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Periodicity in Rank 2 Graph Algebras

Kenneth R. Davidson and Dilian Yang

Abstract. Kumjian and Pask introduced an aperiodicity condition for higher rank graphs. We present
a detailed analysis of when this occurs in certain rank 2 graphs. When the algebra is aperiodic, we give
another proof of the simplicity of C*(IF}). The periodic C*-algebras are characterized, and it is shown
that C* (IF;) ~ C(T) ® A where A is a simple C*-algebra.

1 Introduction

In this paper, we continue our study of the representation theory of rank 2 graph al-
gebras developed in [3,4]. Kumjian and Pask [7] introduced a family of C*-algebras
associated with higher rank graphs. They describe a property called the aperiodicity
condition which implies the simplicity of the C*-algebra. Our 2-graphs have a single
vertex and are particularly amenable to analysis while exhibiting a wealth of interest-
ing phenomena. Here we characterize when a 2-graph on one vertex is periodic, and
describe the associated C*-algebra.

The C*-algebras of higher rank graphs have been studied in a variety of papers
[5,8,11-13,15]. See also [10]. The corresponding nonself-adjoint algebras were
introduced by Kribs and Power [6]. The particular 2-graphs with one vertex were
analyzed by Power [9], and the representation theory was developed by Power and us
[3,4]. Our work in this paper makes use of both sides of the theory; but this paper
is really about the C*-algebras. The higher rank graph algebras were inspired by the
paper of Robertson and Steger [14] on higher rank Cuntz—Kreiger algebras. They
also have a notion of aperiodicity that is a requirement in their case. These higher
rank Cuntz—Kreiger algebras have a similar flavour to our single vertex higher rank
graphs.

In the case under consideration, the 2-graph is a semigroup I} given by genera-
tors and relations. We interpret the aperiodicity condition in terms of the existence of
a special faithful irreducible representation of the associated C*-algebra. The typical
situation is aperiodicity. Indeed we show that periodicity only occurs under very spe-
cial circumstances in which the commutation relations for words of certain lengths
are given by a flip operation. Unfortunately, examples show that this periodicity may
not exhibit itself except for rather long words, making a determination in specific
examples difficult. We develop an algorithm for doing the computations in a more
manageable way.

In the periodic case, there is also a special faithful representation. It is not irre-
ducible, but rather decomposes as a direct integral by the methods of [4]. The special
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structure in the periodic case allows us to provide a detailed analysis of this direct
integral and thereby exhibit the C*-algebra as a tensor product of C(T) with a simple
C*-algebra. An important tool is a faithful approximately inner expectation onto the
C*-algebra generated by the gauge invariant AF-subalgebra and the centre.

2 Background

The 2-graphs on a single vertex are semigroups which are given concretely in terms
of a finite set of generators and relations of a special type. Let § € S,,%, be a permu-
tation of m x n, wherem = {1,...,m} andn = {1,...,n}. The semigroup F} is
generated byey, ..., ey and fi,. .., f,. The identity is denoted as @. There are no re-
lations among the €’s, so they generate a copy of the free semigroup on m letters, I} ;
and there are no relations on the f’s, so they generate a copy of ;. There are commu-
tation relations between the €’s and f’s given by e; f; = fjre;r where 6(i, j) = (i’, j').

A word w € F} has a fixed number of €’s and f’s regardless of the factorization,
and the degree of w is (k, ) if there are k €’s and [ f’s. The length of wis |w| = k + L.
The commutation relations allow any word w € Fj to be written with all €’s first or
with all f’s first, say w = e, f, = f,7e,/. Indeed, one can factor w with any prescribed
pattern of ¢’s and f’s as long as the degree is (k,[). It is straightforward to see that
the factorization is uniquely determined by the pattern and that I} has the unique
factorization property. See also [7,9].

A representation o of I} as operators on a Hilbert space is row contractive if

[o(e)---olem)] and  [o(fi)---o(fu)]

are contractions from 3™ (resp. H™) to 3 and row isometric if these row operators
are isometries. A row contractive representation is defect free if

m n

> oledole) =1=>_alfo(f;)".

im1 j=1

A row isometric defect free representation is called a x-representation of F;. The
universal C*-algebra for the family of *-representations is denoted by C*(F}). A
faithful representation of C* () will be denoted as 7.

The left regular representation A of I} is defined on ¢*(F})) with orthonormal basis
{& 1 x € B} by A(w)& = . This is row isometric but is not defect free. The norm
closed unital operator algebra generated by these operators is denoted by Ay.

2.1 Gauge Automorphisms

The universal property of C*(IFj) yields a family of gauge automorphisms -, s for
a, 3 € T determined by v, g(m,(e;)) = am,(e;) and v, 5(m.(f;)) = Bm.(f;). Inte-
gration around the 2-torus yields a faithful expectation

B(X) = / Yo (X) dadB.
T2
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It is easy to check on monomials that the range is spanned by words of degree (0, 0)
(where ¢ and fj* count as degree (—1,0) and (0, —1), respectively).

Kumyjian and Pask identify this range as an AF C*-algebra. The first observation is
that any monomial in €’s, f’s and their adjoints can be written with all of the adjoints
on the right. Clearly the isometric condition means that 7,(f;" f;) = d;; = m,(e]¢j).
To handle €] f;, observe that if f;e; = e f;, for 1 < k < m, then

mulel ) =€ fi Y ener) = D maletew fied) = > dwoml fied):
k k k

So every word in C*(F}) can be expressed as a sum of words of the form xy* for
x,y € Fj.

Next, they observe that for each integer k > 1, the set of words Sy in Fj of degree
(k, k) determine a family of degree (0, 0) words {m,(xy*) : x, y € 8¢}. It is clear that

Ty Tu(0y5) = 0y mu(x1y3).

Thus these operators form a family of matrix units that generate a unital copy &
of the full matrix algebra 9)%,,,x. Moreover, these algebras are nested because the
identity

mu(y™) = ma(x) Y muleied) D mulfif)mly”)
i j

allows one to write elements of & in terms of the basis for ;. Therefore the range
of the expectation ® is the (mn)*°-UHF algebra & = (J,~; & This is a simple
C*-algebra. B

2.2 Type 3a Representations

An important family of *-representations was introduced in [3]. The name refers to
the classification obtained in [4].

Start with an arbitrary tail of I}, an infinite word of the form 7 = ¢;, fj ei, fj, - - -
Any infinite word 7 with infinitely many e’s and infinitely many f’s may be put into
this standard form. It may also be factored with any pattern of €’s and f’s, provided
there are infinitely many of each. These alternate factorizations will be used later.

Let G = G := [Fj, for s > 0, viewed as a discrete set on which the generators of
IF; act as injective maps by right multiplication, namely, p(w)g = gwforallg € G.
Consider p; = p(e;, f;,) as a map from G; into Gg,1. Define G; to be the injective limit
set G, = li_n>1(957 ps), and let ¢; denote the injections of G, into §;. Thus G, may be
viewed as the union of Gy, G, ... with respect to these inclusions.

