Can. J. Math., Vol. XXVII, No. 6, 1975, pp. 1246-1262

SHARPLY TRANSFERABLE LATTICES

H. GASKILL, G. GRATZER, AND C. R. PLATT

1. Introduction and results. In a lecture in 1966 (see [6]), the second
author considered briefly those first order properties which hold for a lattice .
if and only if they hold for the lattice (%) of all ideals of .#. The best known
examples of such properties are those given by identities. The well-known
connection between the modular identity e and the five-element nonmodular
lattice A5 transforms the above result for e into the following statement:
N5 is a sublattice of a lattice & if and only if A4/; is a sublattice of I(Y).
Furthermore, it can be seen that for any embedding ¢ of /45 into I(¥), there
is an embedding of 45 into ¥ which ‘‘separates’” the image of ¢. Generalizing
these properties of 4’5 we obtain the concepts of transferable and sharply
transferable lattices.

1.1 Definition. A lattice % is called transferable if and only if, for every
embedding ¢ of % into the lattice I(.¥) of ideals of a lattice .&, there exists an
embedding ¢ of # into .%. If, in addition, ¥ can always be chosen so as to
satisfy the condition: for x € %,

Y(x) € ¢o(x), butif y < x, then ¢ (x) € o(v),

then % is called sharply transferable. (The terminology introduced here differs
from that in previously published results. In [3] and [4], transferable and
sharply transferable were called weakly transferable and transferable, respec-
tively. We feel the present terminology is more descriptive and at the same
time more appropriate, since the (present) notion of transferability is the more
fundamental concept.)

The first general result was already found in 1966 (announced in [6]; see [9]
for a proof): a transferable lattice contains no doubly reducible elements.

In his thesis [4], the first author defined similar concepts for semilattices and
proved (see [3] and [4]) that a finite semilattice is sharply transferable if and
only if it satisfies the condition (7°) (defined in § 2). He then established (see
[4]) that, if {L; A, V) is a sharply transferable finite lattice, then both
(L; V) and the dual of (L; A )satisfy (7). Finally, he showed that (7,), (T'4),
and (W) (defined in § 2) are jointly sufficient for sharp transferability of a
finite lattice. The principal result of this paper is the following complete
characterization.
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1.2 THEOREM. A finite lattice is sharply transferable if and only if it satisfies
the three conditions (T',), (T'p), and (W).

Observing that (7', is the dual of (7'4), and that (W) is self-dual, we obtain
1.3 COROLLARY. If a finite lattice ¥ is sharply transferable, so is the dualof & .

The sufficiency of the three conditions of 1.2 is established in § 2 below, and
the proof follows rather closely that given in [4]. In § 3, we give new and
simplified proofs of the necessity of (7,) and (7'4). Finally, in § 4 we prove
the necessity of (V).

There are a number of recent related results that should be mentioned here.
Generalizing the above-mentioned relation between 45 and the modular
identity ¢, R. McKenzie [12] introduced the important concepts of splitting
lattices and splitting identities, and characterized splitting lattices. In estab-
lishing this theorem, he proved that a finite lattice is embeddable into a free
lattice if and only if it satisfies (W) and is a bounded homomorphic image of
a free lattice. Utilizing McKenzie's ideas and the present characterization
theorem, H. Gaskill and C. R. Platt [5] proved that the class of finite sharply
transferable lattices coincides with the class of finite sublattices of free lattices.
This has the unexpected corollary that a sublattice of a finite sharply trans-
ferable lattice is sharply transferable.

R. Freese has communicated to us his unpublished result that a finite
lattice satisfies (W) if and only if it is a retract of the lattice of ideals of the
lattice of dual ideals of some finitely generated free lattice, I (D(F(n))) (here
the dual ideals are ordered by reverse inclusion). This, together with 1.2 and
1.3 above, yields another proof of one direction of the result of Gaskill and
Platt.

Finally, we mention the paper of K. Baker and A. Hales [1] in which they
give a number of interesting results concerning first order properties of the sort
mentioned in the first paragraph of this paper.

In conclusion, we summarize in the form of a theorem what we know about
transferability.

1.4 THEOREM. Let ¥ be a finite lattice.
(i) If & is transferable, then £ has no doubly reducible elements.
(ii) If & is transferable, then & satisfies the semi-distributive laws (S D ,)
and (S Dv).
(iii) If & is transferable, then & can be embedded into a finite partition lattice.
(iv) If & satisfies (W), and if & and its dual are transferable, then £ is
embeddable into a free lattice.

Statement (i) is proved in [9], (ii) in § 3 below, and (iii) in [1] and [8].
Statement (iv) follows from R. Freese’s result quoted above.

The notation used in this paper is that of [7]. We mention specifically only
the following: if & is a lattice, I(.¥) is the lattice of all ideals of .&; if X is a
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finite subset of a lattice, AX and VX denote the greatest lower bound and the
least upper bound of X, respectively; if ¢ and b are elements of a partially
ordered set, then

(@) ={x:x £a},[b) = {x:x=b},and [a,d] = {x :a = x = b};

if f : 4 — B is a function and X C 4, then f(X) = { f(x) :x € X}.

