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Abstract. Dissipative effects arising from the core-mantle interaction are
treated in a Hamiltonian framework, using a simple model. Analytical solu-
tions are obtained for free and forced motions. The first show the persistence
or damping of the different components. The latter, frequency dependent
changes of amplitude and phase. Preliminary numerical values are in ac-
ceptable agreement with observational data.

1. Introduction

The advantages of the Hamiltonian formalism are well known in general
Celestial Mechanics, where it has been frequently used. The study of the
Earth rotation is not an exception, and the theory of Kinoshita (1977)
is the most complete and accurate among those for a rigid Earth model.
Recently, the Hamiltonian approach has been followed by the authors in
order to extend Kinoshita’s theory to general models of deformable Earth
through a series of papers, first considering an elastic mantle (Getino and
Ferrandiz, 1995), then a liquid core (Getino, 1995a, 1995b). We only point
out here that the results obtained are completely analytical, and depend
on parameters that are provided by the different Earth models available.
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In this paper we consider the possibilities of including dissipative ef-
fects in the previous formulations, like those arising from friction in the
boundary layer between mantle and core. As a first step, we have chosen a
fairly well known simplified model, in which the dissipation appears through
a torque proportional to the difference of angular velocities (Kubo,1979).
Using canonical Andoyer-like variables as in Getino (1995b), it is only
necessary to introduce the generalized forces in a straightforward way.
By integrating the unperturbed Hamiltonian equations, solutions for the
free wobbles are obtained, which in our model represent the CW and the
NDFW, using the standard terminology for conservative free oscillations. It
is remarkable that only the component terms corresponding to the NDFW
exhibit a damping, but not the component associated to CW. That is in
good agreement with the difficulties found in the experimental determina-
tion of the free nutation itself (Mathews and Shapiro, 1992), and on the
other hand is a common feature of general dissipative systems (Birkhoff,
1927), that are to tend towards conservative systems of lower dimension.

Besides the solutions for free wobbles and polar motion, the forced nuta-
tions are also obtained. Together with the frequency dependent amplitude
variations due to non-rigidity, phase changes caused by the dissipation ap-
pear. This last effect is not obtained in other theories like Wahr (1981). As
in our previous developments, the analytical expressions depend on param-
eters provided by quite general Earth models.

2. Canonical expression of the kinetic energy

We consider an Earth model composed of a rigid mantle and a liquid core.
Let OXY Z be a non rotating inertial frame, Ozyz the frame of the principal
axes of the total Earth rotating with an angular velocity & with respect to
the inertial frame, and Oz y.2. a core fixed frame rotating with angular
velocity 6 with respect to the mantle. To formulate canonically the kinetic
energy let us use the set of canonical variables A, u,v, A, M, N for the total
Earth, and A, pe, ve, A¢, M., N, for the core, described in Getino (1995a,b).

We can write the components of M and M, in the Ozyz frame in terms
of the canonical variables as follows

Aws + Adwe = K cosv Acwg + Acbwes = —K . cos v,

Awy 4+ Abw, = Ksinv Acwr + Acbwy = K. sin v,
M= , M, =
Cwz+ Cedwz =N N,

Cews + Ccéws

(1)

where we have put

K =(M?*- N2 = Msino, K.=(M?-N>Y?=M,.sino.. (2)
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Then, the canonical expression of the kinetic energy is (Getino, 1995b):

(e Ak (v < )
T = A= A7) (K + ACKC + 3C = C.) N 2NN, + CCNC
+A—f;c cos(v + v.),

(3)

3. Generalized forces and equations of motion

The frictional torque,including electromagnetic coupling and the effects of
the viscosity, is proportional to the difference of the angular velocities of
the mantle and the core. According to Kubo (1979) this torque is given by

— _ —_ _ 5 —_ 9 AJ- 0 0
t_m) = F(wc wm) = r 5“1 , with T = 0 /\J_ 0 ) (4)
W = Ma2-@) = -Té 0 0 X

AL and A being the coefficients for perpendicular and parallel directions
to the rotational axis. The generalized forces due to the dissipative torque
are obtained through the dot product:

7-%%-%@%:2-(@—%), (5)

where Hn) and E are the infinitesimal rotations of the reference frames
of mantle (total Earth) and core with respect of the inertial frame. Taking
into account the meaning of the canonical variables (see Getino, 1995a),
the generalized equations of motion will be

9i= 0T [0pi — Wy, , Pi= —8T/dgi + Wy, (6)
where W), and W,, are the components of the generalized forces.