The left regular action A of I} on itself induces corresponding maps on G, by
As(w)g = wg. Observe that p;A\;(w) = Ag1(w)ps . The injective limit of these actions
is an action A, of Fj on ;. Let A; also denote the corresponding representation of
I} on ¢*(G;). Let {& : g € G;} denote the basis. A moment’s reflection shows that
this provides a defect-free, isometric representation of IF;, i.e., it is a *-representation.

It will be convenient to associate a directed chromatic graph with any atomic rep-
resentation 0. We describe it for A.. The vertices are associated with the points in
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9. For each vertex x and each i € m, draw a directed blue edge labelled e; from x to
yif A-(e)&x = &, . Likewise for each j € n, draw a directed red edge labelled f; from
xto zif A (fj)§x = &. Observe that defect-free means that each vertex has one red
and one blue edge leading into the vertex. For representations as partial isometries,
row contractivity means that there is at most one edge of each colour leading into
any vertex. To be isometric, there must be m blue edges and # red edges leading out
of each vertex.

One of the main results of [3] is that C*(IFj) is the C*-envelope of Ay, and that
every type 3a representation of Fj yields a completely isometric representation of Ay
and a faithful *-representation of C*(F}).

Therefore the gauge automorphisms are defined on C* (A, (IF})). It is shown in [3]
that 7, s is implemented on £2(G;,) by the unitary operator

U g€,y = o™ BME 0, )-

2.3 Coinvariant Subspaces

The other main result of [3] is that every defect-free representation of Fj extends to
a completely contractive representation of Ay, and therefore dilates to a *-dilation.
Moreover the minimal dilation is unique. Therefore it is possible to describe a *-re-
presentation completely by its compression to a coinvariant cyclic subspace, as it is
then the unique x-dilation.

We describe such a subspace for type 3a representations. Let H = A-(IF})*,y(o)-
This is coinvariant by construction. As it contains , (z) for all s > 1, it is easily seen
to be cyclic. Let o be the compression of A, to H.

Since \; is a *-representation, for each (s, ) € (—N)? there is a unique word e, f,
of degree (|s|, |¢|) such that £, () is in the range of A; (e, ;). Set &, = Ar(eufy)*Ep(2)-
It is not hard to see that this forms an orthonormal basis for H.

Thus, for each (s,t) € (—N)?, there are unique integers i;, € mand j;; € nso
that

or(ei, )10 =&, fors<Oandt <0,

or(fi.)&sp—1 =&, fors < Oandt <0,
o-(e)é, =0 ifi# iz, 0rs=0,
o-(f)€ =0 ifj# joort=0.

Note that we label the edges leading into each vertex, rather than leading out, because
in the *-dilation the blue (or red) edge leading into a vertex is unique, while there are
many leading out.

Consider how the tail 7 = ¢;, fj e;, fj, - - - determines these integers. It defines the
path down the diagonal, thatis, i := 7| and js_1 := j), for s < 0. This determines
the whole representation uniquely. Indeed, for any vertex &, with s,t < 0, take
T > |s|, |t| and select a path from (—T, —T) to (0, 0) that passes through (s, ¢). The
word 11 = e€;, fj, - - - €iy_, fj,_, satisfies o, (Tr){_1,—1 = & 0. Factor it as 70 = wyw,
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with d(wy) = (T — |s|, T — |¢]) and d(w2) = (|s], |t]), so that o (w2)—1—1 = &
and o (w1)&,; = &o0. Then w = i, w' = f; w'’.

It is evident that each o (e;) and o, (f;) is a partial isometry. Moreover, each basis
vector is in the range of a unique o (e;) and o (f;). So this is a defect-free, partially
isometric representation with unique minimal *-dilation A;.

2.4 Symmetry and Periodicity

An important part of the analysis of these atomic representations is the recognition
of symmetry.

Definition 2.1 The tail 7 determines the integer data E(T) = {(iss jor) 2 s,t < 0}
Two infinite words 7, and 7, with data (7)) = {(1st , ]st :s,f < 0} are said to
be tail equivalent if the two sets of integer data eventually coincide, i.e., there is an
integer T so that

(i, joi) = (G, i) foralls,t < T.

Say that 7; and 7, are (p, q)-shift tail equivalent for some (p,q) € 77 if there is an
integer T so that

() (1s+p t+q> ]s+p r+q) = (15 t ]st ) foralls,t < T.

Then 7, and 7, are shift tail equivalent if they are (p, q)-shift tail equivalent for some

(p.g) € 22,
The symmetry group of T is the subgroup of 72 given by

H, = {(p,q) € 7* : T is (p, q)-shift tail equivalent to itself}.

A sequence 7 is called aperiodic if H. = {(0,0)}.

The semigroup I} is said to satisfy the aperiodicity condition if there is an aperiodic
infinite word. Otherwise we say that IF; is periodic.

We also say that 7 is eventually (p, q)-periodic for (p,q) € H,. If in fact it is fully
(p, q)-periodic (that is, (*) holds whenever s, ¢, s+ p, t + g < 0), then we say that 7 is
(p, q)-periodic.

In [4], the atomic *-representations are completely classified. One of the impor-
tant steps is defining a symmetry group for the more general representations which
occur. It turns out that the representation is irreducible precisely when the symmetry
group is trivial. So the aperiodicity condition is equivalent to saying that there is an
irreducible type 3a representation.

3 Characterization of Periodicity

Whether or not there is an irreducible type 3a representation of Fj depends on the
semigroup. In this section, we obtain detailed information about periodic 2-graphs.
In particular, a non-trivial symmetry group can only have the form Z(a, —b), where
a, b are integers such that m* = n’ and the commutation relations are very special.
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Let m* denote the set of all a-tuples from the alphabet m; and likewise n” denotes
b-tuples in the alphabet n. We may suppose that m < n. The case of 1 = m < nis of
limited interest, and m = n = 1 is not considered.

Theorem 3.1 If2 < m < n, then the following are equivalent for ¥}, and positive
integers a and b.

(i)  Every tail of ¥}, is eventually (a, —b) periodic.

(ii) Every tail of I} is (a, —b) periodic.

(iii) m® = n®, and there is a bijection v: m* — n’ so that

ewfy = fywey-1(y forallu e m®andv e n’.

If1 = m < n, then IF} is (0, b)-periodic, where b is the order of the permutation 6.

Proof Clearly, (ii) implies (i). We will show that (iii) implies (ii) and (i) implies (iii).

First consider m > 2, and suppose that condition (iii) holds. Then we also have
fveu = ey-1(y) fy(u)- Now consider a type 3a representation \.. Fix any standard basis
vector &, such that s < —a. Pulling back from &;; yields a tail 71, which we factor as
1 = fyeu fr,€u, - - - where |ug| = a and |vx| = b. We wish to compare this with the
tail 7, obtained from &4 .

