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0. Introduction
A semigroup S is said to be normal if aS = Sa for each a in S. Thus the

class of normal semigroups includes the class of groups and the class of Abelian
semigroups. Given a compact semigroup S we write P(S) for the convolution
semigroup of probability regular Borel measures on 5. In (3), Theorem 7, Lin
asserts that a compact semigroup S is normal if and only if P(S) is normal.
We show in this paper that Lin's result is false. In fact, if S is the union of
subsemigroups each of which has an identity element, we show that P(S) is
normal if and only if S is Abelian. Thus any compact non-Abelian group
contradicts Lin's result. What Lin's argument does establish is that if P(S) is
normal then S is normal, and if S is normal then i*P(S) = P(S)n for each point
mass measure \i.

In Section 1 we present some simple facts about normal semigroups. Most
of the results here are probably well known but we do not know any suitable
reference for them. In Section 2 we prove the result stated above about compact
semigroups for which P(S) is normal. We also introduce a class of semigroups,
called completely normal semigroups, for which P(S) is normal and give an
example of a non-Abelian completely normal finite semigroup.

Lin's aim in Section 5 of (3) was to generalize some results of Glicksberg (2)
to the class of compact normal semigroups. We show in Section 3 that some
results can be obtained in this direction. In particular if S is a compact normal
semigroup we show that each idempotent measure pL in P(S) is supported on a
group. Thus each idempotent measure in P(S) is simply the canonical extension
of the Haar measure on a compact subgroup of S. We show also that the kernel
of P(S) is simply the Haar measure m on the kernel of S, i.e. m is the zero
element of P{S).

The first author acknowledges the financial support of an Aberdeen Univer-
sity Studentship.

1. Preliminaries on normal semigroups
Let S be any semigroup and let N be a subset of S. Then N is said to be

normal in 5 if aN = Na for each a e S. In particular S is said to be a normal
semigroup if it is normal in itself. An element c of S is said to be central if
ac = ca for each a e S.

Proposition 1.1. Every idempotent of a normal semigroup is central.

Proof. Let S be a normal semigroup and let j e S with j 2 = / Given
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aeS there is beS with aj = jb. Then jaj = jb = a/. A similar argument
gives jaj = ja, so that j is central.

An element a of a semigroup 5 is said to be regular if there is b e S such that
aba = a. In general a regular element of S need not belong to a subgroup
of S.

Proposition 1.2. Every regular element of a normal semigroup belongs to
some subgroup of the semigroup.

Proof. Let S be a normal semigroup and let a,beS with aba = a. Let
e = ab,f = ba so that e2 = e,f2 = f. We have ea = afo = a,af — aba = a.
Since e, / are central we now have

ba = bea = <e&a = ef = fe = /a& = a/b — ab =* e.

Thus the subsemigroup generated by a and 6 is a group with identity e in which
6 is the inverse of a.

Let 5 be a normal semigroup and let T be a subsemigroup of S. Then T
need not be a normal semigroup. For example in the free group on two genera-
tors a, b the subsemigroup generated by a and b is not normal. The next result
gives a sufficient condition for T to be a normal semigroup.

Proposition 1.3. Let S be a normal semigroup and let T be a subsemigroup
of S such that T is the union of groups. Then T is a normal semigroup.

Proof. Given aeTwe shall show that Ta = TnSa and similarly aT = TnaS.
Since Sa = aS we then conclude that Ta = aT and T is normal. It is thus
sufficient to show that TnSa c Ta for a eT. Suppose yeS and ya e 7*. Since
T is the union of groups there are e, beT with ab = e, ea = a. Then

ya = yea = yaia e TbacTa

and the proof is complete.
If 5" is a compact semigroup the kernel K of S is the (unique) minimal closed

two-sided ideal of S.

Proposition 1.4. / / K is the kernel of a compact normal semigroup S then

(i) K is a compact subgroup of S,

(ii) if e is the identity of K then ej - e for every idempotent j of S.