2. Sufficient conditions for sharp transferability. We begin with several
definitions.

2.1 Definition. Let (P; <) be a partially ordered set. For X, ¥ C P, define
X < Y to hold if and only if for every x € X there exists y € Y such that
x = 9.

2.2 Definition. Let (S; V) be a join-semilattice, p € .S, and J C S. We say
{p, J) is a minimal pair if and only if the following three conditions hold:
pé¢J;
(i) p < VJ;
(i) if € 8,p < VJ',and J’ < J,thenJ C J'

2.3 Definition. A semilattice (S; V ) is said to satisfy (7) if and only if there
exists a linear order relation R on .S such that if (p, J) is a minimal pair then
p R x holds for all x € J.

2.4 Definition. A lattice (L; A, V) is said to satisfy (7T'v) if and only if
(L; V) satisfies (T), and to satisfy (T,) if and only if the dual of (L; A)
satisfies (7).

The following remarks will help clarify the connection between these defini-
tions and the concepts in [3] and [4].

2.5 Remark. 1f {(p, J) is a minimal pair, then clearly J is an antichain; i.e.,
any two members of J are incomparable. Furthermore, p £ ¢ for all ¢ € J.

2.6 Remark. If (p, J) is a minimal pair, then every element x € J is join-
irreducible. Indeed, if x € Jandx =y V g, letJ" = (J — {x}) U {y,z}. Then
p =< VJandJ' < J,soJ C J' by (iii) of 2.2. Thus,x = yorx = z.

2.7 Remark. If (p, J) is a minimal pair, then |J| = 2.

2.8 Remark. If p is join-irreducible, then the present concept of minimal pair
coincides with that of [3] and [4].

2.9 Remark. (S; V) fails to satisfy (7") if and only if for some n € w there
exist minimal pairs (p;, J;), 1 =1,2, -+, n,such that p,y; € Jyfor 1 i< n
and p, € J,. Therefore, in view of 2.6-2.8, (S; V) satisfies (T') if and only if
it is strictly transferable in the sense of [3].

The next lemma illustrates the significance of minimal pairs.
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2.10 LEMMA. Let (S; V) and (S'; V) be semilattices, S finite, and let ¢ : S —
S’ be an order-preserving function. Then the following are equivalent:
(1) ¢ s join-preserving.
(ii) For each minimal pair (p, J) of (S; V), () < Veo(J).
V(iii) For each minimal pair (p, J) of (S; V) satisfying p = VI, o(p) <
e(J).

Proof. (i) = (ii) = (iii) are trivial, so assume (iii). Let x, ¥ € S be incom-
parable. Since ¢ is order-preserving, ¢(x V y) = ¢(x) V ¢(y) is clear. Since S
is finite there must exist J C S such that J < {x, ¥y} and (x V y, J) is a
minimal pair. Since V.J = x V y, (iii) implies that

ox Vy) £ Vo)) = ox) V o),
the latter inequality holding because J < {x, y}. This completes the proof.
The next definition introduces some useful terminology.

2.11 Definition. Let £ = (L; A, V)and &’ = (L’; A, V) be lattices, and
let I(Z") denote the lattice of all ideals of £’. Let ¢ : & — I(£”) be a lattice
embedding. A function ¢ : L — L’ is called ¢-normal if and only if it satisfies
the following condition:

forx,y € L, ¢(x) € ¢(y) if and only if x < y.
If ¢ is also a lattice homomorphism, it is called a ¢-transfer.
The following remarks are immediate from the definition.

2.12 Remark. The condition for ¥ to be g-normal is equivalent to:
forallx € L, ¥(x) € o(x) — U o).
y<z

2.13 Remark. If ¢ is ¢-normal, then ¥ is one-to-one. Consequently, .& is
sharply transferable if and only if, for every embedding ¢ : & — I(&"), there
is a o-transfer ¢ : ¥ — &

2.14 Remark. If Y is p-normal and ¢/ : L — L’ satisfies ¢ (x) < ¢/ (x) € o(x)
for all x € L, then ¢’ is ¢-normal.

Our last condition for sharp transferability is the following.

2.15 Definition. A lattice & = (L; A, V ) is said to satisfy (W) if and only if
for every x, v, u, v € L,

(Wyx Ay <uV vimplies [x A y,u V 9] N {x, 9, u, v} # 0.

The condition (W) was formulated by B. Jénsson [10] on the basis of
P. M. Whitman’s characterization of free lattices [13]. By induction we have
the following

2.16 Remark. ¥ satisfies (W) if and only if for any non-empty finite sets X,
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Y C L, if AX £ VY, then AX £ y for some y € YVorelse x VY for
some x € X.

We are now ready to prove the main result of this section.

