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SOME SUMMATION THEOREMS
AND TRANSFORMATIONS FOR Q-SERIES

MOURAD E. H. ISMAIL, MIZAN RAHMAN AND SERGEI K. SUSLOV

ABSTRACT. We introduce a double sum extension of avery well-poised series and
extend to this the transformations of Bailey and Sears as well as the g¢s summation
formula of F. H. Jackson and the g-Dixon sum. We also give g-integral representations
of the double sum. Generalizations of the Nassrallah-Rahman integral are also found.

1. Introduction. One of the most important formulas in the theory of basic hyper-
geometric seriesis Bailey's transformation formula ([6], (2.10.10)):

s ( a.gy/a —gyab.c.def @
*7\ va.—v/a.qa/b.ga/c.qa/d. ga/ e ga/f % bedef
_ (ga.ga/de.ga/df.ga/ef; 9
(ga/d,ga/e qa/f, qa/def; g)
ga/bc.d.ef |
><4(Z)3 (def/a. qa/b qa/cycbq
N (ga. d. e f, g?a? /bdef, g?a? / cdef. ga/bc; )
(ga/b.ga/c,qa/d.qa/e.qa/f. def /qa. ?a? /bedef; )
% 4 ga/de, ga/df, ga/ef. ¢?a? /bedef |
493 o?a?/bdef, ?a? /cdef . q?a/def *H9) -

(1.2)

The g¢7 series on the left and the two 4¢3 series on the right hand side are special cases
of the basic hypergeometric series ; ¢ defined by

12) oo ez = oAby B0
& (al,....

. &, q)n nn(n—1)/271+s—r
=N = T [(—1 2",
25 (abr . bogy AT

where
() (& = kf[l(l —ag“?),
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r
(a1, @, ....a;Qn = [[(a: Qn.
k=1

and g is acomplex parameter which is usually assumed to have moduluslessthan 1. In
this paper we shall assumethat gisreal and 0 < g < 1, athough most of our resultswill
remain valid for complex g with |q| < 1.

A basic hypergeometric series

r1¢r(@r, ... a1 b1, b;q,2)

issaid to bebalanced if gajay - - - a;+1 = biby - - - by. It iscalled very-well-poisedif r > 2
anda, = /a1, a3 = —qy/a;, b1 = /a;, b, = —/a, by = ga1/q,j = 3...., r. Note
that the g¢; series on the left hand side of (1.1) is very-well-poised while the two 4¢3
series on the right hand side are balanced. By (2.10.19) of [6] this formula can also be
rewritten as ag-integral.

The main result of this paper is the following extension of (1.1).

THEOREM 1.1.
(1.4)
i (& gv/a —aqy/a b, c.d. e f; g ( g?a® )n
=(0,v/a —/a.qa/b.qa/c.qa/d, ga/e.qa/f; q), \ bedef

" aq",g,h
X a3 ( t? . qggh?bc & q)
_ (0a.qa/de.qa/df. ga/ef; 0)
(ga/d.qga/e ga/f.qa/def;q)
ag/bc, gah/bc, d, e, f
X 504 ( qagh%c, qg/b,/qa/c; def /a» & q)
(ga. d, e f.?a?/bdef, g?a? / cdef ; )
(ga/b.ga/c.ga/d.qa/e ga/f. def /qa; o)
(gag/ bc, gah/ be, g?a?gh/ bedef ; )
(gqagh/bc. g?a?g/ bedef, g?a?h / bedef ; 0)
oy ( qaz/ole. ga/df,ga/ef. g?a’g/bedef, g?a’h/ bedef . q)
g°a?/bdef, g?a? / cdef , g?a/def . g?a®gh/bedef "

The convergence of the two 5¢4 series on the right hand side is assured by our
condition |g| < 1. When g or h equals 1 the 4¢3 series on the left hand side is 1 and
(1.4) reduces to Bailey’'s formula (1.1) in which case the left hand side converges if
|o?a? /bedef| < 1, unlessthe series terminates. If g # 42, h # g1, and |h| < |g|, then
one can show by using the terminating case of (1.1), that is, Watson'sformula (2.5.1) of
[6], that
(15 abs ( q"ag"g.h q) . (h.b/g.c/g.qah/bc A

b.c.qagh/bc ’ (b. c,gagh/bc; 0)
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asn — oo [9], so the double series on the left hand side of (1.4) converges if

|g?a?g/bedef| < 1. Hence the condition of convergence of the infinite series on the

left hand side of (1.4) is
242

bodef <1t

The special case h = 0 of (1.4) is of particular interest to us and we state it as a
separate resullt.

COROLLARY 1.2.

) (&, gqv/a —aq/a b, c.d. e f; g g?a? \n
(3.7) ngo(q. va —y/a.qa/b.ga/c.qa/d.qa/e ga/f; g (bcdef )

—n n
><3¢z(q fg'g;q,q)

_ (ga.ga/de.ga/df.ga/ef; 9
(ga/d.qa/e qa/f.qa/def;q)

gag/bc.d.ef
X403 (def/a,qa/b,qa/c’q’q

(ga. d, e f.o?a?/bdef, g?a? / cdef, gag/ bc; 0)s
+
(ga/b.ga/c.qa/d, qa/e.qa/f, def /qa, ?a?g/bedef ; ),

% 46 da/de. qa/df. ga/ef, g?a?g,/bedef |
473\ qPa?/bdef, o?a? /cdef, o?a/def )

Note that none of the two 4¢3 series on the right hand side is balanced unless g = 1.
Thisisthe formulathat is directly connected with the nonsymmetric bilinear generating
function:

& (ab; g)n

(1) KE*(xy) =2

=0 (0 gna®" t"pn(X; @ b)pn(y; cr. B).

Here we have used the vector notation
(1.9 a=(ahb), a=(xp).
Also the polynomials

—n i0 —if
(110 Pn(X; @, b) =3¢ (q ’Zi_ ’an ol q) . X=cosb,

are the Al-Salam-Chihara polynomials that arose in a characterization problem consid-
ered in [1]. Their weight function was found later in [2] and [4]. They are g-analogues
of Laguerre polynomials and are orthogonal with respect to an absolutely continuous
measure when —1 < a. b < 1. The notation used here is as in [5] and [3] but differs
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from the one in [4] in a multiplicative factor. The present notation is more convenient
for our purposes. The orthogonality relation of the Al-Salam-Chihara polynomialsis

(1.12)
™ Pm(cOSH; a, b)pn(cosb; a, b)(€??, e72%; g)., 4 = 21a2"(qf; Pn
0 (a€’. ae~1?. be?, be 1%; g), " (g ab; ) (@b; g)n

5m.n-

The Poisson kernel of a sequence of orthonormal polynomials {pn(x)} is defined by

(112) 2 PP < 1
o
so the Poisson kernel of the Al-Salam-Chihara polynomialsis a constant multiple of the
kernel K;:
> (ab;
(113 ki) = 32 22D i b)pu(y: . .

