; x) 4/M ± i * i . * / 
\ia — h — b, 1 + a - 6 , e / 

provided a — c — e = 2b. 

Proof of (3.1). It is easy to see that for suitably restricted parameters we 
have (4) 

r ( 'r(8 )+ (rf)"C ) / (* ) = r # C _ 1 ( 1 - « ^ ^ * » • 
Let us replace c and d respectively by 1 + a — c and e and take 

/(*) = xF„(e - c; x) , F , ( ^ C;X_byl+a_J 

Then the right-hand side becomes 

Cua-\l - u)e+c-a-\l - ux)c'e 9F2(°' *' C] *\ , , ) du. 
Jo M + a — b, 1 + a — c/ 

Expanding the 3̂ 2 series and interchanging the order of integration \ n d 
summation (which is easily justifiable), we have 

£ nTT-T^-rftrT v r fua+r-c(i - u)e+c-a-\i - ux)c~e du 
7^0 r\(l + a — b)r(l + a - c)r Jo 

y , (a)r(b)r(c)rx
r r ( l + a - c + r)T(g + c - a - 1) 

~ ho r!(l + a" - ft)r(l + a -~c) r ' " " ~ T(e + r)~~ 

iF\e + r ) 

Using Euler's identity (Tract 1, 1.2, 2.) we get 

r ( l + a - c)r(e + c - a - l ) n 

(d.4) —-r i/^o(l + a — 2c; x) 

V (a)r(b)r(c)r r F ( c + r,e + C — d ~ 1 ] x \ 

ho rl(l+a-b)r(e)T
X2Pl\e + r J' 

Now, we have the transformation 

/ a — 2b, \a + 1 — by — b, c; x\ 
\%a — b, 1 + a — b, e / 

= y ( g ) r ( f r ) r ( c ) r r p (c + r, e + C — d — l , x \ 

ho r\a+a-b)r(e)r
X2ri\e + r J 
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provided 1 + a — c — e = 2b, which can easily be obtained by collecting the 
coefficients of xn and using the known summation theorem (2, §§ 4.5, 1.2). 
Hence using this transformation in (3.4) we have the required identity (3.1). 

To prove (3.2) and (3.3) we proceed exactly as above with 

r, x 77/ N 27 (a> \a + 1, b, c;x \ 
\%a, 1 + a — b, 1 + a — c / 

and use the transformations (2, §§ 4.5, 1.3, 1.4) giving the sum of a nearly-
poised 4^3-

We can also obtain the basic analogue of the identity (3.3) in the form 

(a* oha+1 -a* a + 1 ob oc-xoa~2b~2c\ 
(3.5) Aff(l + a - c) !<ï>o(<rc; x) &Aq£ q_L ?+»->' l^U q ) 

\y » y * y » y / 
/ a-n-\ Aa+$-b „\a+\-b - 6 -1 c l+a-2c\ 

= A s ( e ) i $ o ( g + JX) B $ 4 l ^ a - i - 6 _ „ l a - * - » „!+«-& 3 J 

provided a — c — £ = 26. 
To prove (3.5) we use the basic integral 

(3.6) T'iS rt(6
T+%~ C) Hx) = l!uC~1{l ~ u ^ i ' c ~ 1 ^ x u ) d ^ 

used in an earlier paper as well (1), where (1 — qa x)~a means the basic bino­
mial expansion 

1 + ( i - g g ) x + ( 1 - g a ) ( i - p x * + 
1 + (l-q)X+ (l-q)(l-q2) X +••" 

or i<i>o (a; x). 
Replace c and d respectively by 1 + a — c and e in (3.6) and take 

(a Aa+l „ha+l b c „ a-2b-2c\ 

3>(x) = i $ 0 ( g ; * ) 5 ^ 4 l ^ a __ |a ?+a-& V ? - c i • 

Proceeding as for (3.1) we obtain, on using a known summation theorem due to 
Bailey (3, § 3 (3)), the required identity (3.5). 