2.17 THEOREM. Let £ be a finite lattice satisfying (T,), (T ) and (W). Then
L is sharply transferable.

Proof. Let ¢: ¥ — I(¥’) be an embedding. We will first construct a
¢-normal join-preserving function ¢ : (L; V) — (L’; V). Using (T,), choose
an ordering {(xi, xs, - - -, x,) of all the elements of L such that if {(x; J) is a
minimal pair of ¥ and x; € J, then 7 < j. Let ¢, : L — L’ be an arbitrary
p-normal function. Such a function clearly exists in view of the finiteness of L.
We will construct functions ¢, : L —» L', 1 £ 7 < n which are p-normal, and
such that

(1) for0 =7 =mn,if1 £j =< 7and (x;, J) is a minimal pair,
then ¢,(x;) < Vy,(J).

This is in fact vacuous for « = 0. Suppose 0 =< 7 and ¢; has been defined as
required. Let (x;;1, J) be a minimal pair. Then ¢;(x:11) € o(xi1) < Ve(J),
so for each ¢ € J we can choose an element g7 € ¢(g) such that ¢;(x1) =
V{¢” : ¢ € J}. Doing this for each minimal pair (x;41, J), we then define,
for every ¢ € L,

Yir1(q) = ¥i(q) V Vig’ : (x4, J) is a minimal pair and ¢ € J}.

Observe that ¢, is ¢-normal by Remark 2.14.

To show that ¢, satisfies (1), we begin by noting that ¥1(x;) = ¢¥:(x;)
forj = 7 + 1. This is immediate, since if ¢ = x; € Jand (x,;1, ) is a minimal
pair, thenz + 1 = j. Now,let1 £ j =7 + 1 and let {x;, /) be a minimal pair.
If j = 4, then, by the preceding observation,

Vi (xy) = ¥ix,) = V(D) £ V),

where we have used the inductive hypothesis and the fact that ¢; < ¢4 If
j = 1 + 1, then we have, by the choice of the ¢”,

Vi) = V{QJ tqg € J} = Vl//i+1(~])~

Thus, (1) holds for ¢ 4;.
Now observe that for any minimal pair (p, /) of &, we have ¢, (p) = Vi, (J).
Indeed, if p = x; then for 7 = #, thisis (1), and for z < %, we have

Yalar) = ¥ilxe) = V() = V().
Define ¢/ : L — L’ by
V@) = Vig@) y =a) (€ L)

By Remark 2.14, ¢/ is p-normal. We claim ¢’ is join-preserving. Since ¢’ is
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clearly order-preserving, it suffices to establish condition (ii) of Lemma 2.10.
If {(p, J) is a minimal pair, then for each y < p we consider two cases:
(1) If y £ g for some ¢ € J, then

() £ ¥ (@ = VY U).

2) If y £ g for all ¢ € J, then there exists a minimal pair (y, J'), where
J' < J. Then

(@) £ V() £ VY 0),

the latter inequality holding since ¢, (J’) < ¢/ (J). Since ¢, (y) < V¢ (J) for
all y £ p, we have ¢/ (p) £ V¢ (J), and therefore ¢ is join-preserving.

The next step in the proof is to modify ¢’ to obtain a meet-preserving ¢-
normal mapping. Let us call {p, J) a dual minimal pair of £ if and only if
{p, J) is a minimal pair of the dual of (L; A ). Since . satisfies (T ,), we can

choose an ordering (yi, ¥s, . . ., y,) of all the elements of L such that if (y,, J)
is a dual minimal pair and y; € J, then j < 2. We define ¢ : L — L’ as follows:
forx € L, set

v(x) = ¢ (x) V VIA () : (x, J) is a dual minimal pair}.

Observe that the formula for ¢ (y,;) depends only on values ¢(y;) satisfying
j < 1, so ¢ is well-defined.

First we show ¢ is order-preserving. We will prove the following statement
by induction on j:

if y € Land y, <y, then ¢(y;) = ¢(3).

Indeed, given 2, 1 = 7 < #n, suppose this holds for all j such that j < 7. If
y; = v, then since ¢/ is order-preserving, we have ' (y,;) =< ¢'(y) = ¢¥(y). Let
{y;, J) be a dual minimal pair. If y; < y holds for some y; € J, then j < 7, so
by inductive hypothesis,

Ne(J) 2 ¥(v;) £ ¥O).

On the other hand, if y; £ y for all y; € J, then there exists J € L such that
(y, J') is a dual minimal pair and J’ < J holds in the dual of .#; that is, for
every u € J' there exists y; € J such that y; < u. Since j < 7, we then have
by inductive hypothesis that ¢ (y;) < ¢ («). From this it follows that Ay (J) £
A¢(J"). However, by definition of ¥, Ay (J’) < ¢(y). Since ¢(y,) is a join of
terms each of which we have shown to be less than or equal to ¢ (y), we have
proved ¥(y:) = ¢(y).

It is clear from the definition that if (p, J) is a dual minimal pair, then
Yv(p) = Ay¢(J). Thus, by the dual of Lemma 2.10, ¢ is meet-preserving.

