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A TOPOLOGICAL CHARACTERIZATION OF GLEASON 
PARTS OF REAL FUNCTION ALGEBRAS 

BY 

S. H. K U L K A R N I A N D B. V. L I M A Y E 

ABSTRACT. It is well-known that a topological space is a 
Gleason part of some complex function algebra if and only if it is 
completely regular and cr-compact. In the present paper, a Gleason 
part of a real function algebra is characterized as a completely 
regular or-compact topological space which admits an involutoric 
homeomorphism. 

Introduction. Garnett [1] has characterized a Gleason part of a complex 
function algebra as a completely regular a -compact topological space. In [2], 
the authors have introduced real function algebras and their Gleason parts. 
The purpose of the present note is to characterize a Gleason part of a real 
function algebra as a completely regular cr-compact topological space admitting 
an involutoric homeomorphism. 

Preliminaries and notations. Let X be a compact Hausdorff space, and 
denote by C(X) the complex Banach algebra of all complex-valued continuous 
functions on X, with the supremum norm. 

Let T : X ^ X be an involutoric homeomorphism and cr: C(X) ^ C(X) be 
defined by 

O-( / ) (X )= / (T (X) ) , feC(X\ xeX . 

A real function algebra A on (X, r) is a uniformly closed real subalgebra of 
C(X) such that 

(i) <r(/) = / f o r a l l / e A , 
(ii) l e A, and 

(iii) A separates the points of X, i.e., for x 1 ^ x 2 in ^C there is feA with 
f(xx)+f(x2). 

Let A be a real function algebra on (X, T) and let $ A denote the set of all 
non-zero real-linear complex-valued homomorphisms of A. For xeX, let 
<f>x(f)=f(x), feA. Then cf>xe<ï>A, and we identify x with 4>x. For $e<ï>A, let 
T0(<M(/) = <M/)> fe^- Then it is easy to see that the natural involutoric 
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homeomorphism T0:<PA—><&A extends r:X-^X, i.e., r0(4>x) = <f>T(X) for all 
xeX. 

It is proved in [2] that for 4>, t/f e <1>A, the relation 

sup{|<M/)-iM/)ll<M/) - T 0 W ( / ) | : / e A , | | / | | < l } < 4 

is an equivalence relation on O A . The equivalence classes under this relation 
are called the Gleason parts of A. 

Let B ={f-\-ig:f, geA}. Then it is easy to see that | | /+ ig|| = ||/—ig|| for 
f, geA, and hence B is a complex function algebra on X B is called the 
complexification of A. Let <E>B denote the set of all non-zero complex-linear 
complex-valued homomorphisms of B and consider a : 3>A —» O B , defined by 

«(*)( /+ig) = <«/) + ty(g). 

Then a is a bijection and a(<£)|A
 =<t> f° r all « M ^ A -

LEMMA. Let B be any complex function algebra on X and T :X—»X an 
involutoric homeomorphism such that a(B) = B. If we let A={feB: or(f)=f}, 
then A is a real function algebra on (X, r) and B is the complexification of A. 
Moreover, if P c $ B is a Gleason part of B, then a~1(P)UT0(a~1(P)) is a 
Gleason part of A. 

Proof. Since B is a complex function algebra, it is clear that A is a uniformly 
closed real subalgebra of C(X) and that le A. To show that A separates the 
points of X, consider x1J=x2 in X Since a(B) = B, we note that cr{h)eB for 
every heB, and since 

or{h + a{h)) = h + a{h) 

a(hcr(h)) = hcr(h), 

we conclude that h + a(h), hor(h)eA. First assume that X2^T(X1). Find heB 
such that h(Xi) = h{r(x<ù) = 1 and h(x2) = 0. Then (hcrih))^) = 1 and 
(ho-(h))(x2) = 0. Next, let x2 = r(x1). Find heB such that h(x1) = i and h(x2) = 
0. Then (h + o-(h))(x1) = i and (h-\-cr(h))(x2) = -L Hence x1 and x2 are sepa
rated by A. Thus, A is a real function algebra on (X, r). Also, since for every 
heB, 

where (h + a(h))/2, (h-<j(h))/2ieA, it follows that JB is the complexification 
of A. 

Next, if <f> e <!>A and Q is the Gleason part of A containing <t>, then it is 
proved in [2], Lemma 2.1 that a(Q) is the union of the Gleason parts of B 
containing a(<t>) or a(r0(<f>)). Now, let P<^<&B be a Gleason part of B. Let 
a(4>)eP for some </>e<E>A

 a n d let P be the Gleason part of B containing 
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a(T0(<f>)). For any i//e<ï>A, | |a(</>)-a(^)||<2 ifï||a(T0(c/)))-a(T()(^))||<2. Hence 

a_ 1(P) = T0(a"1(P)). Thus, 

a - 1 ( P U P ) = a-1(P)Ua_ 1(JP) 

= a-1(P)UTo(a"1(P)) 

is a Gleason part of A. Q.E.D. 