It may be noted that as a consequence of these identities we get certain 
interesting relations between two terminating nearly-poised series. From (3.1), 
(3.2), and (3.3) respectively we get 

(3.7) <F\{ + ^ - h]\ + a - c,l + c - e - n) 

= (1 + a - 2c)n(e)n (a — 2b, 1 + \a — b, -b, c, -n; \ 
( 1 + a — c)n(e — c)n

 5 \\a — b, 1 + a — b, e, 2c — a — n) 
provided 1 + a — c — e = 2b, 

^ . o ; 5 r 4 \ i a , i + a - b 9 i + a - C f i + c - e - n / 

= (! + a — 2c)n(e)n (a - 2b, -b, c, -n; \ 
( 1 + a — c)n(e — c)n

 4 3 \1 + a — b, e, 2c — a — n) 
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provided 1 + a — c — e = 2by and 

(3.9) .*(?• *?jx**• j'r*; to. ) 
\ fa , 1 + a — b, 1 + a — c, 1 + c — e — nj 

= (1 + g - 2g)n(g)n F / a - 26 - 1, ia + \ - b, -b - 1, c, - w ; \ 
( 1 + a — c)n(e — c)n

 5 \ | a — \ — b, 1 + a — b, e, 2c — a — n ) 

provided a — c — e = 2b. 
The basic analogue of (3.9) may be written as (from 3.5) 

q,q> , - g 2 ,q,q,q \q ) 
\a _ \a 1+a-b 1+a-c 1+c-e-n I 

q i q i q > q > q / 

_ (g14^2c;n)toa;n) . A T 2 " , S***"*, -ff***"*, «T^1, «', <T ; ^ 
(g1+a-c; n) (ge~c; n) 6*6 V»"*"», - q ^ - \ g1+a~&, ge, a 2 ^ * / 

provided a — c — e = 2b. 
Next we deduce the bilateral generalizations of the identities (3.1), (3.2), 

and (3.3). In the known transformation due to Shukla (8, 2.2) let us take 
M = 3, N = 1, a,\ = b\ = 1 and c4 = 0. This gives us a relation between three 
non-terminating nearly-poised 4H4 series and a terminating 4F3 series viz.; 

(3.11) (1 - E ) ( l - F) 

'l + E - D, 1 + F - D, D - E, D - F; 
,D - a,D - b,D - cj T\2 + a - b - D, 2 + a - c - D, 2 + c - e - D 

(D + e - c - l ) n 
x (#)« 

/ l + û - A l + ft-Ai + c - A i - ^ - » ; "\ 
4 4 \2 -D,2 + a-b-D,2 + a-c-D,2 + c - e - D - n ) 

+ idem (£>;£, F) 
_ / l> , E,F,2 - D,2 - E,2 - F; 

\1 + a — b, 1 + a — c, 1 + c — e, 1— a, 1 — 6, 1 — c. 

(l)n
 4 3 \ 1 + a — 6, 1 + a — c, 1 -\- c — e — n 

Transform the 4^3 series on the right by (3.7) and then replace n, a, b, c, and 
e respectively by 2m + nt a — 2m, b — m, c — m, and e — m. After some 
simplification we find that (3.11) may be written as 

(3.12) ( 1 - E X 1 - F ) 

/l+ E - D,l + F - D,D - E,D - F; \ 
r[2 + a-b-D-rn, 2 + a - c - D - m , 2 + c - e - D, J 

\ D — a + 2m, Z> — & + m, D — c + ml 

{D + e- c - l)2m (D + e - c - 1 + 2m; x\ 
X ~~ (D)2m

 lHl\D + 2m JX 
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/l+a - D -2m, 1 + b - D - m, 1+ c - D - m\x\ 
3 3 \ 2 - A 2 + a - b - D - m , 2 + a - c - D - ni ) 

+ idem (£>;£, F) 

ID, E,F,2 - D,2 - E,2 - F; 

1 — b + m, 1 — c + ml 
( l + a — b — m, l + a — c — m, 1 + c — e, 1— a + 2m, 

/e , a — 26, Ja + 1 — b, 1 — c, — b + m, 1 + a — 2c;\ 
m \ l , Ja — 6, 6 — a, c — a, l + a — c / 

X 

2 

A(e + m) 
A(l + a — c + m) 

TT (a — 26 + m, ^a + 1 — b + m, — b + 2m, c; x \ 
4 \1 + m, Ja — b + m, 1 + a — 6, e / 

TJ(\+a-2c + m \ 
\1 + m / 

provided l + a — c — e = 2b — 2m. (3.12) reduces to (3.1) when D = 1 and 
m = 0. 
/ j l n exactly the same manner bilateral generalizations of the identities (3.2) 
and (3.3) may be written in the form 

(3.13) ( 1 - E ) ( 1 - F ) ( 1 - G ) 

[~1 + E - D, 1 + 
Ll + ha-D - m, 

F - D, 1 + G - D, D - E, D - F, 
2 + a-b-D-m,2 + a-c-D-m,2 + c - e - D , 

D-G; 1 
D — a + 2m, D — | o — 1 -\- m, D — b -\- m, D — c + m J 

(D + e- c - l)2m (D + e-c-l+2m;x 
X (D)2m * l \ D + 2m 

\a — D — m,\ + 6 — D — w,l + c — Z> — m;xi 
2U- — ^ — /«, 2 -f- a — i — Z> — m, 2 -\- a — c — D — m ) 

+ idem {D;E, F, G) 

_ JD, E, F, G, 2 - D, 2 - E, 2 - F, 2 - G; \ 
I 1 + o — b — m, l + a — c — m, 1 + c — e, \a — m, 1 — a + 2m, I 
\ — \a-\-m,\ — b-\-m,\ — c-\- ml 

) 
+ m) 

(l+a-D - 2m,2 + \a -
4 i i 4 \ 2 -D,l+ia-D-m,. 