4. Solutions for the free motion

Taking into account the relationships (6), the necessary generalized equa-
tions for the free motion problem are:

1} = OT/ON , I}c = aT/aNc - WNc ’
N = - 8T/31/, Nc = - aT/aVc + Wuc ) (7)
M = - aT/aﬂ ’ MC = _aT/all’C + Wll-c ’

where

https://doi.org/10.1017/5S0074180900127445 Published online by Cambridge University Press


https://doi.org/10.1017/S0074180900127445

236 JUAN GETINO AND JOSE M. FERRANDIZ

AL KO
WN.; = —E K sxn(u + Vc)
w. AL (N-— g_N)
Ve Cm Cc c
w, -:\-IL cos 0, (N - —gN)
M Cm [ Cc [

As a first result, by means of (1) and (7) we have that N — Ne= Al bws,

so that, neglecting second order terms, we obtain ws= é\.ﬁ: bws, while dws =

AL C

A A

e Cm Cc | Thatis to say, the relative angular velocity of the core with
respect to the mantle is damped by the frictional forces. Thus, we can
take dws — 0, and then w3 =constant = . With these simplifications
the system of equations (7) can be easily solved performing the change of
variables p = Ksinv, ¢ = K cosv, p. = K.sinv, and ¢g. = K, cosv.. Notice
that these new variables are linear combinations of wy, wq, dw; and dw, (see
Getino, 1995b). The solution can be written in the form:

u = P-I-iq - ‘yaaeimlt +ﬂe-dt6im2t, (8)
vV = po—ige = Ypae™?t pq, B e dteimet
o and S being the arbitrary constants of integration, the coefficients «; are

A (C’—A Cc) . AL A

Yo = A \Ta TA4) P04 Ay
- Gy (9)
- _C_E_ - AL
70 - Ac QAC )
and the frequencies
m = % - CW ,
my = —Q (;+ C°_A°i> — FCN , (10)
Ac Am
g = A — Dampin
- Ac Am p g *

According to (10), the well known frequencies for an Earth model with
liquid core, that is to say, the Chandler Wobble (CW) and the Free Core
Nutation (FCN), have been obtained directly from the equations of motion
of the Hamiltonian of the system, unlike the majority of approaches which
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obtain these frequencies from the Liouville equations. On the other hand,
from (8) we see that the CW is not affected by the dissipation, while the
FCN is damped by the coefficient d. This fact would justify the difficul-
ties found in the experimental determination of this free nutation, which
“remains elusive” (Mathews and Shapiro, 1992).

5. Forced nutations

Once the solution for the unperturbed Hamiltonian has been obtained,
we can undertake the problem of the perturbed case, taking into account
the disturbing potential of Moon and Sun, following the same analytical
procedure described by Kinoshita (1977) for the rigid Earth, by Getino
and Ferrdndiz (1995) for a deformable Earth with elastic mantle, and by
Getino (1995b) for a rigid mantle-liquid core conservative Earth model.
The most remarkable fact is that, when obtaining the generating function of
the canonical transformation corresponding to the analytical perturbation
method, a delay appears due to the imaginary coefficients +; (9) presents in
the solution (8) of the unperturbed case. Thus, when obtaining the nutation
series we have in—phase and out—of-phase terms. For the Oppolzer terms of
obliquity and longitude of the figure plane, we have respectively the final
expressions:

AlIy=1) = k33 3 ———— Fu(rni) cosO; -
iT—:I:l H ’
smI 2,: 21 nu—‘r i Fo(rny) sin O, (1)
A(df=)) = smIZ 217’ — F(‘rn,)sm@ +
smIX,:TZ::l ——— Fy(tn;) cos ©;.

In these expressions, the effect of dissipative forces as well as the liquid
core is included in the corrector factors F, and Fj,, which are written as
follows:

%Q —TNn; Ac
B 1 R (arma-a %),

(12)
Carm 2 fa(rmi) - Q=°
N _4 Mo A 4

Fy(rni) - = fi(tny) fz("‘ni) A. AZ, fa(rmi) 7

with
filtn)) = Q4+ my —7n;,  fa(tn) = Q+ mg—Tn;.
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Note that the corrector factor Fj, is responsible of the out—of-phase
terms, while the in—phase terms depend on F,. If we neglect the dissipation
(AL = 0), the out—of—phase terms disappears, and we get similar expressions
as those obtained in Getino (1995b) for the conservative case. Even more,
if we particularize to the rigid case (4, = 0), then F, = 1, and we obtain
the same expressions as in Kinoshita’s theory.

Thus, we can conclude that it is possible to develop a canonical theory
for the rotation of an Earth model with liquid core, including the effect of
dissipative forces, in a way very similar to that of Kinoshita for the rigid
case. Neglecting the presence of liquid core and dissipation, our approach
coincides exactly with that of Kinoshita, so that we can say that this model
is a more general one, including the theory of Kinoshita as a particular case.

6. Final remarks

The Hamiltonian treatment of dissipative effects, like those arising in the
mantle—core boundary, provides a fairly simple, completely analytical so-
lution for the Earth rotation, including free motion as well as forced nu-
tations. In spite of the simplicity of the dissipative model, the solution is
qualitatively well-fitted to the experimental evidence, providing amplitude
and phase—frequency dependent forced nutations, and a clear theoretical
derivation of the free motion showing the damping of NDFW and the per-
sistence of CW. Numerical values of in—phase and out-of-phase nutations
are also compatible in magnitude with experimental data. Nevertheless, we
insist that the main purpose of this report is not to obtain accurate series
for the real Earth, but to show how the canonical approach can be applied
to study dissipative phenomena in Earth rotation.

In future steps we expect to progress in the development of a complete
unified Hamiltonian theory for the Earth rotation adapted to more accurate
Earth models.
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