Note that starting at the vertex &4, one gets to &, by pulling back along a blue
path a steps using a word e,; while one obtains &, by pulling back b steps along
the red path f,. Hence the infinite path beginning at &y, is 79 = e, = fiT.
Therefore

To = euﬂqeulﬂ’zeuzfvs T

= frwey =1 )€ =1m) Frw) €y =10)

- fvTZ-

Hence v = y(u) and

T2 = €10 frun €-1(0) Fr(un) €4 =100s) * * -
= ﬂ’leulfvzeuzfva T

=1T1.

Therefore 7 is (a, —b)-periodic.
Conversely, suppose that condition (iii) fails. We shall show that (i) also is false.
Condition (iii) may fail for three reasons relating to the identities e, f, = f,7e,:

(a) u’ is not a function of v alone,
(b) v’ is not a function of u alone, or
(c) there are functions a: m* — n’and 3: n’ — m? so that e, f, = fa(uwes) but
B#a .
Consider (a) and select any v € n’ so that there are two words u; satisfying e, f, =
firewr where uj # u;. Take an arbitrary word u € m” and compute fie, = ey f,.
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Pick one of the u;’s so that u! # u’. Without loss of generality, this is ;. Now
consider a word e, f,e, occurring as a segment of the tail 7, say 7 = xe,, fye,7’. In
the 3a representation A, there is a vertex &, at which the tail is 70 = e, fye, 7" =
fv{eu(EuTI- Moving to &, yields a vector with tail 7y = f,e, 7" = e, f,+7'. Similarly,
moving from &, to &, yields the tail 7, = eulle,ﬂ". Since u; # u’, these two words
do not coincide.

Hence any tail 7 which contains the word ey, f,e, infinitely often is not eventually
(a, —b) periodic.

Case (b) is handled in the same manner.

In case (c), note that this forces o and 3 to be injections. For a(u1) = a(u) = v
implies that e, f, = f,es) = eu, f,; whence e,, = e,, by cancellation. Similarly for
3. Hence m* = n’, and « and 3 are bijections.

Since f # o~ !, select v € n® so that 3(v) # a~'(v). Consider the tail 7 =
xey, fveu, 7’ Again there is a vertex &, at which the tail is

! !
T0 = €y fvlu,T' = fa(u)€s0)eu,T -

Moving to &, yields a vector with tail 7y = fie,, 7" = e,-1(,) f3-1(u,)7'. Similarly,
moving from & to &, yields the word 7, = eg(ye,,7'. Since 3(v) # o~ (v), these
two words do not coincide. The proof is finished as before.

Now consider the case m = 1. Then 8 € S,, and the commutation relations have
the form ef; = fyjefor1 < j < n. So e f; = fox(je- In particular, if b is the order
of § in S, then it is the smallest positive integer so that e commutes with all f, for
ven'.

In this case, a type 3a representation is determined by the infinite sequence jj ; for
t < 0. Indeed, a simple calculation shows that j;; = 67°(jo ) forall s < 0. Therefore
every tail 7 exhibits (0, b) symmetry. Select the sequence (jo, : t < 0) to be aperiodic
(as a sequence in one variable) and to contain all # values infinitely often. It is easy to
see that the data 3(7) exhibits only (0, b)-periodicity. [ |

Corollary 3.2 If 11(;%;: is irrational, then I}, is aperiodic for all 0 in Sy, p.

logm __ b m

logn — a°

Proof m® = n’ if and only if
Example 3.3 Consider the following example with m = 2, n = 4, and with two
3-cycles (and two fixed points):
((1,2),(2,1),(1,3)) and ((2,2),(2,3),(1,4)).
These relations are:
efi=hfe, efi=he, eafs=he, efi=he,
efi = fiel, efr = fier, erfs = fier, e fs = fier.

A calculation shows that the relation between e-words of length 2 and the f’s has this
special symmetry. Setting

y(11) =1, v(12) = 2, v(21) =3, 7(22) = 4

yields the relations e;; fy = f,(ij)ey—1(x). So this semigroup has (2, —1)-periodicity.
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Theorem 3.1 leads to the following theorem. It is somewhat unsatisfactory be-
cause one needs to check potentially infinitely many higher commutation relations
(see Example 4.8). We pose the question of whether there is a combinatorial con-
dition on the original permutation § which is equivalent to periodicity. A partial
answer to this problem is given later in this section.

Theorem 3.4 Suppose that m,n > 2. Then It} satisfies the aperiodicity condition if
and only if the technical condition (iii) of Theorem 3.1 does not hold for any (a, b) for
which m® = nt,

Proof List all non-zero words (p,q) € 7% in a list {(p,qx) : k > 1} so that each
element is repeated infinitely often. For each k, we construct a word ay in Fj. There
are two cases for the word (p, g).

If prgr > 0 and py # 0, choose a; = ellpk‘fl‘qk‘ez. If py = 0, choose @y =
fﬂqklfz. If prgr < 0, use the construction from the proof of Theorem 3.1. Let
T =dadiaxds---.

To see that 7 is aperiodic, consider any (p,q) # (0,0). It occurs as (pg, gx) in-
finitely many times. If prgx > 0, consider the starting point (s, ¢) at the beginning
of the word a5 = ellpk‘flmlt, where t = e, or f,. Then moving to (s — |pk|,t — |qx|)
yields the word beginning with #, which does not coincide with the beginning of ay.
If prgr < 0, then argue as in the previous theorem. As each (p, q) occurs infinitely
often, 7 is not eventually (p, g)-periodic for any period. Hence it is aperiodic. ]

The same proof works for the periodic semigroups, eliminating all symmetries
except those in every representation.

Corollary 3.5 IfI} is periodic with minimal period (a, —b), then C*(IF}) has a type
3a representation with symmetry group 7(a, —b).

Proof If I} is periodic with minimal period (a, —b), then a routine modification
of the proof above shows that there is an infinite word whose only symmetries are
Z(a, —b). Indeed, if m™ = nb and gcd(ag, by) = 1, then a = kap and b = kby.
By hypothesis, there are words a; with no (lag, —Iby) periodicity for 1 < I < k. As
in the proof above, there are always words with no (p, q) periodicity when pg > 0.
So following the same process, one obtains an infinite word 7 without any of these
symmetries. Let \; be the corresponding type 3a representation.