=0 (0 Q)na®

which is the symmetric case of (1.8), that is, the case o« = @, 3 = b. By (1.5) it isclear
that the infinite series on the right hand side of (1.13) convergesif |t| < 1, butin (1.8) it
convergesif |at/al < 1 which iswhat we shall assumeto hold.

Recently an explicit form of K&*(x,y) when ab = o was found independently in
[3] and [7]. Aswe shall seelater this really correspondsto setting g = 1in (1.7), so the
kernel K&*(x,y) can be expressed in terms of a very well-poised g¢7 function. A year
later Ismail and Stanton [8], in their study of linear and bilinear generating functions
of the Al-Salam-Chihara polynomials, found the following representation for K&*(x. y),
without the restriction ab = a4:

THEOREM 1.3.

(ae7'?, e, atd?, abtd? /a; q)
(@B e 27, o167 Ja ate@ 9 ja; g),

ag?, 3d?, atd®9) ja, atd@= /a

X 493 ( 0?7, ate. abte? /a -q)

(a€?, €%, ate™'?, abte™? /a; )
(B, €49, ate0=9) /@, ate”10+9) /a; 0)

ae™?, 3e71?, ate 1) /@, atd®=9) /a

X 403 ( ge 29, ate ', abte™? /a : ,q) :

(L.14) K&*(cosh,cos¢) =

Although the kernel on the left hand side of (1.14) iswell-defined for all 6, ¢ in [0, 7]
provided max(|al, |b]. |c|,|d]) < 1 and|at/al < 1, the right hand side must be further
restricted by 0 < ¢ < 7 because of theinfinite products (€2¢; g, in the denominators.

In Section 2 we shall give a proof of (1.4). In Section 3 we shall establish the
connection between (1.14) and the special case (1.7) of (1.4). In Section 4 we shall
consider the double series extension of the very-well-poised g¢7 series, that is,
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(1.15) ¢(a;b,c;d.ef;g;2) = i (a.qy/a,—0y/a,b,c.d. e f; g

70 (0.+/a, —/a.qa/b.qa/c.ga/d.qa/e ga/f; q)
—". ag",
><3¢z(q b.g g;q,q).

so that the double series on the left hand side of (1.7) is ¢(a; b, ¢; d. e, f; g; g?a?/ bedef).
We shall discussag-integral representation and some useful properties and special cases
of this function in Sections 4 and 5. In Section 6 we shall consider an extension of the
Nassrallah-Rahman integral [10]:

(20 =20 hdt pHa—if-
e [ © © ’.Ee' ’be.‘; Do g
Jo TIioy (€’ ae™"; O)oo
_ 2m(2485. 81b. b agh. a13,85a4. 213,8385; 9o
(0, a@2a3b; Q)0 T1<j<k<s5(q; oo
x gWr(a1@283b/ 0, a1z, a3, @83, b/ a4, b/ as; g, a4as),

where
1.17) max(|g) <1, j=1.....5
(1.18) @8z = b,

and we have used the simpler notation for a very-well-poised series:

(1.19) siiWs(og; oo, .., 5150, 2)
—_ +ld) ( alﬂq\/a_._\/a—l. ag, ..., As—1 q Z)
=98 Jar —/an. ooz .. Goa fas s )

When a5 = 0, b = 0, the Nassrallah-Rahman integral (1.17) reducesto the well-known
Askey-Wilson integral

2m(a1828384; 0)o
(9 oo Ta<j<k<a(@a; Doo

(1.20) /; w(cos#; a1, ap. az, a4) df =

where the Askey-Wilson weight function wis

(e2i6" e—Zif); Q)oo

121 0; 1. 2. 8. &) = T e O
( ) W(COS ap, d, az a4) Hf:l(ajeg,ajef'H;Q)oo

So Section 6 will deal with an extension of (1.16) to the functions (1.15).

2. Proof ofthemainresult. Inorderto prove(1.4) wefirst useSears' transformation
formula (111.15) of [6] to get
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2.1)

q".aq.g.h.
4¢3(b.c,qagh/bc,q,q)
_ (ga/b.ga/c;q)n (E)“
(b.c;q)n aq
g ".aq",gag/bc,gah/bc,
X4¢3( qagh/bc. ga/b.qa/c &9
__(ga/b.ga/c.hian
(b. c.gqa/h. gagh/bc; q)n
a/h,q\/a/h,—q,/a/h,b/h,c/h,qgag/bc, aq". "
><8¢7/ /h-aya/h.—ay/a/h.b/h.c/ q?jn ' q1+,9 ;0.9/9] -
\ \/a/h.—/a/h.qa/b.qa/c.bc/gh.*"/h.¢**"a/h

Therefore, the left-hand side of (1.4) can be written as

=0 (1—ag™)(d.e.f.bc/gh; o) g’a’gy"
(22) ,;, ngo (1 —a)(ga/d,ga/e ga/f.qgagh/bc; q)n (bcdef )
(1—ag®™/h)(a/h,b/h, c/h, gag/bc; G)m
(1—a/h)(g.9a/b.ga/c.bc/gh; Q)m
(& Drem(h; Dn-m (h)m
(@a/h; Dmen(d; Dn-m \ g
>, (1—ag?/h)(a/h.b/h.c/h. gag/bc; m
mo (1—a/h)(g.ga/b.qga/c.bc/gh; o)m
y (d. e.f; )m(0a; A)am (qzazh ) m
(ga/d.qga/e ga/f. qagh/bc; Q)m(ga/h; q)om \ bedef
x Wy (ag™; dg™. eq™ g™ beg™/gh. h; q. g*a’g/ bedef ) .
where we interchanged the order of summation that can be justified by the inequality

(1.6) which we shall assumeto hold. The g¢7 function above can be expressed as a sum
of two 4¢3's by virtue of (1.1) in the form

. (ag?™*, ga/de. ga/df, ga/ef ; Q)
' (a™'a/d.q™'a/e q™a/f, q"Ma/def; 0
q™ag/bc. dg" eq™ fq"
X 493 ( o™agh/ bc, g*2"a/h, a/d. o"def /a’ &
+ (ag?™?, q™ag/bc. dq™ eq™. fg™; 0o
(qF™agh/bc. @™ 1a/h. g™la/d. q™1a/e. ™ 1a/f; 0)
(q*a’gh/ bedef, g**™a? / def h; q)
(oPag/ bedef , g™ def /a; ).