We next show that ¢ is g-normal. Since ¢/ < ¢. it suffices to prove ¥ (y;) €
¢(y;) for all y; € L. The proof is again by induction on 7. Suppose then that
v(v;) € o(y;) forall j < <. We have ¢/ (y,) € ¢(y;) by the p-normality of ¥'. If
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(¥4, J) is a dual minimal pair, then, by inductive hypothesis,
ANY(J) € Ne() = o(AT) C o(x).

Thus, ¥(y,), being a finite join of elements of the above types, is in ¢(x).
Finally, we conclude the proof of the theorem by using (W) to establish
condition (iii) of Lemma 2.10, proving that ¢ is join-preserving. Let (p, J) be
a minimal pair with p = VJ. Since ¢’ is join-preserving, we have ¢/(p) <
V' (J) £ V). If (p, J') is a dual minimal pair, then VJ = p = AJ".
Since, by the definition of a dual minimal pair, we have p % ¢ for all ¢ € J’,
it follows by (W) (Remark 2.16) that /AJ’ < ¢ for some ¢ € J. Then we have

A" = (AT £ ¥(g) = V().
Thus, we have ¢(x) £ Vy¢(J), completing the proof of the theorem.
3. Necessity of (T'y) and (T 4). In this section we will prove that every

sharply transferable lattice satisfies (7,) and (I'5). We begin with the follow-
ing construction.

3.1 Definition. Let & = (L; A, V) be a finite lattice. Let Z denote the
integers with their usual linear ordering. Let w1 : L X Z — L and my: L X
Z — Z be the projections onto the two factors. Then we define L to be the
collection of all non-empty subsets H of L X Z which satisfy the following
two conditions:

(i) for some n € Z, mo(H) C (n];

Gi)if 8 # X C H, X is finite, 2 £ Vm(X), and i < Ar(X), then

(z,2) € H.

Observe that for each n € Z, L X (n] € L. Therefore we can make the
following definition.

3.2 Definition. If n € Z,X C L X (n],and X # 0, then we define
X]1=N{HecL:X CH}.
If u € L X w, we write [«] for [{u}].

3.3 Remark. Clearly [X] € L. Furthermore, there exists a finite set X, € X
such that [X,] = [X].

3.4 Definition. If H, K € L, define HV K = [H\UK] and HA K =
HNK.

The proof of the following is straightforward and is left to the reader.
3.5 LEMMA. ¥ = (L; N, V) is a lattice with set inclusion as its partial order.

The following remark is easily verified.
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3.6 Remark. 1f @ % X C L X (n], n € Z, then

[X]=XU{u € L X Z: there exists ¥ C X, Y finite,
m() £ Vi (Y), m(u) < Ama(Y)}.

In particular, if X is finite, then [X] € (Vm(X)] X (n].

BTLEMMA. If X C L X (n],n € Z,and {(x,1) € [X] — X, then

(x,4) € [X N (L X [i + 1))].
Proof. Obvious by Remark 3.6.
3.8 LEMMA. For a finite lattice &, define, for each x € L,
elx) ={HEL:HC (x] X Z}.
Then ¢(x) is an ideal of £, and ¢ : & — I(L) is an embedding.

Proof. The proofs that ¢(x) is an ideal and that ¢ is one-to-one and meet-
preserving are straightforward, so we prove ¢ is join-preserving. Since ¢ is
order-preserving it suffices to show that ¢(x V y) = o(x) V ¢(y) forx,y € L.
Let H € o(x V ), and put ¢ = Vro(H). Then H C [(x V v, i + 1)]. Also,

[<x1 v+ 2)] € o(x), [<yr 1+ 2)] € ¢(y), and <x Vo, i+ 1> € [{(x’ i+ 2>’
{y, 1 + 2)}]. Therefore,

HC[(xVyi+ D] Cxi+2)]VIyi+2)]€e) Ve,
so H € o(x) V ¢(»). Thus o(x V y) C ¢(x) V ¢(y), completing the proof.

Now we prove the necessity of (77,). The stronger statement in Theorem 3.9
will be used in a forthcoming paper [5], and also yields a new proof of the main
result of [3]. It is only necessary to observe that the construction of .¥ and
the proof of Lemma 3.8 remain valid when % is a join semilattice.

3.9 THEOREM. If a finite laltice & is sharply transferable, then L satisfies
(T'v). In fact, if for the embedding ¢ : & — I(L) there exists a o-normal join-
preserving function, then & satisfies (T'v).

Proof. Let ¢ : ¥ —.% be ¢-normal and join-preserving. If x € L, we claim
that x € m (¢ (x)). Indeed, if 2 = Vr (¥(x)), then for some i € Z, (z, i) €
Y(x). Since ¢ (x) € ¢(x), s = x. Butclearly ¢ (x) € ¢(2), so since ¥ is p-normal,
x =< 2. Thus, {(x, 1) = (3,1) € ¥(x).

Now, for each x € L, we define

p(x) = Vi € Z: (x,7) € ¢(x)}.