(e, a — 26, — b + m, 1 — c, 1 + a — 2A A(e + m) 
X m \ l , b - a, c - a, l + a - c J A(l + a - c -

/ 1 + a — 2c + m; x \ „ f a — 26 + m, — 6 + 2m, c; x \ 
X i ^ V l + m ) ^ V l + m, 1 + a - b, e ) 
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provided 1 -\- a — c — e = 2b — 2m, 

(3.14) 

= JD, E, F, G, 2 - D, 2 - E, 2 - F, 2 - G; ^ 
I 1 + & — b — m, 1 + a — c — m, 1 + c — e, \a — m, 1 — a -\- 2m, 
\ — ^a + m,l — b + m,l — c + m/ 

(e, 1 + a — 2c, a — 2b — 1, -b - 1 + m, 1 - c, \a + | - b\ 
\1, b — a, c — a, 1 + a — c,\a — \ — b / 

A(e + m) 

/ I -1-/7 9/" 4 - Wl • Y \ 
X iffi1 

A(l + a — c + m) 

1 + a — 2c + m; 
1 + m 

i,x\ 

la — 2bJrm — \,\aJr\ — bJrm,—b—l-\- 2m, c 
4 \ 1 -\- m,\a — \ — b -\- m,\ + a — b, e ' 

provided a — c — e = 2b — 2m. Putting D = 1 and m = 0 in (3.13) and 
(3.14) we get back to the identities (3.1) and (3.2). 

4. Next we show how the bilateral generalizations due to Shukla (8, Theorems 
I, II) of Orr's identities (Tract, § 10.1 (2 and 3)) may be deduced from each 
other by the use of the following identity: 

(4.1) 

(1 - a)„(l - b)m(l - a')m(l - b')m*H\"'!l w> c:*)« f f»(f+'W i c><x) 

= (c — a)m(c — b)m(c' - a')m{c' — b')m 

TT ( c — a -\- m, c — b -\- m \ TT ( c' — a' + m, c' — b' + m \ 

with a + af + b + V = c + c' + 2m. 
The identity (4.1) may be obtained from the known identity due to Chaundy 

(4, 25). 
The identities due to Shukla can also be written in the form 

n-F^r/1+E~D'D-E; \ 
(4.2) *> ^> I 1 + 2c - D - 2m, 3/2 + a + b - c - D - m, 1 

V D - 2b + 2m, D - 2a + 2ml 

v ic + D - a - b_ + h + m)2n (c + D - a - b - \ + 3m; x\ 
X (D)2m

 lUl\D + 2m J 

„ (l + 2a - D - 2m, 1 + 2b - D - 2m; x\ , . , / n _,, 
^ V 2 _ D, i + 2c - D - 2m ) + l d e m (Z>; E) 
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= rA£ ,2 -Z> f 2 - -E ; 1 
L2c - 2m, \ + a + b - c - m, 1 - 2a + 2m, 1 - 26 + 2m J 

r Te + c - a, \ + c - b, 1 + c, 1 - a, 1 - i;~] 
l mLl, 1, h + c,h + c, 1 - c , i - c J 

A(c + 1 + m) rr(a,b \TT(C — a + i + m, c - b + % + m \ 
A te + } + m) 2 i i 2Vl + m, * ; V 2 i i 2 \ l + m, c + 1 ; XJ 

(4.3) (1 £ ) r ( 2 c - p - 2m, 3/2 + a + 6 - c - P - m, 

and 

fl+E-D,D-E\ 
a 

\ I +D -2a + 2m,D -2b + 2ml 

v (c + £> — a — 6 — | + m)2m j-fc + D — a — b— %+3m \ 
X (D)2m

 lUl\D + 2m '*J 

TJ(2a - 2m - D, 2b + 1 - D - 2m \ . . , , n ^ 
2 ^ 2 V 2 - A 2 , - 2 m - Z ) ; x J + 1 d e m ( P ; E ) 