The symmetry group H)_ contains (a, —b), and thus Z(a, —b). However by con-
struction, Hy, NN = {(0,0)} and (lag, —Iby) are not in Hy_ for 1 < I < k. So
Hy, N Z(ag, —by) = Z(a, —b). If it contained anything else, then it would contain a
non-zero element of N2. So Hy, = Z(a, —b). [ |

4 Tests for Periodicity and Aperiodicity

We now examine a method for demonstrating aperiodicity. The permutation € S,,,,
determines functions c;: n — nand 3;: m — m so that 0(i, j) = (5;(i), a;(j)).
Thusifu =1, ---igandv=j,---ji,

eufj = fai 0ai0- 00, (ew and eify = fireg; op; 008, i)-
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b

For (a, —b)-periodicity when m“ = n”, a necessary condition is that

@i o 0o, and fj 0fj, 000

are constant maps for all # and v. So we obtain the following.

Corollary 4.1 (Aperiodicity criterion) If there is a subset B C n with |B| > 2
and a word iy - - - iy € m* so that @i, o @, 0 --- o (B) = B, then F} is aperiodic.
Similarly, if there is a subset A C m with |A| > 2 and a word j, - -+ jx € nF so that
Bj, 0 Bj, 00 B (A) = A, then [Fj is aperiodic.

Proof (a, o«aj, o0 )*(B) = Bis never constant. |

Remark 4.2 1t is not hard to show that either there isa B C n with |B| > 2 and a
word i; . ..i; € m* so that o, © aj, o - -+ 0 ; (B) = B or for some sufficiently large
k, all o, o avj, © - - - 0 v, are constant maps.

Example 4.3 For 0 € S,«,, there are nine distinct algebras up to isomorphism [9].
For example, the forward 3-cycle algebra is given by the permutation 6 in S, «, given
by the 3-cycle ((1, 1),(1,2), (2, 1)) . This yields the relations

€1f1 = f2€1, €1f2 = f1627
€2f1 = f1€1, €2f2 = fzez.

One can easily check that e¢;f; = f;1;e;, where addition is modulo 2. Notice that
ap = id; so ap({1,2}) = {1,2}. Hence it is aperiodic. This technique works for
seven of the nine 2 x 2 examples.

One exception is the flip algebra, which is given by the rule e; f; = fie;; and it is
clearly (1, —1)-periodic.

The other is the square algebra given by the permutation

((1,1),(1,2),(2,2),(2,1)).

This yields maps oy = 3, = 2 and a; = ; = 1. These maps are constant, but are
not mutual inverses. So there is no (1, —1) periodicity. However a calculation shows
thate; i, fj,j, = fisi,ejij,» wherei’ =i+1 (mod 2) and j' = j + 1 (mod 2). So the
function (ij) = i’j satisfies y~' = v and e, f, = fyweyw forall [u| = |v| = 2.
Thus the square algebra is (2, —2)-periodic.

So the periodicity can reveal itself only in the higher order commutation relations!

Example 4.4 Here is another example of this phenomenon. Consider § € S3x;
given by fixed points (i, 1) for 1 <i < 3, and cycles

((1,2),(2,1)) and ((1,3),(3,2),(2,3),(3,1)).

A calculation shows that this algebra has (2, —2)-periodicity via the correspondence

eiifu = fyijeyw where v(23) = 13, v(13) = 23 and ~(ij) = ij otherwise (so
—1

YT =)
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These calculations can be simplified somewhat by observing that there are subal-
gebras isomorphic to the one in Example 3.3 generated by each of the sets

{er,e25 fi1, fiz, for, 2}, {ensess fun, o3, fo1, 33}, {ex, €35 fo2, fi3, f2, f33},

{flafZ > 61176127621,622}7 {f2, f3 > 622761376327633}, {f1, f3 5 611752376317633}.

Thus there are corresponding 4 x 4 subsets of the 9 x 9 pattern of relations between
words of degree 2 that must have the desired form.

In order to develop a better test, we require a refinement of condition (iii) of The-
orem 3.1.

Proposition 4.5 IfF} is periodic and y: m® — n’ is the bijective correspondence of
Theorem 3.1, then for ig, ..., ia € M, € fy(i\-i) = fylio--ia_) €, Conversely, if there is
a bijection ~y: m® — n® with this property, then I} is periodic.

Similarly for jo, ..., jb € 0, €y—1(jo.iy_) Fiy = Fio€y—1(js--j)- Again this property is
equivalent to (a, —b)-periodicity.

Proof From the commutation relations, we know that
€ frin---ia) = fveia’ = fq/(i(;---iugl)ei;,
where i} - --i!_; = v~ (v). Let u = ku’ be any word of length a. Then

Cuiy fr(ir---ia) = €keu’io fr(ir---ia) = €k fy(uio)€ir--i,

= eufyiigir_ )€1 = fyweisir_ir-

a—1"a

Therefore i = i; for 1 < s < a. Similarly,

€io frtirig)€ur = fotigil_€itu = €ifvil_ Frtiun)-

a—1

So l(/) = io.
Conversely, using this identity a times yields

eufyu) = fyawew forallu,u’ € m”.

Thus Fj is periodic by Theorem 3.1. u

The next proposition shows that the periodicity of the square algebra of Exam-
ple 4.3 is a consequence of the relation e; f; = fi1¢;.

Proposition 4.6 If m* = n’ and there are maps o:: m* — n® and 3: n® — m® such
thate, f, = fawesw) forallu € m* andv € n’, then IF; is periodic.
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Proof Since there is a bijective correspondence 0’ between the words e, f, and the
words f,se,, it is easy to verify that o and 3 are bijections. Thus S« is a permutation
of m®. Let k be the order of Bav in S5 so (Ba)* = id. Define v: m*™ — n’* by

Y(uy - ug) = a(uy)aBaluy) - - - alBa) " (uy)

for u; € m”?, 1 <i < k. Then compute

el/lgf’y(l/ll"'l/lk) = eugfa(ul)fa{ia(uz) T fa(ﬁu)"*l(uk)
= fa(u)€aun) fafatu) = fa(Bay—1(u)
= fa(uo)faﬁa(ul) o 'fa((m)kfl(uk,l)e({ia)k(uk)

= fW(“O”l"'”k—l)e”k'

Therefore by Proposition 4.5, } is (ak, —bk)-periodic. ]

Proposition 4.5 can be used to calculate «y. In turn, this leads to a checkable algo-
rithm for periodicity. This is captured in the following theorem.

Theorem 4.7 Suppose that Ij is (a, —b)-periodic. Then the bijection v: m* — n’

may be calculated for uy € m® by starting with an arbitrary jo € n and computing

euofjo = fjleuu
eulfjl = szeuza

Cu fjb = fjeu :

Then y(ug) = vo := j1j2 - jp and also j = jo and u = uy.
Reversing the process, start with an arbitrary iy € m and calculate

eiofvo = fvleilv
eilfvl = fvzeiw
eiafVu = f“’ei'

Then v~ (vy) = igig_1---i1 = ug, and alsov = vy and i = i,.
Conversely, if for m* = n® and for each uy € m® the procedure above passes all the
tests of equality for all jo € nand all iy € m, then I} is (a, —b)-periodic.