PROPOSITION. Let V be a complex function algebra on 4>v and T' :<I>V—^V be 
an involutoric homeomorphism such that <r'(V) = V. Let P' be a Gleason part of 
V and S' a hull-kernel closed subset of O v such that r'(S') — Sf and T'(P' D S') = 
P' HSf. Then there exists a real function algebra A, a Gleason part Q of A and a 
homeomorphism F of P'HS' onto Q such that F ° T ' = T 0

O F 

Proof. Let U be the complex function algebra on the torus T2 = 
{(eie«, ei02) :0<^!, 02<2rr} generated by the functions z\z™, where n and m are 
integers with n + mV2>0. Let ip0 be the point in O^ represented by the Haar 
measure on the torus T2. Let 

J = {z = (z,, z 2 ) e T 2 : Re zu Re z 2 <0} 
and 

X = ( J x O v ) U ( 0 L r x S ' ) . 

Then X is a compact subset of O^xcïV. Let 17® V be the complex function 
algebra on $ a x $ v generated by all functions of the form (/®g)(z, if/) = 
/(z)g(i//), where / e U and g G V. Let B denote the uniform closure of {h\x- h e 
17® V} in C(X). It is shown in the course of the proof of Theorem 1 of [1] that 
B is a complex function algebra on X, O B = X and P = {i/f0}x{P'nS'} is a 
Gleason part of R 

Define r : X - ^ X as follows: 

T ( Z , I M = ( £ , T ' ( ^ ) ) , z e ^ , i/>e<EV, 

where z = (z l5 z2) for z = (z l5 z2). Then r is an involutoric homeomorphism on 
X Moreover, it feU and g e V , then for all z e O u and i/re4>v, 

o~((f® g)|x)(z, </>) - ( /®g ) | x ( r ( z , * ) ) 

= (/®g)(z,T'(«M) 

= / (z )g ( r ' ( ^ ) ) . 

Now, if we let /*(z) = /(z) , Z G ^ U , then clearly / * e 17, and if we let g*(i/0 = 
g(r'(t/>)), */>e<ï>v, then by our assumption, g*eV. Hence cr((/*®g)|x)eB. It 
follows that <r(B) = JB. 

By the previous lemma, we see that A ={feB: c r ( / )=/} is a real function 
algebra on (X, r), B is the complexification of A and Q = a"1(P)Ur0(o:"1(P)) 
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is a Gleason part of A, where T0(<^) = <̂  is the natural involutoric 
homeomorphism on <I>A. Now, since the diagram 

< ï > , • < ï > . 

commutes, and since 

T(P) = {^o}xT ,(P ,ns') 

= {^0}x(P'ns') 

= P, 

it follows that T0(a~1(P)) = a"1(P). Thus, 

Q = a"1(P) and T 0 ( Q ) = Q. 

Finally, define F :P ' D S' -* Q by F ( » = a~\(^09 i/r)) for ijjePTi Sf. Then F 
is a homeomorphism of P ' f l S ' onto Q and the diagram 

p 'n s ' - ^Q 

p'ns'—^Q 

commutes, i.e., F ° T ' = T0 °F. Q.E.D. 

REMARK. It was proved in Theorem 1.3 of [2] that if $e<ï>A for a real 
function algebra A on (X, T), then ipe<&A belongs to the Gleason part 
containing (f> iff either \\cj> -1 / / | | < 2 or ||<j> — ^ | |<2 . Thus, <f> always belongs to the 
Gleason part containing </>. Let us consider the following question: Does there 
exist a Gleason part Q of a real function algebra A and <f> e <E>A such that 
Q ={<!>, <j)} but cj>^4>? The answer is in the affirmative, as the following 
example shows: Let V be the algebra of all complex-valued continuous 
functions on the closed unit disk D in the complex plane, which are analytic on 
the open unit disk D°. Then O v = D. Let r : <Ï>V^<I>V be given by r'(z) = z, z e 
D. Then for every feV, d\f)(z) = / (T ' (Z) ) = /(f), zeD, also belongs to V, 
i.e., <r(V)=V. Thus, A ={ / e V: / ( z ) = /(z)} is a real function algebra on 
(D, T') and for any 0 in (0, 77-), {eie, e~l0} constitutes a Gleason part of A. Note 
here that \\eie — e~ie\\ = 2 for any 0e(O, TT). This raises the following question: 
Does there exist a Gleason part Q of a real function algebra A and 4> e O A 

such that Q = {<£, <£}, </> 7̂  <£ and ||c/>-<£||<2. The construction in the earlier 
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proposition can be used to answer this question affirmatively. With V, T and or' 
as described above, let P' = D° and Sf = {i/2, —ill}. Then P' is a Gleason part of 
V, S' is hull-kernel closed in O v and T\P' n S') - T ' (S ' ) - S' = P' H S'. Hence by 
the earlier proposition, there exists a real function algebra A, a Gleason part Q 
of A and a homeomorphism F of S' onto Q with F ° T ' = T 0 ° F . Let <£ = F(i/2). 
Then <£ = F(—i/2) and Q ={</>, <£}. Moreover, the proof of the earlier proposi
tion shows that P = a(Q) is a Gleason part of the complexification B of A. 
Hence ||a(</>)-a(</>)||<2, which in turn implies that ||</>-</>||<2, by Theorem 
2.2(a) of [2]. 