% 46 ga/de, ga/df, g?a’g/bcdef, ga/ef
498 qzazgh/bcdeff,q”**zaz/deffh.qz‘ma/deff’q‘oI :
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Hencethe expressionin (2.2) becomes
2.4) (ga. ga/de. ga/df. ga/ef; g)x "
(ga/d,ga/e qa/f,qa/def; g)
(ga. gag/bc, d, e f, ?a?gh /bedef , g?a? / def h; g)
(gagh/bc. ga/d. ga/e. qa/f, ga/h. q?a?g/bcdef. def /ga; )

®2.

where
25 6= i (1—ag?™/h)(a/h,b/h,c/h,d. e.f.(iag/bc; Qm
=0 (1 —a/h)(a. ga/b. ga/c. gagh/bc. g'~™a/ def; g)m
(9?a2h/bcdef )™ gq™lag/bc, dg™. eq™ fq"
(@a/F o **° ( o™gh/bc. 612"/ h. q"def /a’ & q)

and

00 _ a2Mm . 222\ m
@O 3 T e e c e e

% 46 ga/de.aq/df.qa/ef. g’a’g/bedef
403 qzazgh/bcdeff.q"**zaz/defh,qZ—ma/deff'q'q :

Writing out the 4¢3 in (2.5) asinfinite series we get

_ 2> (1—ag?™/h)@/h.b/h.c/h; gm
@D = 2 T a/h(a ga/b. 4a/Ci G

(d. e f,dag/bc; Qs _(—qPah/b)mq(=)"

(gagh/be, def / &; Q)msj (0; A)j (G@/ h; Q)2

=iqk (d.e.f.qgag/bc; Q)

k=0 (0.9agh/bc. ga/h. def /a; q)
a/h.qy/a/h,—/a/h.b/h,c/h,g® ah ,,
<o Tt o @ )

_ gag/bc.gah/bc.d.ef |
_5¢4(qagh/bc. qa/b,qa/c. def /a4 9)

where we used [6, (11.21)] to sum the very-well-poised g¢s series. In the same manner
wefind
_ & (ga/de ga/df,qa/ef, g?a’g/ bedef; q)k
28 2= %q (9, q2a2gh/ bede, g2a/ def , g2a2 / def h; g)«
(a/h.a/a/h.—/a/hb/h.c/h g *def/a _ a’h .,
\ \/a/h.—/a/h.qa/b.qa/c.q"?a?/defh % bodef
_ (9a/h.ga/bc, g?a? /bdef . g?a? / cdef ; g)-
" (9a/b. ga/c, q2a2/defh, q2a%h /bedef ; q)
% 56 ga/de, ga/df, ga/ef, g?a’g/bedef . g?ah /bedef
>P4\ ofa?/bdef, g?a? / cdef, g?a/ def , q?a’gh / bedef 144

X 65
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Substituting (2.7) and (2.8) in (2.4) we establish (1.4) and the proof of Theorem 1.1 is
complete.

Apart from the Corollary 1.2 which is a special case of (1.4) and directly linked with
the bilinear generating function for the Al-Salam-Chihara polynomiasthereisalimiting
case of (1.4) that needsto be mentioned. This correspondsto the limit h — oo, provided
la/g| < 1. Theresultis

COROLLARY 2.1.

5 (a.av/a —gv/ab,c.d.ef;gh ( g°a’ )“
=(9.v/a.—v/a ga/b.ga/c.qa/d, qa/e. ga/f; ), \ bcdef
g "ad.g. bc
X 3¢2 ( b.c 14, a_g)
_ (0a.ga/de ga/df. ga/ef; 9w
(ga/d.qa/e ga/f.ga/def; 0)x
gag/bc.d.ef
X ad3 (qa/b. ga/c, def /a’ 9.9/9
N (ga.d.e f.qga/bc. bc/a; 0)x
(ga/b.ga/c.ga/d.qa/e.qa/f.bc/ag; 9)x
(02a? /bdef . g?a? / cdef , bedef / ga?g; 0) s
(gq?a? /bedef, bedef /ga?, def /ga; 0)s
ga/de, ga/df. ga/ef. g?a’g/bedef |
X a3 ( (a2 bdef . q?a? /cdef, ?a/def % a/g) -

ProOF. Replace hin (1.4) by g™, for a positive integer m, then let m — oo. The
result is (2.9) and the proof is complete.

(2.9)

3. Proof of Theorem 1.3. In this section we shall present a new proof of (1.14).
This proof is not simpler that one in [8], but it gives a “Poisson kernel” motivation
of our transformation (1.7) which is important for us in the present paper. The proof
of (1.14) given here depends on the g-integral representation of the Al-Salam-Chihara
polynomials[6, c = d = 0in Example 7.34]

(3.1) pn(cosh;a.b)

a2 /qe*‘”/a (auei". aue*“’; Qoo

= B(6) @b; g Jer/a (abu/q; Do (CI/LI; Q)n(U/Q)n qu.
where P 0 ha—io-
(32) B(O) = 2iasing (b€’ be™"; g)w

a(1—a) (@€, e 2% 0)
The g-integral in (3.1) isdefined by

3.3) [twdu=a-q S g (ag™.
' o

[ dgu= [Tt dau— ["1) dgu
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In (3.3) f isassumed to be such that the series on the right hand side converge. Note the
difference between (3.1) and g-integral representationin [8].

The proof of (1.14) consists of two parts. In the first part we work on the left-hand
side and reduceit to adouble sum. We then transform the double sum into the right-hand
side of (1.14). Theorem 3.1 below providesthe first step on this route.

THEOREM 3.1. Thekernel K&* has the double sum representation
(3.9 K&(cosd, cos ¢)
(ae™'?, 3€9, ate ', abte? /a, a?t? /a%; O)x
(aﬁ atd®9) /a, ate®=9) /a, ate'w 0 /a, ate”1+9) [ a; g)
S e 0t
i (9. ate™'?, o212 /a%; q)«
" ate®9) ja atdf) /a.bt/a oo
392 abte? /a, aztzqk/az 0 q .
PrOOF. From (1.13) and (3.1) we get
7 /a (aue’, aue™"’; g) o
e’/a  (abu/d; 0w

(a/u; g)n n
XLZ_% Lt pn(cos ﬂ)} dou.

Thelast series can be summed by the generating function [11], [8]
(aPt, BE?, avte™?; )os
(a8, at€?, ate™1?; 0o

ng)z( ae '? ate™? atv/ﬁ ﬁé¢)

atve ¢ ot

(3.5 K&“(cos#, cos¢)= B(9) /

(V q)n n -
(36) ;;)(q, )nt Pn(Cos¢; a. B) =

Thisresults in the following representation of the kernel

(3.7 K&“(cos#, cos¢)
(e ™. 087 Q) 2, o (0™ ot/5:
(a5 )oo kg(ﬁ : (@. ate™'; Q)
/qE’i” /a  (au€’,aue?, o?tug“t; q)os
w’/a (abu/q, atuq-1€?, atugk—le 17, )y,

= B(0)

Now we can use the limiting case of [6, (2.10.19)] in the form
b (qt/a, qt/b, ct; 0)s .a/b,gb/a, c/e, abde, abef; g),
39) /(q/ qt/b. ct;g) ot = b1 — o) /b.gb/a.c/ abef; 9
. (dt, et, ft; 0)s (ad. ae, af , bd, be, bf; ),
ae. be, abdef /c
3¢2( abde. abef/ ac/ e)’
and the representation (3.7) to obtain the right-hand side of (3.4). This completes the

proof of Theorem 3.1.
We next transform the right-hand side of (3.4) to the right-hand side of (1.14).
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PROOF OF (1.14). Changethe order of summationsin (3.4) to get
2 ok (@t€?79) Ja ate 9 Ja ot/ 8; O)
(39) kgo(ﬂel ) (q atefl(/) a2t2/a2 q)k

atd®9) /a a9 /a bt /a b
X 302 ( abté/o/& aztzqk//az / |q aq e Ig)

_ % (oY (ot /a, atd®9) /a th/a; g);
(@ abie” /a a2 /27, q),

atd@=9) /a, ate 10+ /g, at 6 ,
X 3¢2( at/e 0, o212 /éz / ﬂq’e‘“)

We now invoke [6, (111.34)] to see that the 3¢, on the right-hand side of (3.9) is the
following linear combination of 3¢,’s

(ot €€~ /a, atd e /a; q)

(o2t2q /22, G €277 )

e 17, atd®9) /a, ate”1?*9) /g

X 3¢2 (B ate™ i¢ él—]e—z / 0 Q)
(867 ot /2, ote”™) /a. atde?; )

(ate ', o?t2g /@2, qie~2%, 34 €9; 0)s

atd €0 /a, atgfe®9) /a, Bge?