Claim: If (p, J) is a minimal pair of &£ and ¢ € J, then p(p) < p(q).
Given this, (T'v) follows immediately, letting R be any total ordering such

that p(p) < p(q) implies p R g.
To prove the claim, let j = p(p). Then

#,7) € ¥(p) = Vy(U) = [U¢U)].
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By Remark 3.3, we can choose a finite set 77 € U ¢(J) which is minimal with
respect to (p, 7) € [T]. Now (p,j) € T, for otherwise {(p, j) € ¥(q) € o(q) for
some ¢ € J, hence p = ¢, contrary to Remark 2.5. Thus, by Lemma 3.7 and
the minimality of T, if {x,1) € T, then< > j. Let J' = m,(T). By Remark 3.6,
p = VJ'. If (x,4) € T, then for some ¢ € J, {(x, 1) € ¥(¢q) € ©(q), so x < q.
Thus, J* < J, so by definition of minimal pair, J C J’. Now let ¢ € J be
given. Thenq € J',solet (g,7) € T, hence {q,7) € ¥(go) for some go € J. Then
g < ¢o, whence ¢ = go by Remark 2.5. Thus, (g, 1) € ¥(g¢),s0p(q) 21> j =
o(p), proving the claim and the theorem.

Turning now to (T',), we wish to dualize the construction of .. Let £¢
denote the dual of a lattice & ; we define

S = (PO,

Thus, L* is the set of all non-empty subsets Hof L X Zwith H C L X (n] for
some #n € Z and satisfying

(iii) if @ = X C H, X is finite, 2 = Am(X), and
1 < Am(X), then (z,7) € H.

The ordering of £* is the dual of set inclusion. If the notation [X] is defined
as before, then for H, K € L*, HV K= HNK and H A K = [H N K]
in £*.

We again have a natural embedding of & into I(¥*).

3.10 LEMMA. For a finite lattice &, define, for each x € L,
o*(x) = {H € L* : x € m(H)}.
Then ¢*(x) is an ideal of £*, and o* : L — I(L*) is an embedding.

Proof. If H € ¢*(x), K € L*, and K = H,ie., H C K, thenx € m(H) C
m(K), so K € o*(x). If H, K € ¢*(x), choose (x, ) € H and (x, j) € K.
Then (x, 1 Aj)€E HNK =HV K, so HV K € ¢*(x). Thus ¢*(x) is an
ideal of £*.

Supposex,y € Landx < y. If H € ¢*(x),let (x,7) € H. Then {(y,7 — 1) €
H,so0 H € ¢*(v). Thus, ¢*(x) C ¢*(y), and ¢* is order-preserving.

Next, assume ¢*(x) C ¢*(y). Let H = [{x, 1)]. Then H € ¢*(y), so
y € mi(H). But by (the dual of) Remark 3.6, =1 (H) C [x), so x < y. Hence
o* is an order embedding.

To show ¢* is meet-preserving, it suffices to show o*(x) M ¢*(y) C
e*(x AN y) for x, y € L. Let H € ¢o*(x) M ¢*(y). Then there exist (x, 1),
O, jY€eEH so{x ANy,i ANj— 1) € H. Thus, H € o*(x A v).

Finally, we show that ¢*(x V y) C ¢*(x) V ¢*(y), proving ¢* is join-
preserving. Given H € ¢*(x V y), let (x V y, 7) € H. Define K, = [(x, )]
and K, = [{y, 1)]. Since K, € ¢*(x) and K, € ¢*(y), it suffices to show that
H £ K,V K, in £*, ie., that K, "\ K, C H. Suppose then that (z, j) €

https://doi.org/10.4153/CJM-1975-130-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-130-5

SHARPLY TRANSFERABLE LATTICES 1255

K, N K,. By (the dual of) Remark 3.6,z = x V y and j < ¢. Thus, if j < 1,
we have (z, 1) € [(x V ¥, 1)] € H. On the other hand, by Lemma 3.7, K, N
(L X {4}) = {{x,i)}and K, N\ (L X {i}) = {{y,4)},s0ifj = 4, thenz = x =
¥, so again (z, 1) € H. This completes the proof.

We now have the dual of Theorem 3.9.

3.11 THEOREM. If a finite lattice £ is sharply transferable, then & satisfies
(Ty). In fact, if for the embedding ¢* : £ — I(L*) there exists a ¢*-normal
meet-preserving function, then & satisfies (T 5).

Proof. Let ¢* : ¥ — %* be ¢*-normal and meet-preserving. We begin by
observing that for x € L and 7 € Z,

2) if {x,1) € ¢*(y), then x = ».

Indeed, if {x, 1) € ¢*(y), let (y,7) € ¥*(y). Then (x A y,7 A j— 1) € ¢*(3),
so ¥*(y) € ¢*(x A v). By ¢*-normality, y S x Ay = «x.
Now for x € L, define

o(x) = V{j € Z: (x,j) € ¢*(x)}.