Proof By Proposition 4.5, if y(ug) = jij2--- jp, then e, fj, = fjes, where
Uy = jo- - jpjo. Proceeding by induction, we find that u; = jj41 -+ jpjo- - ji—1 and
ew fii = fiii€un,> Where uj1 = jiga -+ jpjo--- ji- In the last step, we return to the
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beginning and obtain e,, f;, = fj,e,. Hence we have calculated y(up) = jij2- - jb
and j = jo and u = u.

Reversing the process works in the same manner.

Now consider the converse. Starting with each 1 in m?, for each value of j, € n,
we produce the same sequence vy := jij; - - - jp. This defines a function a: m* —
n’. Observe that with the notation from that calculation, since the sequence cycles
around due to the fact that v = vy and j = j, it follows that

a(u;) = jiv1+jojo- - jio1 for1 <i <b.
Then we reverse the process, and construct a function 3: n’ — m“ and confirm
that 3(vy) = u, that is, 3 = a~!'. Therefore o and /3 are bijections. Finally, the

initial calculation ey, fj, = fj ey, yields e,~1(j,...j,) fiy = fir€a=1(j,---j,jo)- This verifies
the hypothesis of Proposition 4.5, and confirms that IFj is (a, —b)-periodic. ]

4.1 A Computer Algorithm

Theorem 4.7 provides a valid test for periodicity that is effective as a computer pro-
gram. It allows a single pass through all the words in m* doing several tests. Failure
at any point indicates failure of (a, —b)-periodicity; while a completed run without
failure means that IF; is indeed (a, —b)-periodic. An algorithm based on Theorem 3.1
would require checking all m®n® = m?® pairs, and this is much too computationally
intensive.

Example 4.8 This example is a 4 x 4 example which has (12, —12)-periodicity.
This is surprisingly high periodicity for such a small number of generators. Already
it is basically impossible to calculate the multiplication table for the 4! x 412 pairs of
words. The algorithm described above reduces this example to a calculation that can
be done by computer in about an hour. We first show how hand calculations allow
us to deduce that there is no periodicity smaller than 12.

We call this the 8-cycle algebra. It is given by the 8-cycle:

((2,1),(1,2),(3,1),(1,3),(4,2),(2,4), (4,3),(3,4)),

two 2-cycles ((1, 4), (4, 1)) and ((2, 3), (3, 2)) , and fixed points (7,7) for 1 < i < 4.
We first calculate the maps o; and 3;.

a1(3) =2 and «a;(j) = 1 otherwise,
az(4) =3 and «y(j) = 2 otherwise,
a3(4) =1 and «3(j) = 3 otherwise,
oy = 4,
pr =1,
G5>(1) =3 and p,(i) = 2 otherwise,
05(1) =4 and f5(i) = 3 otherwise,
04(3) =2 and f4(i) = 4 otherwise.

https://doi.org/10.4153/CJM-2009-058-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-058-0

Periodicity in Rank 2 Graph Algebras 1251

One readily calculates @3 = o = a3 = 2,03 = @z = az = 3, a3 = 1,
and any expression involving ay is constant as well. However o a3 and o a; are not
constant. It follows though that every composition of three «;’s is constant. A similar
calculation shows that the composition of any three 3;’s is constant. This suggests
that the 8-cycle algebra may be periodic. But one might think that it should have
small order. That turns out not to be the case.

We will show by hand that if the 8-cycle algebra I is periodic with the minimal
period (a, —b), then (a, —b) = (12k, —12k) for some k > 1. Clearly m = n implies
that a = b. A useful observation is that if £} is (k, —k)-periodic, then, when |u| =
|v| = kand e, f, = f,re,, it follows that e, f,» = f,e,. That is, the cycle lengths are
just 1 and 2. We will show that this forces k to be a multiple of 12.

Observe that in the commutation relations between the 2-letter words {11, 12,13,
24,34} remain within this set, and so we obtain a subsemigroup generated by these
words that is a 2-graph with a 5 x 5 multiplication table.

The point (12, 11) lies on the 6 cycle

((12,11), (11,13), (34, 11), (11,12), (13, 11), (11, 24)).
By induction, we can obtain the following identities:
XL AL — (fi3 fr0)f i3 fork > 0,
s A = (fisfsa)ell fork > 1.
On the other hand, we compute

6k 3k k k
e (fis )™ fis = X esacSy,

6?’1(+2(f13f34)3k+1 — 1611<+2613e?12<+1 ,
7 (i)™ fis = fif PeneSs™,

e?llc+4(f13f34)3k+2 _ 161k+4€34e?’2(+3,
e?]f+5(](13f34)3k+2f13 _ 161k+5€13€gl§+4,

6?’1(+6(f13f34)3k+3 — 1611(+66?12(+6.

From this, we see that the required 2-cycle condition does not hold for words of
length 12k + 2i for 1 < i < 5. It also follows that there is no odd period (k, —k),
for then (2k, —2k) would be a period which is not a multiple of 12. Therefore,
(k, —k)-periodicity can only hold if 12 divides k.

The computer algorithm successfully verified that IF; is (12, —12)-periodic. Hence
the symmetry group is Z(12, —12).

As a corollary, we see that the 5 x 5 algebra that we used has symmetry group
7.6, —6). This follows because the map ~ on 4!2 restricts to a map on the 6-letter
words from the 5 x 5 algebra. So there is (6, —6)-periodicity. Our argument shows
that it has no smaller period.
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For a while, we had conjectured that if there is a constant k so that the composition
of any k of the maps «; is constant, as is the composition of any k of the maps 3}, then
IF; should be periodic. However the following example shows that this is not the case.
So we pose the less precise problem: Find a computable condition on the permutation
0 which is equivalent to periodicity.

Example 4.9 Consider the 3 x 3 example with an 8-cycle
((1,3),(1,1),(3,1),(3,3),(2,3),(1,2),(2,1),(3,2)).

It is easy to calculate that o; = i are constant for i = 1,2,3, asis 8; = 3; 3, sends
3to1and 1,2 to 2; and 35 sends 3 to 2, and 1,2 to 1. So 37 = 2 = (3,35 and
(33 = 1 = [33/3,. So all compositions of two maps are constant.

We claim that ek fix = fi3x—2€,,. Indeed this is an easy calculation by induction
starting with ej; fi1 = fi3ezs, since

€1k+1f1k+1 = €1f132k—2€ukf1 = f13€2f2k—2f]‘€uk/
= f132k72€2fjeuk’ = f132k*2f2€i'uk’ = fizo—1€u,-

Thus, if Fj were (k, —k)-periodic for k > 4, one would have e, fisp— = fiep.
However,
eukfl32"*2 = euk’el'fIZ»Zk*z = euk’fjljzei/fZ"*2 = euk’fv/eb

because 33 = 2. Thus F; must be aperiodic.