<atn o g ).

and the kernel (3.4) now takes the form

(310)  K{*(cos#.cos¢)
_ (aeT'?, BE?, ate™?, abt€? /a; )
" (aB. at€=9) /o, atei0+9) /a, €29, g),
% ik (E27.bt/a; g
xS (ce™? « (7. bt/a G o
g( e abte? /a; )
e, atd=9) /a, ate71?+9) /g
X 3¢2 (6 ate™ ig C{l je 2ip / 1 0 q)
(o™, 3e71?, atd?, albte? /a; ) oo
(o, ate®*9) /@, atdo—0) /a, e-29; q),,
ei(qv—ﬁ)/a até(9+¢’)/a, bt/a_ ﬁeivﬁ; )k
(0, ate?, abte? /a, qe??; )«
tokd 9 /a. atgkd @) /a. foke?
X 302 (a g a{qke(i);f:]qﬂkezi(p/ -4 1 O QJ .

% i(_aéq‘))qu(km/z(at
k=0

Thefirst series on the right-hand side of (3.10) is
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2 (Be71?, atd®=9) /a, ate™®*9) /a; q);
= (g, ate™', qe~2; q);
bt/a.qle?”. s
_ (a€?, abte™ /a; 0)w
(a9, abte? /a; Q)
e ¢, B¢, ate” 1+ /a, atd?=9) /a
><4<z53(a pe e /3o / ;q-q)-

(3.12) 9

ge 2%, ate™¢, abte ' /a

by [6, (11.8)]. The second seriesin (3.10) is

— € /a, ate® /2, 56;q)
3.12 —ad)k +k(k+1)/2(0‘ kol ' Hj+k
(3.12) k;()( )d (0e??, at€?; 0)j+x(0; O)j
_ (t/ag
(0, abte? / a; g«
_ & (ated@=9 Ja, atd®?) /a, Be?; m
=) (0. ge”?. at€?; O
_m. bt/a i
X 2¢1 (1bté9“//a 0, O(qmell)
~ ad?, 36, atd@=" /a, otd@+e) /a.
=ats (" G e ya | 19).

Substituting from (3.11) and (3.12) in (3.10) weestablish (1.14) and the proof iscomplete.

We have already mentioned that the 4¢3’s in (1.14) become balanced when ab = o3
and the right-hand side of (1.14) can be transformed to a single function, a very well-
poised g¢7 function by the Bailey transform [6, (111.36)]. In the general case equating the
right-hand sides of (3.4) and (1.14) gives us atransformation formula (1.7) expressing a
double sum as alinear combination of two 4¢3’s. To give a motivation of this transfor-
mation as the nonsymmetric Poisson kernel for the Al-Salam-Chihara polynomials we
first need to cast the right-hand side of (3.4) in a more convenient form, a task we now
proceed to do.

Theuse of (111.36) in [6] allows usto rewrite (3.4) in the equivalent form

(313)  K{#*(cos#, cos¢)
_ (be?, e, a?te™ /a, ate ', o?t? /a2 4)w
(@B. 6@ 2, ot 2, ated@ D [ a. ate 09 /g Gy

2 gy (€077 /a. ate”") 8, ae ™', ot/ ; )
x 2 (5e) 202 /2. olte—10 5
k=0 (q.at/a.ate /aat(,rcyq)k

ate@—?) / a othke*i(ﬁﬂﬁ) / a athk / ab )
X 3¢2 ( athke—i"/a. aztzqk/az :q. be ) .
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Wethen use[6, (3.2.11)] to transform the 3¢, in (3.13), then expressthe resulting double
sumin the form

(abte™? /a, o?té? /a; q)
(be”, oBt2qZe 19/ a2; ).
2 (atd®=9) Ja ate”0*9) Ja, ae™'?, ot/ B; Q)i
K=o (@?te™? /a, a?t? /a2, athe ' /a, a?te’ / a; Q)
(BeO)*  (1— a3t2q2k+2j71efiq‘)/a2)
(q atgiq‘); q)k (l _ a3t2q2kflefi¢/a2)
y (a3t2q2k‘1e‘i4’/a2. O(thk/ab; q)J
(0. ataf/ 8; Q)
_ (abte™ /a, o?t€’ /a; q)
- (b, aStZe—iq‘w/aZ; Qoo

qj(Jfl)/Z(_abteiqb/a)j

1- o3 le i jad)

(1— o Te 9 /a?)

(oPt?qte™? /a2, atd®=9) Ja, ate™0*9) [a, ae™'?, o?t/ab; )y
(0. o?te ' /@, o?t? /a2, abte™ ¢ /a. o?te? /a; q)n

qfn. a3t2qnfle7i</>/a2, (Xt/ﬂ )
X 3d>2( ate %, o2t /ab ;0. faq/ abt] .

y i qn(n—l)/Z(_abté'q)/a)n(
n=0

Finally we use[6, (111.13)] to transform the last 3¢, and arrive at the following result.

THEOREM 3.2. Thekernel K&* of (1.8) has the alternate double sum representation

(3.14)
K&*(cosf. cos¢)
_ (B€?. o?t€? /a, a?te™ /a, ate™, abte™ /a, o?t? /a%; O)
(B, oBt2e 1o /a2, atd®*+9) /@, ate0=9) /a, ate@—) /a, ate”1+9) /a; g)
00 . (1 _ oCSthZn—le—i¢>/az)
x > (ab€? /)" —
nZ::O( /0() (1 _ a3t2q—le—l<p/a2)
y (oPt2qle ' /a2, atd®=9) /a, ate” ) /a ae™'?, o?t /ab, a?t /aZ; )y
(9. 0?te? /a, o?t? /a2, abte™ ¢ /a, o?té? /a, ate1?; q),

q " olt2qtte ¢ /a2, af /ab .
X 302 ( o?t/ab, ot/ a? &4)-

We notethat interchanging sumsin the argument leading to Theorem 3.2 can be easily
justified until we reach the last 3¢,. The justification of the last step follows from the
asymptotic formula, [9]

(3.15)

e ( " abg™x. o ) _ X'(ga/x.9c/% )
gaqc 7" (a.0c; Q)
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asn— oo, for fixedx, x # 0,ag™*, cg™!, m=0.1,.... The asymptotic formula (3.15),
which can be seen as a special case of (1.5), also shows that the right-hand side of
(3.14) convergesfor |3€?| < 1 except when one of the factors in the denominators on
the right-hand side vanishes. This provides analytic continuation for the kernel on the
left-hand side of (3.14).