= (D,E,2 -D,2-E; \ 
\2c - 2m - 1, \ + a + b - c - m, 2 - 2a + 2m, 1 - 2b + 2m/ 

r A + £ — a, c — £ — ô, 1 — a, 1 — ô;\ À te + m) jj(a^ \ 
m \ l , 1,3/2 - M - i l - c / A ( c - è + m ) 2 2 \1 + m , c , X / 

7 T A _ a + i + w ' + c _ 6 ~ i + m 1 
M + m, c / 

Now let g —» 1 in (2.3) and then use the identity (4.1) ; to transform the right-
hand side put a-\-a' = b + b' = c+^ + m, and c1 = c + 1. This gives us 
the transformation 

r. / i i i i T. i \ Ate + m + 1 ) 
rM(c>c + i > | + c - & , i - a ) A ( c + w + i ) 

X2H2(?'I ; x ) 2 H 2 ( ; - a + i + W ' C - Ô + i + W;x) 
\1 + m, c / \1 + m, c + 1 / 

= Tm(i + c - a, \ + ct \ + c, \ - a, c - b) ~^T^^~ 

s, TJ(b,aJr\ \ TT (c — a + % + m,c — b + m \ 

Using (4.2) on the left of the above equation we find that it reduces to (4.3) 
with a + J, c + \ for a and c. Thus (4.3) is connected with (4.2). 

5. Certain general hypergeometric expansions. In this section we 
obtain certain general expansions both for ordinary and bilateral hyper-
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geometric series with the help of transformations deduced in previous sec­
tions. Before proceeding to the actual deduction of the general expansions we 
prove a lemma which is a bilateral generalization of a known transformation 
due to*Chaundy (4, 42). 

LEMMA. / / 

*( ï + m,C , . . . :<) and *( ï + m.e\.. .'*) 
are two basic bilateral hyper geometric functions {of any order) and h, k, any two 
suitable constants then 

(5.1) 

{h + m\ m)(fe; m) Aq(h + 2m) 
(k + m; m) (Ji; m) Aq(k + 2m) Ll +m,c, . ..' xq * a,... 

.1 +m,c',. . .'• 

= £ (fe - l;r)(k;2r)(k - ft;r)[(ft + wt;r) f(a ; r) . . . (a ' ; r) . . . 
(l;r)(A;r)(ife - 1; 2r)[(fc + w; 2r)P(c; r) . . . (c7; r) . . . " 

x ^2r r(r-l)+(X+»)r ^ / A + OT + r , a + r, . . . 

\& + OT + 2r, 1 + m, c + r, ;xg 

+ m + r, 
& + m + 2r, 

Proof: It is easily seen that 

A.(*) Vc, 

c' + r, . . . \ 
, 1 +m,c' + r, ..:X) 

and 

(5+m)r (~g - w; r)Aq(h + m) / a , . . . m x \ 
1 (ô + m + k; r)Aq(k + m) \ 1 + m, c . . .' V 

(a; r) . . . (h + m; r) 
(c;r)...(k + m; 2r) 

(-x)r qhTir-1)+Xr 

^ 
h + m + r, a + r, 

r,...'XqJ-\k + m + 2r, 1 -\- m, c -\- r, 

Using the above transformation on the right-hand side of (5.1), it becomes 

, , ?s r,(fl + h + m)T,(4> + h + m) TQ(k + m) 
i0 ' T,(6 + k + m)Ta{4> + k + m) lT,(h + m)\ 

y> (k - 1; r)(k;2r)(k - h;r){-6 - m;r)(-<t> - m;r) «>+,»+2m+«r 
A ~o ( l ; r ) ( * - l;2r)(/*;r)(0 + £ + m;r)(tf> + £ + m; r ) ' Z 

\ 1 + w, c, . . . / M + m, c\ . . . / 

https://doi.org/10.4153/CJM-1960-003-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1960-003-4


BILATERAL HYPERGEOMETRIC IDENTITIES 37 

where 6 = x d/dx and 0 = x d/dx operate on the first and second series 
alone respectively and hence qd+<f> = q8. Summing up the above well-poised 
6$5 series we get the required result (5.1). If we take the limit q —» 1 we get 
the corresponding transformation for ordinary bilateral hypergeometric series, 
viz. : 

, .«x (h + m ) m ( % A (ft + 2m) J'a, . . . .S\d[a'"- . r l 
^'6) (k + m)m(h)m A(k + 2m) ^ L l + m, c, . . . ' J Ll + m, c', . . . ' *J 