Example 4.10 Here is another example with a 4 x 4 permutation:
((1,1),3,2),4,4),2,3),  ((2,1),(1,2),4,2),2,4),
(3,1),(3,4),(4,3),(1,3),  (4,1,(1,4), ((2,2), ((3,3)).

This is unusual in our experience, because a; = «;, a3 = a4, 81 = (33, and 3, = 4.
Compositions are constant after two compositions:

ajoas =1, af =2, a% =3, aza; =4

and
6162 = 17 622 = 27 6% = 37 6261 = 4.
Itis (2, —2)-periodic.

Example 4.11 This final example gives some variants on Example 4.8. For any
m > 4, consider the m x m example which consists of all flips ((i, j), (j, 7)) and fixed
points ((i, 1)) except when exactly one of i, j belongs to {1, m}. These belong to the
4(m — 2)-cycle

((27 1)7 (17 2)7 (37 1)7 (17 3)7 sy (m - 17 1)7 (17 m— 1)7

(m72)7 (va)a (m73)7 (3,7”’1), B 'a(mvm - 1)7 (ﬂ’l - lvm)) .
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The maps «; and 3; become constant after three compositions.

Computer tests show that when m = 2k + 2 is even, the algebra has (12k, —12k)-
periodicity for 1 < k < 9. Simple examples show that they are not (6k, —6k) or
(4k, —4k) periodic. Except for k = 1 (Example 4.8), in which an exhaustive computer
check was performed, the computer tested a random set of a million words of length
12k and found the algebras to be (12k, —12k)-periodic. Experience shows that failure
of periodicity exhibits itself within a small number of examples.

On the other hand, when m is odd, these examples are aperiodic. Since e; com-
mutes with f;, one sees that e¥ commutes with f¥. Therefore the bijection v of m*
demonstrating periodicity must map ef to f¥. Hence if the algebra were (k, —k)-per-
iodic, one would need to have the identity ef ff = fFek.

For the 5 x 5 12-cycle algebra, we find by induction that

2k+1 £2k+1 k+1 k—1, 2k
el = fifs ese; fork > 1,

ek = fEf fE2ese T fork > 2.
Hence it is aperiodic. Similarly, for m = 25+ 1 one can show that
k—1— k—
e fy = fi lfzjf,iemez U fork > m—2,

wherek = j—2 (mod s) and I = |k/s| — 2. So again these algebras are all aperiodic.

5 Periodicity and the Structure of C*(F})

We first provide a different proof of the Kumjian—Pask result that aperiodicity implies
simplicity of C*(IF§ ). We have already observed that there is a faithful expectation ¢
onto a (mn)>°-UHF algebra . If we can show that any ideal J of C*(Fj) is mapped
by ® into J N &, then the simplicity of & will imply that C*(Fj) is also simple. To
do this, we copy an argument that works for the Cuntz algebra [1] (see also [2, The-
orem V.4.6]). We show that in the aperiodic case, the canonical expectation onto the
UHEF subalgebra is approximately inner. The interested reader should look at [14],
where they proved simplicity for higher rank Cuntz—Kreiger algebras.

Theorem 5.1 Let Fj be aperiodic. There is a sequence of isometries Wy € C*(IF}) so
that
D(A) = klim WEAW,  forall A € C*(F)).

Proof It suffices to prove the claim for elements of the form uv* where u,v € Fj.
Recall that ®(uv*) = wv* if d(u) = d(v), and ®(uv*) = 0 otherwise. Moreover in
the first case, it suffices to suppose that d(u) = d(v) = (ko, ko) for some ky > 1
sufficiently large. Indeed, if we have d(u) = (k;, k») < (ko, ko), then

uw* = > (ux) (vx)*

d(x)=(ko—k1,ko—k2)

is the sum of words with the desired degree.
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Let 7 be an aperiodic tail constructed by Theorem 3.4. Then there is a finite
segment, say 7j, which has no (a, b)-periodicity for |[a] < m* and |b| < #F. Let
Sk ={x €l :dx) = (kk)}. Thenset Wy = > ¢ x7px".

Suppose that d(u) = d(v) = (k, k). Then

Wiuwv* Wy = E E XTp X wv y Ty = url vt = wv.
XESk yESk

On the other hand, suppose that
du) vVd(v) < (k,k) and d(v) —d(u) = (a,b) # (0,0).

Then x*uv*y will either be 0 or will have the form xg yo in reduced form of total
degree (a, b). Therefore 77 xj yo 7 = 0 because 7; does not have (a, b) periodicity. So
an examination of the calculation above yields W} uv* W = 0. ]

Corollary 5.2 IfF} is aperiodic, then C* () is simple.

Proof If J is a non-zero ideal in C*(IFj), let A be a non-zero positive element. Then
®(A) = limy_, oo W AW} belongs to J N §. Since ® is faithful, ®(A) # 0. It follows
that J contains the ideal of ¥ generated by ®(A), which contains the identity because
& is simple. Therefore § = C*(IF}). [ |

5.1 Periodic Algebras

We now turn to the structure of C*(IFj) when I is periodic. Our goal is to show that
C*(F}) ~ C(T) ® A where A is simple.

Assume that the minimum period is (a, —b) for a,b > 0. By Theorem 3.1, there
is a bijection v: m* — n’ so that e, f, = fye,-1(, forallu € m* and v € n”.

Lemma 5.3 Let T} be periodic with minimal period (a, —b) and define

W= Z frwes-

uem?

Then W is a unitary in the centre of C* (IF}).

Proof It is clear that W is unitary since {e, : # € m®} is a set of Cuntz isometries, as
are { f, : v € n’}. By Proposition 4.5,

eW = Z eifw’(u)e: = Z eif’)’(“’j)e:’j

uEm u’€me—jEm
m
= E Frtiuny E ejej €, = E Frtiuney -
u’eEme—1 ]':1 u’eme—1
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Thus we compute

We; = Z Frwene = Z fwu )€€

uem? u'Ema—, 1
= Z Friuney (e ei) = Z Friuney = eW
u’€em—ljem u/ ema—!
Similarly, W commutes with each f;, and hence it lies in the centre of C*(F). [ |

Corollary 5.4 LetIF; be periodic with minimal period (a, —b). Then fy) = e,W for
allu € m®. Also ifu € m* and v € n®, then €} f, = 6,1,y W.

Proof e, W = We, =" .o frun (€} en) = fyw). Therefore

esz(u/) = ezeu/W =0y W. [ |

5.2 The Direct Integral Decomposition

Let )\, be the representation constructed in Corollary 3.5. This representation is a
faithful representation of C*(IF;) by [3]. By construction, the symmetry group H, =
Z(a,—b). By [4], A\; decomposes as a direct integral of irreducible representations
of type 3bii. It will be helpful to see how this is done in this case, using the extra
structure in our possession.