We concludethis section by stating symmetry relations for the kernel (1.8).

THEOREM 3.3. The kernel K& (x, y) hasthe properties

(3.16) Kgfa(x. y) = KE¥(x, y),
(3.17) Kome/a0% ¥) = KE(x.Y).
o (ah; @)oo 2 (3/a5 )
an _ @b ) X (o Dk kpe .2
. Ly) = > ab)*K%= . L (Y, X).
419 N g s @ ) e

Herea=(a.b), b=(b,a), a = (o, 8), and B = (8, ).
PROOF. Usethe symmetry relation
(3.19) pn(X; @, b) = (a/b)"pn(x; b, &),

to get (3.16) and (3.17). Apply the g-binomial theorem to (ab; g)» / (0; O)n then rearrange
the sumsin (3.18).

4. Some properties of ¢(a;b,c,d.e.f;0;2. When g = 1 the function
o(& b, c;d, e f;g; g?a?/bedef) defined by (1.15) becomes avery well-poised g¢7.

THEOREM 4.1. A g-integral formof (1.7) is

(4.1) /b (qu/a. qu/b, cu, du; g)x .

(eu, fu, ru, ghu; ).
= b(1— q)(q, a/b.gb/a, cd/eh.cd/fh,cd/rh, be, bd; 0)s
(bcd/h, ae, af, ar. be, bf., br, bgh; 0)
x ¢(bcd/gh; c/h, d/h; be, bf. br; g; ah),

provided that cd = abefrh.

Theorem 4.1 is an extension of the g-integral representation (2.10.19) in [6].
The next theorem states two transformation formulas for our ¢ functions.

THEOREM 4.2. Thefunction ¢(a; b, ¢; d, e, f; g; g?a? / bedef ) of (4.1) obeysthe follow-
ing transformation rules:
(4.2) #(a;b,c; d, e f; g; g?a® / bedef)
_ (9a ga/de. g*a’g/bedf, g”a’g/ beef; 9)
" (9a/d. qa/e. q2a2g/bcf , q2a2g/bedef ; 0o
x ¢(qa’g/bef; gag/bf . qag/cf; d, e, gag/ be; g; ga/ deg).

https://doi.org/10.4153/CJM-1997-025-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1997-025-6

556 M. E. H. ISMAIL, M. RAHMAN AND S. K. SUSLOV

and

(4.3) #(a; b, c;d. e f; g; g?a®/bedef)
_ (ga, g?a?/bdef, g?a? / cdef . gag/ bc; 0)s
(ga/b.ga/c, g?a?/ def, q?a’g/bedef; 0)
x ¢(qa’ /def; b, c; ga/de. qa/df, ga/ef ; g; ga/ be),

which are independent if g # 1, but reduce to the transformation (111.23) of [6] when
g=1

PrROOF. Using (111.23) of [6] on the g¢7 on the right-hand side of (2.2), we have

g’a’g
bedef )
_ (ga,ga/de. g?a®g/bedf, g?a?g/beef; )
" (9a/d. qa/e. q?a2g/bedef, q2a2g/bef; 0).
(9a/d. ga/ € Q)m(q*a’g/ bef; G)om
(q?a”g/ beef, g?ag / bedf; g)m(ga; G)om

2
o1 @9. agh .a aag o ;o g2
X8W7(q bt Iper 9 9 e 99 'qde)'

(44) W (aqzm; dg™ eq™ fg™. beg™/gh. h; g.

Assuming that |ga/de| < 1, we now substitute this into (2.2), interchange the order of
summation again, convert the infinite g¢7 series back into a balanced 4¢3 series. Finally
we take the limit h — 0 and obtain (4.2). A similar line of argument also yields (4.3).
This proves the theorem.

THEOREM 4.3. We havethefollowing threetermtransformation formulafor a ¢ series

(4.5) #(a; b, c; d, e f; g; ?a® / bedef)
_ (ga. ga/de, qa/df. ga/ef; g)x
(ga/b.ga/d,qa/e ga/f;q)
" (bde/a. bdf /a. bef /a.b/a. ga/b; 9)x
(bd/a.be/a. bf /a, qa/def. bdef /a; q)
x ¢(bdef /qa; b, bedef /ga?; d, e. f; g; g/ c)
+t_) (ga.d.e.f.gqb/a. gb/c.gb/d.gb/e.gqb/f; q)
a(ga/b.ga/c.qa/d.qa/e.qa/f.bd/a be/a. bf /a; ).
(ga?/bdef , bdef /a2, gag/bc; 0)o
(qb? /a. ga/def. def /a. qg/c; 0)u
x ¢(b?/a; b, bc/a;bd/a. be/a, bf /a; g; g?a® / bedef).

PrOOF. First note that (3.3) and (1.7) imply
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(4.6) ¢(a;b.c;d.ef;g;q?a®/bedef)
_ aq— def (ga.d.e.f.qa/de ga/df. ga/ef. gag/bc; 0)x
(1 — g)adef (q.ga/b.ga/c. ga/d. ga/e qa/f. qa/def, def /ga; g)

/def (u/a,qu/def.qau/bdef,qau/cdef;q)ood U
@ (u/de,u/df,u/ef,gagu/bcdef; Q)
Let f(u) denote the integrand in the above g-integral. Use

def _ bdef /a def
(4.7) ./qa f(u)dqu—/qa f(u)dqu+/bdef/af(u)dqu

and the g-integral relationships

bdef /a
(4.8) /q (U dgu
_ (1— q)bdef(q. gb/a. gb/c. db/d. gb/e. gb/f. qa?/bdef . bdef /% q)
- a(gqb?/a,bd/a. be/a, bf /a,qa/de, qa/df, qa/ef,qg/c; 0)
x ¢(b?/a; b, bc/a; bd/a, be/a. bf /a; g; g?a® / bedef),

and

def
(49) /bdd/af (u) dqu
_ (1 —q)def(g, ga/c. def /a. bef /a. bdf /a. bde/a.b/a. qa/b; g).
N (bdef /a.d.e f.bd/a be/a. bf /a.gag/bc; 0)x
x ¢(bdef /ga; b, bedef /ga?; d. e, f; g; q/c).

to get (4.5) and the proof is complete.

When g = 1 the special case qa’ = bedef of the transformation (4.5) gives Bailey's
summation formula alathe proof of (2.11.7) in [6]. An extension of Bailey’sformulato
the case g # 1 will now be stated as our next theorem.