The proof will be completed by establishing the following.
Claim: If {p, J) is a dual minimal pair in ¥, then for all ¢ € J, a(p) < o(q).
Thus, let a(p) = j. We have p = AJ, so ¢*(p) = ¢*(AJ), i.e.

vr(p) SYHNT) = AY*(J) = [U¥* ()]

Since (p, j) € ¥*(p), we can choose a finite set 7~ C Uy*(J), minimal with
respect to (p, j) € [T]. Now (p, j) ¢ T, since {(p, j) € ¥*(q), ¢ € J would
imply p = ¢, contrary to Remark 2.5. Thus, by Lemma 3.7, ¢ > j for all
1 € m(T). Let J/ = 7 (7). By (the dual of) Remark 3.6, p = AJ’, and by
(2), if ¢ € J', then ¢ = ¢’ for some ¢’ € J. Thus, by the definition of dual
minimal pair, / C J’. Now let ¢ € J be given. Then ¢ € J/, so {q, ) € T for
some 7. But then (g, 1) € ¢*(qo) for some ¢, € J, implying ¢ = qq, s0 ¢ = qo
by Remark 2.5. Thus, {g, i) € ¥*(q), so ¢(q) Z i > j = o(p), proving the
claim and the theorem.

In the remainder of this section, we will use the constructions . and .Z*
to establish the semi-distributivity of transferable lattices. This will be needed
in Section 4. We first define the concept.

3.12 Definition. A lattice £ is said to satisfy the semi-distributive law (S D,,)
if and only if for x, y,2€ L,x Vy=x V zimpliesx Vy=xV (y A 2).
The semi-distributive law (S D ,) is defined dually.

There is a related property which for finite lattices is equivalent to (S D,,).

3.13 Definition. A join-semilattice (S; V) is said to have canonical join
representations if and only if for every x € S, there is a set Q, C S such that
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V0, = x,and if J € S withx = VJ, then Q, < J. (Canonical join represen-
tations are usually required to be antichains. However it is clear that the set
Q. in Definition 3.13 contains a unique antichain which will also satisfy the
definition.)

We will need the following observation due to B. Jénsson and J. Kiefer [11].
For completeness, we include a proof.

3.14 LEMMA. If a lattice L = (L; N, V) is such that (L; V') [respectively,
the dual of {L; A )] has canonical join representations, then & satisfies (S Dv)
[respectively, (S D A)].

Proof. Let x, v, 2 € L and suppose x V y = x V z. Let Q be the canonical
join representation for x V y. Put R={¢€ Q:¢=«}, and S=Q — R.
Then Q < {x, y}, hence S < {y}. Similarly, S < {z}, so .S < {y A z}. Since
R < {x}, we have Q < {x V (y A 2)}, so that

xVy=V0=xV (yAz) ZxVy.
Thus, equality holds, proving the lemma.
3.15 LEMMA. For any finite lattice &, F has canonical join representations.
Proof. For H € j, define
Hy={u€ H:udq [H— {u}l}.

We claim that

(1) [Ho] = H, and

(i1) if X € H and [X] = H, then H, C X.
For (i) it suffices to prove H C [H,). If u € H, we prove u € [H,] by down-
ward induction on ws(%). Thus, suppose that v € H and w2 (v) > w2(u) imply
v € [Ho). If u € Hy, then of course u € [H). If u ¢ H,, then, by definition,
u € [H — {u}]. By Lemma 3.7, u € [(H — {u}) N (L X [m[u] +1))] C
[Ho], the latter inclusion following by inductive hypothesis.

To establish (ii), let [X] = H. If u € Hy but u ¢ X, then u € [X] =
[X — {u}] C [H — {u}] contradicting the definition of H,.

Now let Qg = {[u] : u € Hy}. Then VQy = [Ho]. 1f J € Land H = VJ =
[U J], (ii) implies Hy € U J, hence Qg < J. This completes the proof.

3.16 THEOREM. A finite transferable lattice & satisfies (S D,) and (S D,).

Proof. First, by 3.14 and 3.15, % satisfies (S D,)). By Lemma 3.8 there is an
embedding ¢ : & — I(.¥), so by transferability, there is an embedding
v: 7 — % Since (S D,) is clearly hereditary, & satisfies (S D,,).

Now, by Lemma 3.10, ¢ is embeddable into I(£*), where ,iﬂ* = (fd)d
By transferability, & is embeddable in (3“)‘1 which satisfies (S D). Again
by heredity, . satisfies (S D,). This completes the proof.
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3.17 Remark. A direct proof that, in a semilattice (S; V), (T) implies
existence of canonical join representations can be obtained as follows: if x is
join-reducible, define Q, = {y € S:y < x and there exists no minimal pair
(y, J) with J < {x}}. Using induction on an ordering given by (7T'), one can
show Q, is the canonical join representation of x.

3.18 Remark. The lattice in Figure 1 shows that (S D,,) does not imply (7Y,).

FiGURE 1

In view of the results of [5], the assertion that (S D,,), (S D), and (I¥) jointly
imply (T') is equivalent to J6nsson and Kiefer’s conjecture [11] that (S D)),
(S D), and (W) characterize finite sublattices of free lattices.