THEOREM. Let A be a real function algebra on (X, T) and Q <= O A a Gleason 
part of A. Then Q is a completely regular a-compact topological space and 
T0:Q-*Q. 

Conversely, let K be a completely regular, a-compact topological space and let 
T.K^K be an involutoric homeomorphism. Then there is a real function 
algebra A, a Gleason part Q c: (J>A and a homeomorphism F of K onto Q such 
that F ° T = r0 ° F. 

Proof. If Q <= $ A is a Gleason part of a real function algebra A, then Q is 
completely regular since it is a subset of the compact Hausdorff space O A . 
Now, by Theorem 1.3 of [2], 

i//eQ iff ||4>-i/f||<2 or | | ^ - i / / | |<2 . 

For natural numbers n and m, let An = {i//G<I>A: ||</> —i/f||<2—1/n} and Bm = 
{ifjeA: | |<^- i / / | |<2- l /m}. Then An and Bm are closed subsets of O A , and 
hence they are compact. Since 

Q = ( U A „ ) U ( U B A 
\ n / \ m / 

it follows that Q is a-compact. That T0 maps Q into Q is also clear. 
Conversely, let K be a completely regular o--compact topological space, and 

T.K-+K an involutoric homeomorphism. Let 

fKU{°°}, if K is compact, 

(/3K, if K is non-compact, 

where |3K denotes the Stone-Cech compactification of K. First note that r can 
be extended as an involutoric homeomorphism of K'. 

Let 1 = K'-K. (I will be a singleton set if K is compact.) For i el, let Df be 
the closed unit disk in the complex plane and YI the product of D( 's with i e I. 
Let A r be the subalgebra of CiY^ generated by the coordinate functions 
zt,iel, where z^^Pi. Then $ A | = Yz. Let 0 be the origin in Yr, that is, 
Zi(0) = 0 for all i e I, and let P0 be the Gleason part of <&A[ containing 0. Let 

V = {feC(K'x Yf):/|{x}xYf € A r for all x £ i C and /|K'X{e} is constant}. 
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Then $ v = K' x YJ « , where « identifies K'x{0} to a point. Also, P' = 
{ ( X , Z ) G $ V , Z G P 0 } is a Gleason part of V, since P' is the union of several 
copies of P0 whose centres are identified. (See [1], proof of Theorem 2.) 

Let T ' :O V -^<E> V be defined by T'(X, Z) = (T(X), z), xeK', zeYl9 where 
^ i (p) = Pi whenever zt(p) = ft. From the definition of V, it is easy to see that for 
every feV, the function /* defined by f*(x, z) = / (T(X) , z), (x, z ) e O v , also 
belongs to V. 

Now, we show that there exist a hull-kernel closed set S' in <DV such that 
T'(S ' ) = S' and r '(P' H S') - P' Pi S' and a homeomorphism G: K -» F H S' such 
that G ° T = T' ° G. Then an application of the earlier proposition would com
plete our proof. 

Case (i). Let K be compact, so that K' = K U H Since {oo} is isolated in K', 
there is a continuous function h:K'~>fi, 1] such that fi -1(l) = {oo} and 
h(r(x)) = h(x) for all JC G K. Let S' = {(x, h(x))\ xeK'} a O v . Then the function 
g(x, z) = (h (x) -z ) / (3h(x) -z ) vanishes exactly on S' and belongs to V. Hence 
S' is hull-kernel closed. Also, T ' (S ' ) = S ' and T

; ( F n S ' ) = F f l S ' since for 
( x , h ( x ) ) e P ' n S ' , we have 

r'((x, h(x)) = (r(x), hW) = (r(x), h(x)), 

which is in P' C\ S'. Let G: K - » P'H S' be defined by G(x) = (x, h(x)). Then G 
is a homeomorphism of K onto P ' fl S' and G ° T = T ' ° G , 

Case («). Let K be non-compact, so that K'= &K. Write K = U n = i ^ 
where Kn c Kn+1, r(Kn) = Kn and each Xn is compact. Then for each t G K' - K, 
there exists a continuous function h t : X ' - » Q , 1] with h t(0 = 1, h t(x)< l - 2 ~ n 

for all xeKn and ht(r(x)) = ht(x) for all xeK. Let G: (3K ->O v be defined by 
G(x) = (x, H(x)), where (H(x))t = ht(x) for each t e l Then G is a 
homeomorphism of |8K onto S' = G((3K), and G(JK) = F PI S'. Also, as in Case 
(i), it follows that r'(S') = S', r ' ( F n S ' ) = P ' n S ' and that G ° T = T ' ° G . Fi
nally, S' is hull-kernel closed in <î>v because S '= fl (gr^O): tel}, where 

g t(x,z) = (h t(x)~z t)/(3h t(x)»z t). Q.E.D. 
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