THEOREM 4.4. The special case qa? = bedef of (4.5) is

(4.10)
¢(a;b.c;d.e.f;g;q)
_ (ga.ga/cd, ga/ce. ga/cf.qa/de qa/df.qa/ef.b/a; 0)x
" (ga/c.qa/d,qa/e qa/f,bc/a bd/a, be/a, bf /a;q)s
x ¢(a/c;b.1;d.e.f;g;q/c)
b(ga.c.d.e.f.gb/a.gb/c.qb/d.qgb/e gb/f.q/c. gag/bc; g)
a(qa/b ga/c.qa/d.ga/e . qa/f.bc/a. bd/a, be/a, bf /a, qb?/a,qg/c, ga/bc; 0)w
x ¢(b?/a; b, bc/a; bd/a, be/a, bf /a; g; g).
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where

(4.11) ¢(a/c;b.1;d.ef;g;q/c)
F(l—g’a/o)(l—-d)(1—-e1l—-f)(1—g)
c(l 0)?(1 —ga/c)(1 — ga/bc)(1 — ga/cd)(1 — ga/ce)(1 — ga/cf)
R (qai/c.qz\/a/c.— @?\/a/c.q.db. qd. ge. of ; o) (9)”
n=0 (0. q\/a/c. —q@. o?a/c,q?a/cd, g?a/ce, g?a/cf; ) \ C

—nN n+2
<@ a0z (T8 04 %iaa).

PrROOF. Thelimiting case ¢(v; b, 1;d. e.f; g; g?v? /bdef) of the function (1.15) is

(4.12) ¢(v;b,1;d, e f;g; ?v?/bdef)

-Vl -d(l-el-f)(1l-g) (OISVZ)
(1— 9?1 —av)(1—aqv/b)(1—qv/d)(1—qv/e)(l—qv/f)\ bdef
33 (av. &*/V. —?/V. 9. gb. qd. ge. of ; On (qzvz)
=0 (@2 ay/V. —ay/V, @2V, g?v/b. g?v/d. g?v /e, g?v/f; ), \ bdef

—n n+2
X (1— g " (L — vq™Y)se, ( a9 q) :

=1+

g’.qb

Now put ga? = bedef in (4.5) and apply (4.12) with v = a/c to establish (4.10) and
(4.11) and we have completed the proof.

Whenf =g ™, m=0,1.,...,thesecondtermon theright-hand side of (4.10) vanishes
and we obtain an extension of Jackson’s summation formula for a terminating balanced
8d7, [6, (11.22)]. Thisis our next theorem.

THEOREM 4.5. The following terminating summation formula holds

(4.13)
i“: (a.gva —qya.b,c.d.e g™ q)n o
w0 (0.+/a —/a ga/b.ga/c.qa/d,qa/e d™a; )

o T2 9:q.)
_ (ga.ga/bc. ga/bd. ga/cd; Qm
" (ga/b,qa/c. ga/d. ga/bcd; Q)m
F(l-qa/gl-d(l-e(l-gmM@L—-g)
(1 —a)*(1 —ga/c)(1 — ga/bc)(1— ga/cd)(1 — ga/ce)(1 — ag™?/c)
L (/e ¢?\/a/c, —?\/a/c. . qb. qd. ge. g*~™; ), ( 9) n
=0 (g2, q\/%. —q\/%. g?a/c.o?a/cd, g?a/ce,aq™?/c; q), \C

Cne " " aq™?/c,
x(1 - (- ad” 1/c)3¢2(q q%_qé 'qg;q.q”-

1+

X
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5. Some special cases. We now consider special and limiting cases of the transfor-

mation formula (1.7). When g = 1 we have Bailey’s result (1.1). The next interesting
special caseiswhen ga = de. Theresult is Theorem 5.1.

THEOREM 5.1. The following summation theorem holds

e (a.9v/a —ava b.c.d; g ga\n q"ad".g.
61) nX::O (@, v/a —+/a qa/b,qa/c. ga/d; q), (bcd) 392 ( be % q)
_ (ga. ga/bd. qa/cd, gag,/bc; g)

~ (ga/b.0a/c. ga/d. gag/bcd; 0)s’

It follows directly from (4.3) because
o(a;b,c;d, e ;0,2 =1

if oneof d, e, f equals 1. The summation theorem (5.1) is an extension of the g-Dougall
sum which evaluates the sum of a very well-poised g¢s function [6, (11.20)]. The g-
Dougall sum correspondsto the caseg = 1.

By letting d = \/ain (5.1) we establish:

THEOREM 5.2. We have

2 (a—gv/abcaon av/ay" a"ad".g,
®2 LG —vaa/balc 2 o) 3¢2( be % q)

_ (9a.9/a/b. av/a/c. gag/bc; 6)

(av/a qa/b.ga/c. q/ag/bc; a)s |

The g-Dixon sum [6, (11.13)] correspondsto the special valueg = 1 of (5.2).
If weletd — oo in (5.1) we get

> (aava—avab,cghn (_%)nqn(nfl)/Z

5.3 —
(53) nXZ:O(q. va —y/aga/b,qa/c;g)n \ bc
><3¢>2(q bag 'g;q.q)

_ (ga. gag/bc; 0)
(ga/b,qa/c;q)x

It is of interest to note that the g-Dougall sum [6, (11.20)] follows from (5.1) when
gag = bc becausein this case the 3¢, on the left-hand side of (1.7) becomes balanced

and can be summed by [6, (11.2)].
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The special caseqa = cd of (1.7) is of interest and reads

< (agy/a—qgy/ab.ef;q ga\n
oD 2 va.—/a.qa/b.qa/e.qa/f; o (bef)

M. aq",
><3¢2(q b.g gJQ-CI)

_(qa.c/ec/f.qa/ef; 9
(c. ga/e. qa/T. c/ef; 0)-
gag/bc.e.f
X3¢2 (qef/cqa/baq*q)
,_(ga.e.f. gac/bef. qa/ef, gag/bc; 9)
(c.qa/b.qa/e.qa/f.ef /c.qag/bef; q)

c/e c/f.qag/bef .
X3¢2( qac/bef . qc/ef *49)-

When g = 1 the 3¢, on the left-hand side of (5.4) becomes 1 and the remaining series
can be summed as a very well-poised g¢5 series, [6, (11.20)]. The result is the nonter-
minating g-Saal schiitz sum [6, (2.10.11)]. For genera g the right-hand side of (5.2) can
be transformed by [6, (111.34)] and results in a transformation which we shall state as a
separate theorem.

THEOREM 5.3. We have

o (a,gy/a —ay/a. b, e f; g ga\n
(55) nzzjo(q. va —y/a.ga/b,qa/e qa/f;q) (bef)

—n n
><3¢2(q bag 'giCL,Q)

_ (ga.ga/ef;0)x s (c/g.e.,f.q @)
(qa/e.qa/f;q)oo3 2\ ga/b,c’™ bef

_ (ga.ga/be. ga/ef, gag/bf; 4)s
(ga/b.qa/e. ga/f, gag/bef; )

ec/f.g . 0a
X3¢2(C.qag/bf’q’ E) .

To go from the middle term to the last term in (5.5) we used [6, (111.9)]. Whenc = e
we can sum the right-hand side of (3.6) by the g-Gauss summation formula[6, (11.8)].
This gives an alternate proof of (5.1).