Following the explicit construction of Example 2.2, we have described A; as an
inductive limit of copies of the left regular representation. Indeed, IF} acts on the set
G, = lim(S;, p), where the p; are injections of G; into G, determined by the word
7, and ¢ are injections of G, into G,. We formed H, = ¢2(G,) and obtained a faithful
representation of C*(IF}) via the action

AW, x) = Ewxy  forallw,x € IFj and s > 0.

To understand the way that W of Lemma 5.3 acts on a basis vector &, observe that
there is a unique word u € m* with £ € Ran A;(e,). The unitary W acts on & by
pulling back a steps along the blue edges to A-(e,)*¢, and then pushing forward via
Ar(fy(w). This can be computed at a basis vector £ by representing it as &, () with
d(x) > (a,0) by choosing s sufficiently large. Then x factors as x = e, x" with |u| = a,
and )\T(W)gz,s(x 5/ Jwyx’ )

Put an equlvalence relation ~ on 9 by taking the equivalence classes to be the
orbits of each basis vector under powers of W. That is, x ~ y if and only if there
is an integer k € 7 so that Wk¢, = &y. Let the equivalence classes be denoted by
[x], and set Wiy} = span{¢, : y € [x]}. Identify each W|,j with ¢*(Z) by fixing a
representative x’ € [x] and sending the standard basis {7 : k € Z} for ¢*(Z) to Wy
by setting Jiym = WrE.

We wish to choose the representative for each equivalence class in a consistent way.
So begin with the element xy = ¢o(2). Let

S={x€§,:& = M(ewel 1), foru,v e F o we Tl |w] < b}
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We claim that § intersects each equivalence class of G, /~ in a single point.

Let x € G;, and choose s so that ¢,(9;) contains x. Then with & = £, (), we have
words e, f, and fye,s so that A (e, f,)§ = & and A\ (fue, )€ = &,. If|v] = —k
(mod b) for 1 < k < b, we replace £ by &, () so that |v| is a multiple of b. Factor
fv = fu -+ fy, where |v;| = b and factor f,, = fu,fuw, - fuw, where 0 < |wo| < b
and |wj| = bfor1 < j < t. Thenset u; = v '(v;) and x; = v~ '(w;) and use
Corollary 5.4:

§x = )‘T(euseZ’f;:)gxo
= )\T(eu))\T(f‘Vl e ﬂfs))\T(eZ/))\T(f;{ e f;:l))\T(fWO)*gxg
= A(e)A(Wrey, - - 'eus))\‘r(ez/)/\T(Wt*e;, e '6;1)/\T(f;0)§xo

= )\T(W57t)>\‘r(eu”e;//f;0)gxg = )\T(W57t)§ya

where u'" = uuy - --usand x” = x;---xu’ and &, = A-(eyrv€fs, fir )6x,- Therefore
[x] NS contains y.
Uniqueness follows because there is an essentially unique way to write

§x = )\T(euﬂ/ezlf;)gxoa

except for reducing the word because of redundancies. As

&= A (WHE = X (Whewre)s £ )
one sees Wke, e/, f;r has degree (|u’'| — [v/’| — ka, kb — |ws|). Since kb — |wy| is not
in [1 — b, 0], this point does not lie in 8.

The fact that W lies in the centre of C*(F}) means thatif w € Fj and A, (w)&, = &,
then A, (wWk)¢, = )\T(Wk)f},. Thus A (w) maps each subspace Wi onto another
subspace W,

Let U be the bilateral shift on ¢?(Z). Then one sees that A, (W) acts as a shift
JiqU ][’fx] on every Wi,). Hence \.(W) ~ U ® I is a bilateral shift of infinite mul-
tiplicity. In particular, the spectrum of W is the whole circle T, and the spectral
measure of A;(W) is Lebesgue measure.

Let us consider how A, (e;) acts on Wy, say [x] N8 = {y}, where

gy = )\T(eue:f;:)gxo-

Then [e;x] N 8 is z where &, = - (eiue} f1i)&x,. This is in reduced form unless u = &
and v = v'i, in which case, after cancellation, &, = - (¥, f.5)&,,. Either way, we see
that z € 8. Hence A\, (ei)|w,, = Jiz Iy = e -

Similarly we analyze A (f;). This comes down to understanding the representative
[fix] N'S. Again we use the representative y € [x] with §, = A-(e.e] f,))&x,. If
|w| > 1, write w = w'i. Then there is a unique word ¥ € F} with [7]| = b — 1 so
that A, (€} )&, = A (fofiel fi)Ey, is in the range of A-(f;). Therefore using the
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commutation relations fje, = e, fj- and ¢} f;* = fie},

Ar(fieue, fu)60 = Ar(fieufify ey fu)o
= X (ew firsfiisey fw)éo
= A (ewej s WW* el el fu)éo
= Arlewjrveyirg fur)éo-
So again, we see that the canonical representative y in [x] is carried by f; to f;y, the

canonical representative in [ fjx], whence A+ (fj)|w,, = Ji fia] ][’;].
However, when w = &, one obtains

Ar(fieuey)&o = Arlew firaf7 €,)S0
= A(ewrejrsW f ey )&
= A (Weyrjrvesis fur)6o,
where |w'| = |7| = b — 1. So when A (f;) maps Wi, to Wif., it is acting like the
bilateral shift, namely A\, (f;)|w,, = Jira Uiy

Form a Hilbert space X = ¢*(§G,/~) with basis {{[x}; [x] € G;/~}. One can see
that )\, is unitarily equivalent to a representation 7, on £2(G, /~) ® L*(T) given by

Tr(€)Cx) ® h = (lex) @ b,

Qg @h if [x] = [eue) fxo], 1 < [w| <D,

T ()G @ h = {lejxl ®zh  if [x] = [e,exo),

forall [x] € G,/~and h € L*(T).

Define a representation o by o1(w)(ix) = () if A (W)W = Wy, ie,
o1(W)(x] = Cwx]> Then for each z € T, define o,(¢;) = o1(e;) and 0,(f;) = zo1(f;)
and extend to IFj. It is not difficult to see that o, is unitarily equivalent to another
atomic representation p, given by

Pzb (ei)C[x] = C[Eix]’

() = {cifjx] i [x] = lewe} ], 1< vl <b
Z C[f,'x] if [x] = [e.e;x0].
In particular, 0, ~ o,, if and only if 2" = w?.
The representations o, are irreducible by [4, Lemma 8.14] because the symmetry
group H,, = {0} is the trivial subgroup of 72 /Z(a, —b). Note that o,(W) = 2'I.
From this picture, one can see how to decompose the representation A, as a direct

integral. Indeed,
2 /b @ m @
A / Ot dt ~ / Peir dt.
0 0

In particular, notice that the C*-algebra A = ¢,(C*(IF})) is independent of z.
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5.3 An Expectation
We need to build a somewhat different expectation in the periodic case.
Theorem 5.5 IfF; is a periodic semigroup with minimal period (a, —b), define
U(X) = /’Yzb’za (X) dz.
T

Then WV is a faithful, approximately inner expectation onto
C'(F, W)~ C(T)®F~C(T, F).