4. Necessity of (W). The “‘splitting” of an element of a lattice was intro-
duced to facilitate a proof in [6] (see [9]). This was extended by A. Day [2] to
the “‘splitting”’ of an interval. We begin here with a generalization of this con-
struction. Let.¥ = (L; A, V) be a lattice and let {Cy : A € A} be a collection
of pairwise disjoint convex subsets of . Put S = U {Gy: N € A}, and form
the set

L¥ = (L = 85) X {0}) Y (S X {0, 1}),
where {0, 1} forms a chain with 0 < 1.
Letm : L X {0,1} > L and 7 : L X {0, 1} — {0, 1}

be the projections. Then if u, v € L¥, define u <* v to hold if and only if the
following two conditions are satisfied:

(i) m(u) = m(v)
(i) if m1(#) and 7 (v) are both elements of Cy for some X € A, then
1r2(u) é 7I'2(Z)).
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4.1 LEMMA. The relation =* is a partial ordering under which L¥ becomes a
lattice £* = (L*; A, V). The projection =, is a lattice homomorphism of
L¥ onto L.

Proof. It is trivial to check that <*is reflexive and antisymmetric. To
establish transitivity, suppose # <¥v and v <¥w hold. Then =;(u) <
m (@) £ m(w) so m(u) £ m(w). Furthermore, if 7, (u), = (w) € C\ for some
N\ € A, then, by convexity, m1(v) € Cyso by (ii), me(u) = m2(v) < mo(w). Thus,
u ¥ w.

In order to describe joins and meets in £ *, we define, for each \ € A, two
functions, fy and f*, from L* to {0, 1} as follows: if « € L¥ and 7, (1) € G,
then fa(u) = M(u) = mo(u); if 1 (u) ¢ Cy then fi(u) = 0and f*(u) = 1. Now,
given u, v € L¥, define j by:

{fx(u) V A@), if mu) V m@) € Gy, N € A;
yif mi(u) V om(v) ¢ S.

Then we claim that w = (7w, (#) V 7:1(v), j) is the least upper bound of u
and v, relative to <¥. To prove u =<* w, we need only establish (ii). But if,
say, mi(u) and 7 () V m(v) are in G\, then

m(u) = ii(u) = i(u) V i) = .

Similarly, v =* w.

Next, suppose z € L¥, u =¥z, and v =¥z Then clearly m(w) = 71 (u)
V m1(v) = m1(z). Suppose 71 (w) and m,(2) are in C\. Then certainly fy(#) =
m2(z), for if fi(u) = 1, then =, (u) € C\, whence by (ii), Hi(n) = mo(u) =
m2(z). Similarly, fA(v) = m2(2), hence

m(w) = j = fi(u) V 1(v) = ma(s).

This proves w =¥ z and our claim.
In a similar manner, we can show that the greatest lower bound of # and v
is {(mi () A w1 (v), k), where

Y _ P AP, ) A mE) € G EN;
0 Jif m(u) A () €S,
The last statement of the lemma is obvious.
From the proof, we extract for future reference two observations.

4.2 Remark. Suppose u,v € L¥, mi(u) ¢ Cyand 1(v) ¢ Cx. Then if m(u) V
m1(v) € O\, then mo(u V v) = 0 and if 71(u) A m(v) € Gy, then mo(u A v) =
1. In any case, if 4, 2 € L* and 7o(1) = m(v) = 0, then my(x V v) = 0.

We now introduce a weak form of condition ().

4.3 Definition. A lattice & is said to satisfy (W) if and only if for every
x, ¥, 4,0 € L,

WHu <x Ay =u Voimplies [x Ay, u Vo] N {x, v, u,v} = 0.
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We next show that sharp transferability implies (W’). We remark that the
following theorem does not require . to be finite.

4.4 THEOREM. A sharply transferable lattice satisfies (W').

Proof. Let # be a lattice which does not satisfy (W’). We will show that ¥
is not sharply transferable. Choose a, b, ¢,d € Lsuchthatc < a A b = ¢V d,

and {a,b,c,d} N[a A b,cV d] =80. LetJ = (d], and form the set
L'= X {0}) Y {(L-1T)Xw),

where o denotes the natural numbers. Let L’ have the partial ordering in-
herited from the direct product ¥ X w, where o is given its usual ordering.
It is a trivial exercise to show that L’ with this ordering forms a lattice ¢’
with joins and meets as follows: if {(x, 1), (y,j) € L’, then

<xv¢> V <yvj> = <x \ yyi Vj);

. NS Ay ING i ANy @ T
@) A d) = {(x A ¥,0) , otherwise.