= V (^ - l)r(fe)2r(fe - h)r((h + m) r)
2 (a) r . . . ( f l ' ) r . • » IT 

~ 0 f ! (* - l ) 2 r ( ( * + m)2T)\h)r{c)r . . . (*') , . . . * 

jjh + m + r,a + r, . . . V Y * + *» + r, a' + r, . . . \ 
\ 1 + w, fe + m + 2r, c + r, . . .' / \1 + m, k + m + 2r, c' + r, . . .' / ' 

Applications. Applying the transformation (5.1) to the identity (2.1) we 
get 

(5.4) , * / ? -b + m;x) , * > + C - W' *; * g — ) 
\1 + m / \1 + m, c / 

_ (.c — b;?n)(a -\- d — 2m;m)(d — m; m) 
(d — b;m)(a + c — 2m \m)(c — m\m) 

v V (£~ra—1; r)(c — m; 2r){c — d\ r)(d; r)(c — b+m\ r)(d+a — m; r) 
X ho (1 ; r) (c - m - 1 ; 2r) (c; 2r) (c; 2r) (d - m; r) 

X (i; r ) x 8 Y ( ' - 1 ) + ( t f — & + ^ , * , ( ? + TJ C l V ~ m + r;x 
\1 + m, c + 2r 

v ,T, f d + r, a + d - m + r, b + r _a-ô+2„A 
\1 + m, a + r, c + 2r * / d + m, d + r, c + 2r 

Similarly, applying the transformation (5.1) to (2.2) and (5.3) to (4.2) and 
(4.3) one can obtain three other expansions of similar type. 

Next, applying the transformation (5.3) for m = 0 (4, 42) to the right-hand 
side of the identities (3.1), (3.2), and (3.3) respectively, we get the following 
three expansions 

(5.5) 3̂ 21 ? V ° , 1 _. \x) 
\ 1 + a — 0, 1 + a — c / 
V (2>)r(l + a ~ 2c)r(a ~ 2b)r{\a - b + l)r(-b)T(c)r 2r 

f̂ o rl(a — c + r)T{\ + a — c)ir(\a — b)T(l + a — b)T 

^ „(c + r,2b + r \ 

(a-2b + r,ha-b+l+r,-b + r,c + r \ 
4 \ha -b + r,l+a-b + r,l+a-c + 2r'XJ 
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with the condition 1 + a — c — e = 2b, 

/na\ p(a,%a + l,b,c \ 
\ | a , 1 + a — b, 1 + a — c / 

= g (26)r(l + a - 2c)r(a - 2b)r(-b)r{c)T ^T 

^ o r!(a - c + r ) r ( l + a - c)2r(l + a - 6)r
 X 

/ c + r , 2 i + r \ / a - 2 6 + r, - 6 + r .c + r \ 
x *F\X + a_c + 2r,x) . % + a _ 6 + f | 1 + a _ c + 2r;*/ 

with 1 + a — c — e = 2b, 

(5.7) 

= y (26 - l ) f ( l + a - 2c)r(a - 26 - l ) f ( fc + f - ft)r(-ft - l ) r (c) , j r 
~a r\(a — c + r)T(l + a — c)ir{\a — f — ô) r(l + A — b)T 

X^\l+a-c + 2r 'XJ 

(a-2b- 1 + r , i o + J - 6 + r, -b - 1 + r, c + r \ 
4 3 \ i a - i - ft + r, 1+a- c + 2r, l + a - b + r ,X) 

provided a — c — e = 2b. 
The basic analogue of (5.7) may be written as below (by using (5.1) for 

m = 0 in (3.5)) 

/ a ha+l ha+l b e \ 

(5 .8) 5^4l k _ \a l+a-b l+a-c,Xq J 
\y i y i y » y / 

_ v (q2b~1; r)(g1+a"2c-f)(g*"2*"1: 0(g | a + l~& ; 0 
~ h (g; r ) V " C + r ; 0(3 1 + a"C ; 2 r ) ( ç ^ - & ; r) 

X ( _ g ^ - & ; r ) ( g l + - & ; f ) * 5 

X 2 $ l l l + a - ? + 2 r ^ 9 J 

/ a-2b-l+r ha+i-D+r Ja-b+r+± -b-l+r c+r \ 
N / r h f ^ ' g ' ~ ^ ' 2 >g • v < 7 1 + a - 2 c l 
X 5^41 \a-\-b+T __ \a-\-b+r 1+a-b+r l+a-c+2r > Xq I 

\ g i y » y i y ' • 

with a — c — e = 2b. 
Similar expansions could also be obtained from results due to Shukla (8, 

vii) and Henrici (5, a ~ b, a ~ c). 

I am grateful to Dr. R. P. Agarwal for his kind help and guidance during 
the preparation of this paper. 
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