Proof Asan integral of automorphisms, ¥ is evidently a faithful completely positive
map. Suppose that w = e, fyel, [ is a word of degree (k, ]) where k = |u| — |u’| and
I=1v| — |v'|. Then

Jfes f ifkb+la =0,
Ve frey ) = /zkh””eufve,f,fv*, dz = {e Joeurty 1Ko+ la

T 0 otherwise.

That is, ¥(w) = wif d(w) € Z(a, —b) and is 0 otherwise. Therefore this is an idem-
potent map, and so it is an expectation. Since the degree map is a homomorphism,
the range of ¥ is a C*-subalgebra of C*(IF}).

The range contains § as this is spanned by words of degree (0,0) and W, which
has degree (—a, b). The typical word of degree (—pa, pb) is w = e, f,e, f,; where

|u| — |u’| = —paand |v| — |v'| = pb. For convenience, consider p > 0. If |u| = —k
(mod a) for0 < k < aand |v| = —I (mod b) for 0 <1 < b, then
w= Z eufuxx el .
x€Fy,d(x)=(k,)

Hence w is in the span of words of the form e, f,e], f,% for which
lu|=|u'|=0 (mod a) and |v|=|¥'|=0 (mod b).

For such words, we may split each word u, 1’ into words of length a and each v, v’
into words of length b as

! * *
W= e”l"'Ustl"'Vt+peul’---usﬁrpﬂfl’---v,’

= Wpebll""45771(Vl)"W*l(Vr+p)e'>;*1(vl’)mw’*l(v,’)ul’---usﬁrp :
Therefore all of these words lie in C*(F, W). So this identifies the range of ¥ as
C*(&,W).

Now W lies in the centre of C*(FF;); and it is easy to check that C*(W) N § = CI.
So a dense subalgebra of C*(§, W) is given by the polynomials >, FxW* where the
sum is finite and F; € §. Since the spectrum of W is T,

|32 mw] = s3]
k k

zeT
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Now a routine modification of the proof of Féjer’s Theorem shows that C*(F, W) ~
C(I, &) ~C(IN ® &.

The last part of the proof is to establish that W is approximately inner. The argu-
ment is a modification of the proof of Theorem 5.1.

Let 7 be the infinite tail used above whose only symmetries are Z(a, —b). Then
there is a finite segment, say 7y, such that 77 u*v7, = 0 whenever u, v € Fj with

d(u) —d(v) € Z(a,—b) and max{d(u),d(v)} < (ka,kb).

Let 8 = {x € ¥} : d(x) = (ak, bk)}. Then set Wy = ersk xTex*.
Suppose that w = uv* for u, v € I} such that d(w) € Z(a, —b) and

max{d(u),d(v)} < (ka, kb).

Then as before, we may write w as a sum of words with the same property and the
additional stipulation that d(u) V d(v) = (ka, kb). Say, as a typical case, that d(u) =
(ka, (k — p)b) and d(v) = ((k — p)a,kb). Then uv* = W P(uWPv*), and the
term uWPv* splits as a sum of words xy* with d(x) = d(y) = (pa, pb). Thus if
d(xo) = d(y) = (pa, pb),

WiW* Pxyys Wy = W*P E E XTEX Xy yTiy”
XE8 yESi

=WPxyri Tiys = Wx0y5.

On the other hand, suppose that w = uv* for u, v € [} with d(w) ¢ Z(a, —b) and
max{d(u),d(v)} < (ka, kb). Then x*uv*y will either be 0 or will have the form x y,
in reduced form with

d(yo) — d(xo) = (d(v) —d(y)) — (d(u) — d(x))
=d(v) —d(u) = —d(w) & Z(a, —b).
Therefore 7 x5 yo7 = 0, whence W uv* W = 0. [ |

Now we “evaluate at 1” and obtain a faithful, approximately inner expectation of
A = g,(C*(F})) onto F.

Theorem 5.6 There is a faithful, approximately inner expectation W, of A onto § so
that the following diagram commutes, where €, is evaluation at 1:

C*(F;) —2= 9

C(T,§) — &
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Proof The first step is to observe that [3, Lemma 3.4] shows that there is a unitary
U, := Uy . given by

b(|u\7s)+u(|v|fs)§(

Uziient) =2 ef)s

which implements 7,» . in that
Yo (X)) = U N (X)U; for X € C*(IFy).

Observe that U, is constant on the subspaces Wi}, and thus it determines a unitary
V, on £2(9T/~) by VZC[x] = tC[x] if Uz|W[X] = tPWM.

Clearly V,01(X)V} = 01(U A (X)U}) = 01(7yp «(X)). This determines an auto-
morphism v, of 2. Define a map ¥(A) = fm 1,(A) dz for A € . It follows that
¥, (01(X)) = 01(¥(X)) for X € C*(Fj). In particular, ¥, is a faithful expectation of
A onto o1 (C*(F, W)).

Now o (W) = 1. So 01 (C*(F, W)) = 01(F) ~ &, because F is simple. The ideal
of C*(&, W) generated by W — I is contained in ker oy. But this ideal is evidently
Co(T\ {1}) ® &. Thus o1 |c«(g.w) = €1 is evaluation at 1.

Finally, since WU is approximately inner, we obtain for any A = ¢ (X) in U that

¥1(4) = 01 (¥ (X)) = lim ol (WEXWy) = Jim o1 (W)Ao (Wi).

So W, is approximately inner. [ ]
Corollary 5.7 Wis simple.

Proof If J is a non-zero ideal, then it contains a positive element A. Since ¥, is
faithful, U(A) # 0. As U, is approximately inner, ¥ (A) belongs to & N J. But & is
simple and unital, so J contains & and thus is all of 2. ]

Corollary 5.8 Let F} have minimal period (a, —b). Then C*(F}) ~ C(T) ® U.

Proof Here it is more convenient to use the representations p,. The analysis above
applied to each representation p, shows that ker p, = (W —zI). Define a map ¢ from
C*(F) to C(T, ) by p(X)(z) = p,(X). Checking continuity is straightforward, as is
surjectivity. That the map is injective follows from the direct integral decomposition
of the faithful representation A;. ]

As a corollary, we obtain a special case of the result of Robertson and Sims [13] on
the simplicity of higher rank graph algebras.

Corollary 5.9 Let Fj be a rank 2 graph with a single vertex. Then C*(IF}) is simple if
and only if F is aperiodic.

Corollary 5.10 LetFj be a periodic rank 2 graph with a single vertex. Then the centre
of C*(IFj) is C*(W) ~ C(T).
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