Now take A = w,and forn € @, C, = [a A b,c V d] X {n}. Then construct
the lattice &* from ¥’ and {C, : # € w} as in Lemma 4.1. Let 7 : L¥ — L'
and 7, : L¥ — {0, 1} be the projections as before, and also introduce the pro-
jections ¢y : L' — L and o, : L’ — w. Observe that ¢, 07 : £* - is an
onto lattice homomorphism, and ¢;0m : X* —>w is a join-preserving
function.

For x € L, define

e(x) = {z € L¥: sy 0m(z) = x}.

Claim: ¢(x) is an ideal of Z*, and ¢ :.¥& — I[(Z£*) is an embedding.

Indeed, ¢(x) is the inverse image under a; 0 ; of the principal ideal (x].
It is, therefore, immediate that ¢(x) is an ideal and that ¢ is one-to-one and
meet-preserving.

To see that ¢ preserves joins, let x, y € L. Since ¢ is order-preserving, it is

enough to show ¢(x V y) C o(x) V ¢(y). Let u € ¢(x V y). Then we con-
sider two cases.

(1) If x and y are in J, then x V vy € J, so a1(w1 (1)) € J. Thus, o2(wi (%))
must be 0, and we have

u =% (& V3,0),0)= ((0),0)V (y0),0)
in £ * by Remark 4.2. But clearly
((x,0),0) € ¢(x) and ((3,0),0) € ¢(¥),

sou € o(x) V e(y).
(2) If one of x and y, say x, is not in J, let oo(mi(#)) = k. Then
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<<xv k + ]-)’ 0> € ‘p(x)v <<y’ 0>)0> € ‘P(y)» and

u=¥{(xVyk+1),0)=(xk+1)V(y0),0)=
((x, B+ 1),0) V ({5,0),0),

hence again 4 € ¢(x) V ¢(v). This proves the claim.

Now suppose there is a ¢-transfer, ¢ : & — . %*. We will derive a contra-
diction, proving the theorem. For any x € L, we claim that o;(7; (¥ (x))) = x.
Indeed, ¢(x) € o(x), so a1(m(¥(x))) < x, while if y = a1(m:(¥(x))), then
¥(x) € ¢(v), so x = y by definition of ¢-normal.

For convenience of notation, let g denote the join-preserving function
ss0om oy :. ¥ — . Observe that g(d) = 0 so that c £a Ab <cVdim-
plies that

glc) S gla ANb) =glcVad) =gl)Vg@d) = gl),

so equality holds throughout. Thus, with » = g(c¢), both m1(¥ (e A b)) and
m(Y(c VvV d))arein C, = [a A b,c V d] X {n}. Then ¢(a A b) =¥*y¢(c V d)
implies that m(¢(a A b)) < m(¥(c V d)). However, by hypothesis r;, o
¥{a, b, ¢, d} is disjoint from C,, so by Remark 4.2, m2(¢(a A b)) = m(¥(a) A
Y(0)) =1, and m(¥(a V b)) = m(¥(a) V ¢(b)) = 0, a contradiction. This

completes the proof of the theorem.
Next, we show that in the presence of (SD,), (W’) can be strengthened to (W).

4.5 LEMMA. Let. ¥ be a finite lattice satisfying (S D) and (W’). Then L satis-
Sfies (W).

Proof. Let &£ fail to satisfy (W). Choose a, b, ¢, d € L such thata A b <
¢V dand {a,b,¢c,d} N[a ADb, cV d] =80. From this failure of (W) we will
produce a failure of (W’). Since L is finite, we can assume that ¢ V (a A b)
covers ¢ and d V (¢ AN b) coversd. Lete=cAa Aband f=d A aAb.
Thena ANb =eora A b = fwouldimplya A b Zcora A b = d, contrary
to hypothesis. Therefore, if ¢ V f = a A b, then {a, b, e, f} yields a failure
of (W').

If e Vf#aAb, weclaim e ## f. Indeed, if e = f, then (S D,) implies
e=(Vd) N (@ANb) =aANb, whence a A b =c¢ again contrary to
hypothesis. Thus, either f £ c or e £ d. Suppose ¢ £ d, the other case being
handled similarly. Thend < e V d = (a A b) V d. But (a A b) V dcoversd,
soeVd=(@ANb)Vd Thus,e =a ANb=eVd=cVd and it is easily
seen that {a, b, ¢, d} N [a A b, e V d] = @, which is a failure of (W’). This
completes the proof.

4.6 Remark. It is clear from the proof that the assumption that.% is finite
could be replaced by the requirement that for every x, y € L with x < y there
exists z = x covered by y. That this latter requirement is essential is shown by
the lattice in Figure 2, which satisfies (S D) and (W’) but not (W).
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4.7. Remark. The proof of Lemma 4.5 is essentially due to I. Rival and R.
Antonius (unpublished) and is part of a proof that a finite lattice satisfying
(S Dy) and (S D,) satisfies (W) if and only if it contains no sublattice iso-
morphic to either of those in Figure 3.

Finally by 4.4, 4.5, and 3.16, we have the main result of this section.

4.8 THEOREM. 4 finite sharply transferable lattice satisfies (W).

FIGURE 2
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FI1GURE 3
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