Another interesting limiting case of (1.7) isthe casef — oo. Replacef by fq~™ and
let m— oo. Theresultis
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ioz _(a' q\/a _q\/a b.c.d.e Q)n n(n—1)/2 (_ q2a2 )n
~0(0,v/a —/a,ga/b.qa/c, ga/d, qa/e; Q) bede

" aq",
><3¢>z(q o g:q-q)

_ (9a.ga/de; 0)
(ga/d.ga/e g)x

gag/bc,d.e,  ga

X 3¢2 ( qa/bH qa/c 'q' de)
(ga. d. e gag/bc. o?a/de; )
(q.9a/b.ga/c,ga/d.ga/e; q)
: (fa ™ a)
. (def & Q)

We have used the g-binomial theorem to eval uate the second term on the right-hand side
of (1.7). On the other hand

(qum; q)oo — (f ; q)oo (q/f ; c4)m (%) m
(defg™/a;0)  (def /ga; 0) (0Pa/def; o) \de/
hence (g™ o)
: 9 Qoo _ ;
nLLr‘rO\O CEICT 0. if|ga/del < 1.
Thus we proved:

THEOREM 5.4. If |ga/de| < 1then

e 5@ 0v/a. —gy/a.b.c.d. g q) n(n—1)/2 (_ qa )”
=0(0.v/a —/a.qa/b.qa/c.qa/d, ga/e; q), bcde

—n n
><3<Z52(q ’t‘)‘j"g’g;q.q)

_ (ga.9a/de;0)x
(da/d. ga/ € 0o

gag/bc.d.e, ga
% 3¢2( ga/b.qa/c’ ¢ de) '

The above theorem is a double series extension of [6, (3.2.11)], which is already an
extension of atransformation connectingasF; at x = 1 and agFs at x = —1. Observethat
the 3¢, on the right-hand side of (5.6) is ageneral 3¢, unlike the type Il 3¢, appearing
in[6, (3.2.11)]. Therefore Theorem 5.6 provides an analytic continuation of the general
3> function to a function meromorphic in the complex plane. In fact we have

(5.7)
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a.b.c de ) _ (dez/ab, dez/ac; 0)o
( % abc ) ~ (dez/a. dez/abc; q)o,
 (dez/qa./qdez/a. —/odez/a. ez/a. dz/a. b. c; ), n(n—l)/2(_d_e)n
w0 (0. /dez/qga. —/dez/qa. d. e. dez/ab. dez/ac; q), bc

q " dezq"!/a z,
X3¢2( eZ/a,dZ/a 44 -

302

Thelimiting case ¢ — oo of (5.7) isworth recording. It is
a.b, _de ) _ (dez/ab;q)
59 22( 519 57 = Geyma
L (dez/qa. \/qdez/a —/qdez/a. ez/a. dz/a.b;d)n <d_e)n
w0 (0.\/dez/ga —/dez/qa. d. e, dez/ab; q)y b

q".dezqg"t/a z.
X3¢2( ez/a.dz/a %9

Another interesting special case of (5.7) isthe case
d=ga/b. e=ga/c. z=bcx/q.
In this case the well-poised 3¢, on the left-hand side of (5.7) can be transformed by [6,
(111.35)], originally dueto Gasper and Rahman. This gives
a.b.c _ (gax/b, gax/c; 0)~

(59 502 (qa/ b.ga/c’* be ) " (gax. gax/bc; g)x
y i Lax q\/__ , —0y/ax, b, ¢, bx, cx; g)n (1) /2( q a2)

w0 (0. v/ax. —y/ax. gax/b, gax/c. ga/b. ga/c; o) b2c?

,axq", bex
X3¢2(q b)((:]CX /qiq q)

ax; 0)oo a,—/a,,/qa.—,/qa, qa/bc
R QTS LY
. (a-qa/bc, gax/b. gax/c; )

(ga/b,ga/c, gax/bc. 1/X; 0)

X5¢4(X\/€L —Xy/a, x,/0a, —x,/ga, qax/bc q )

gax/b. gax/c, gx. ax?

For completeness we mention the terminating version of (1.7) as a separate theorem.
THEOREM 5.5. We have the following extension of Watson's transfor mation formula

(5.10) i (ag9va —agvab.c.d.e.g™ (q2+ma2)n
. (0. /a. —/a.ga/b.qa/c.qa/d.ga/e. aq™; ), \ bcde

N a
><3¢2(q bg & qq)

_ (9a ga/de; q)m gag/bc,d,e. g™
" (ga/d.qa/e; q)m4¢3( q-"de/a.ga/b.ga/c’ q)
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ProoOF. Letf =g ™in(1.7) and simplify the result.

6. Integral representations. Our next aim is a generalization of Nassrallah and
Rahman’s extension (1.16) of the Askey-Wilson integral.

It is straightforward to use the Askey-Wilson integral (1.20) and obtain the following
integral representation

u de’. de . f,u. .
(6.2) /O 403 ( g. h.gfc2u/gh’ a. q) w(cos#; a, b, c,d)dd

2r(abcd; 9)oo
(g, ab, ac, ad, bc, bd, cd; ).,

X 5 f,u,ad,bd,cd
574 g.h,qfdzu/gh,abcd'q'q

We similarly write acompanion identity wherethe vector (d. f, u, g, h) istransformed to
the vector (ga/g. af /g, qu/g. o2/ g, gh/ g). We then transform the combination

2r(abed; 0)
(g, ab, ac, ad. bc, bd, cd; ).,
« 5 ( f,uad,bd,cd |
5%4 g.h. gfd?u/gh. abcd” ¢ q)
. (@/g.f.u.dh/g o?d*fu/g?h; o)
(9/9.h.qf /g.qu/g. qfd?u/gh; g
" 2m(qabed/ g; Q)
(9. @b, ac. gqad/g. bc. gbd/g. qcd / g; 0)
X sda ( of /9.qu/g.dbd/g.qed/g.qad/g. q) ~
9°/g.dh/g.gabed /g, o°d*fu/g*h

and substitute for the 4¢3's from (6.1) and its companion formula. Theresult is

(6.2)

(a/g.ad?/g; 9
(qu/g.qd?u/g; 0)x
X /0 8W7(E, f—. qﬁ. u.de’, de ,qq§>
(qdu€? /g, qdue™? / g; 0
(qde’ /g. qde "/ g; 0)

(6.3)

x w(cosd; a, b, c, d) de.

Thisleads to our next result.

THEOREM 6.1. We have

(6.4) /0 "sWy(dg/q; h.r,g/f.dé’. de ;. of /hr)

(9€’.9e"; 0)s

(e te g

x w(cosd; a, b, c, d)
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B 2m(abed. dg. g/d; Q)
" (9.ab, ac, ad, bc, bd, cd, df , f /d; ).,
ad, bd, cd. g/f.dg/hr
X 504 (abcd. qd/f.dg/h.dg/r’ %4
. 2n(abef, dg, g/f; 0)w
(9. ab. ac. af, be, bf, cf . df. d /; g)x
(fg/h.fg/r.dg/hr; g
(dg/h.dg/r.fg/hr; g)s
af.bf.cf.g/d,gf /hr
X5¢4(abcf.qf/d.gf/h,gf/r’q'q :
Now we can use the Nassrallah-Rahman integral to replace the g¢7 in (6.4) by its
integral representation (1.16). Thisreducestheleft-hand side of (6.4) to adoubleintegral
and we have proved the following theorem.

THEOREM 6.2. We have

(6.5)

(0;9)%, /w /w (dré?.dre ', fre? fre . gre’. gre?; g),
(2n)2 Jo Jo (rd@*9), rgl—9) rd@—f), re-it+9), dd?, de 1?; g)o
" (eziqa’ e—2i¢>; q)oo
(fdo,fe 19, ge?, ge ¢, he?, he?; g)o
y (€. e72%; )., d9 do
(a€?, ae 1%, be?, be 1%, cd?, ce 1?; )
B (abchr, dr /h, fhr2, ghrZ; )«
" (r2. ab, ac. bc, fh, gh, ahr. bhr, chr; g),,
% 56 r2, ahr, bhr, chr. fghr/d
P4 (th/d, ghr2, fhr2, abchr ' & q)
(abed. dfr, dgr. fghr /d; o)
(ab, ac. ad, bc. bd, cd, fg. fh, gh, hr /d; g)x
X 56 ad.bd.cd.fg.dr/h
P4 (abcd, qd/hr. dfr. dgr’ % q) '

We next reformulate (6.5) in such away that the right-hand side is a double series.

THEOREM 6.3. A double seriesformof (6.5) is

(6.6)

(0; 9%, /w /w (dre?, dre7. fre’, fre ' gré?. gre’; ),
(2n)?2 Jo Jo (ré@+e) rgt—9), rdlo—h), re-i+¢) de?, de i?; g).

y (eZi(,")q e72ig/>; q)oo

(fdo,fe 1o, ge?, ge ¢, he?, he ?; g).,
" (€. e2,q),, d do

(a€?, ae %, be?, be 1%, cd?, ce 1?; )

_ (abcd, dfr, dgr; 0)eo

" (ab. ac. ad. bc, bd. cd. fg, fh, gh; g)-
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(fghr /d. abdhr. acdhr, bedhr; ).
(ahr, bhr, chr, abcd?hr; q),
L (@bca?hr /g, \/abed?hrg, —y/abed?hrg; g)n
w0 (q,/abcd?hr /g, —/abcd?hr /g q)n
y (ad. bd, cd. dhr. abcdh/g; g)n (Q)ﬂ
(bedhr, acdhr, abdhr, abed. dgr; g), \ d
—nN 2 n—1
X 43 (q }?Pr(fc(jjr?rr,qabc;jfh?; /o & q) '

Two special cases of Theorem 6.3 are worth noting. First the casedr = h of (6.6) is

6.7) (@ D% rr (fre’.fre. gre’. gre™; 6)s
' (2n)2 Jo Jo (rd@*o), rgl—9) 1@, re-it+9), dd?, de 1?; g)o
y (eZiq"). e—2iq‘); q)oo
(feo, femiv, ge?, ge'; 0)oo
(€. e72%: g),, d9 do
X (a€?. ae"i?. be? be1?, ce?, ce i?; ),
_ (abcd. fgr?; 0)s
(ab, ac, ad. bc. bd, fg. r2; g)oo

Thesecond casedr = gis

@ [ (fre?, fre, dr2e?, dr2e; ).,
(68) /0 /O (ré(0+¢)

(2m)? ,1d0=9) rg0=0), re=i+9) de?, de%; q)
y (€79, %% Q)
(fee.fei?, he?, he 1?; Q)
y (€??, 729 q)., dh d¢
(a€?, ae?, be?, be1?, cd?, ce i?; g)o
_ (abed, d?r?, fhr?; g)o
" (ab. ac, ad, bc. bd. cd, fh; g).
« (abdhr, acdhr, bedhr; g)oo
(ahr, bhr, chr. dhr, abcd?hr; g).,
x gWy(abed?hr /g; ad, bd, cd., dhr, abch/r; g, r?)
_ (adr?, bdr?, cdr?,fhr2; )
" (ab, ac, ad, bc. bd, cd. fh; g).,
y (abchr, abcd; g)oo
(ahr, bhr, chr, abcdr?, r2; )
x gWy(abedr? / g; ab, ac, be, dr /h, r?; g, dhr).

In the limit r — 1~ formulas (6.7) and (6.8) reduce to the Askey-Wilson integral
(1.20).
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Denote the left-hand side of (1.4) by

o IR 5
(6.9) cb(a, b.c;d.efig.ha o — de).

(cf. (1.15)). Following the outlines of the proof of Theorem 6.1 we obtain the following

result.

THEOREM 6.4. We have

(6.10) /O”qn(dg/q; h.r;/f.de’. de’; A, ;. of /hr)
(g€, ge™"; 9o
(fef.fe ', q)
2r(abed, dg. g/d; 0)
(9. ab, ac. ad, bc. bd, cd. df. f /d; )
ad,bd, cd, g/f,dg\ /hr,dgu /hr
X 605 ( abed. qd /f.%/g /h.gdg//r,dggﬂ @ q)
N 2m(abcf. dg. g/f; )
(g.ab, ac. af , be, bf, cf. df. d /f; g)x
(fg/h.fg/r.dg\/hr.dgu/hr,fghu/hr; Q)
(dg/h.dg/r.fgA/hr.fgu/hr, dghu/hr; Q)

af, bf.cf.g/d,fgA/hr.fgu/hr
X6¢5(abcf.qf/d,fg/h.fg/r.fg)\u/hr’q'q :

x W(cosb; a, b, c, d) deo

Equation (6.4) isthe special case A = 1 or i = 1 of (6.10).
By combining (6.6) and (6.10) we establish our next theorem.

THEOREM 6.5. We have

)3, oo (cseV cse ' dré?, dre'?; q)s
R R e
(fre?. fre . gre?, gre ; g)oo
X (e _rg0—0_rgo—0, re 10+ q)
(@ e A
" (@87, ae 17, gev_ G e’ e’ )y
" (€. 672 Q)
(fe?.fe"v,ge?, ge~', he?. he %, g)
(€, e2%; ) df dop dp
(ce?, ce?,de?. de i?; g),
B (aBds, cds?, dfr. dgr. fghr /d; )
"~ (@B, a0, B, cd. fg, Th, gh, hr /d, ads, 3ds, vds, &; Q)
ads, 3ds, vds, cd, fg,dr /h
X 605 ( aﬁﬁjg cdsz, qd/hr.%fr, égr 9 q)
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(apyhrs, chrs?, dr /h. fhr2, ghr?; g).,
(a8, v, By, Th, gh. chr, ahrs, ghrs, Yhrs, 12, £2; g).,

% o6 ahrs, ghrs, yhrs, chr. fghr /d, r? .
675 apvhrs. ghr /d. fhr2, ghr2, chrs” 49 -

In the same manner, by induction, one can evaluate a similar n-fold integral. We
would like to leave details to the reader.
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