Proof, (i) Certainly K is compact. Given aeKwe have that aK is a closed
right ideal and

SaK = aSKcaK,
so that aK is two-sided. Since K is the kernel we have aK = K, and similarly
Ka = K. It is well known that K is then a compact group.

(ii) Let ye S withy2 = j . Since e is central ej is an idempotent and it is in
K. Thus ej = e.

We remark that it is easy to construct examples of compact normal semi-
groups that are neither groups nor Abelian. In fact let G be any non-Abelian
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compact group and let T be any compact Abelian semigroup that is not a
group. Then the direct product semigroup G x T is such a compact normal
semigroup.

2. Compact semigroups 5 with P(S) normal
Let S be a compact semigroup and let P(S) be the convolution semigroup

of probability measures on S. For convenience of notation we shall identify
the elements of S with the point mass measures. Given /i e P(S) we write
supp fi for the support of n, i.e. the unique minimal closed subset H of 5 with
H(H) = 1. It is well known that, if \i, v e P(S) and 0 < t < 1, then

supp fiv = supp ix supp v

supp (//*+(1 — f)v) = supp /i u supp v.

The theorem below shows that for a large class of compact semigroups S, P(S)
is normal if and only if S is Abelian.

Theorem 2 . 1 . Let S be a compact semigroup with P(S) normal. Let yeS
with ey = y for some idempotent e of S. Then y is central in S.

Proof. It follows from Lin's argument that S is a normal semigroup and so
e is central in S. Suppose there is x e S with xy i=- yx. Let \i — te+(l — t)x
where 0<t<l, t ^ %. Since P(S) is normal there is p eP(S) with ny = pn,
i.e.

ty+(\-i)xy = tpe+(l-t)px.

If H = supp p, then {y, xj'} = HeuHx. lfy = xy then for any we i/we have
we = j> = xy = wx, and so yx = wex = wxe = xye = xy. This contradiction
shows that y ^ xy. We now consider various possibilities for the sets He and
Hx.

(i) He = {j} or /fa = {xy}. It follows that there is we H with we = y,
wx = xy. This gives

yx = wex = wxe = xye = xy.

(ii) He = {xy}, Hx = {y, xy}. For each w e H we have we = xy and so
wxe = wex = x,yx. But wx = y or wx = xj and so wxe = y or wxe = xy.
Since both possibilities occur we obtain the contradiction y = xy.

(iii) ife = {xy}, Hx = {y}. Then pe = xj/, px = y,

ty+(l-t)xy = txy+(l-t)y.

Since t <£ i this gives the contradiction y = xy. We are now reduced to case
(iv) below.

(iv) He = {y, xy}. Then Hxe = Hex = {yx, xyx}. If Hx = {y} then
Hx = Hxe and so .y = yx = .xyx. This gives xy = x(jx) = y = jx. This
contradiction shows that Hx ̂  {j>}. We cannot have Hx = {xy} by part (i),
and therefore Hx = {.>>, xj} = Hxe. Since yx # xy, we now deduce that
yx = y.

https://doi.org/10.1017/S0013091500013018 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500013018


336 S. T. L. CHOY, B. DUMMIGAN AND J. DUNCAN

Using the normality of P(S) again we get v e P(S) with y\i = \i\ and so

y = ty+(l-t)yx = tev + (l-t)xv.

Let z e supp v and then ez = y = xz. This gives xy = xz = y = ^x. This
final contradiction shows that >> must be central in S.

Corollary. IfP(S) is normal and S is the union of subsemigroups each of which
has an identity element, then S is Abelian. In particular ifP(S) is normal and S
is a group then S is Abelian.

Remark 1. Suppose x, y e S with xy = y. Then x"y = y for each positive
integer n. It is well known that there is an idempotent e that is a closure point
of {x"} and then ey = y.

Remark 2. Let S be any semigroup with the discrete topology and replace
P(S) by co (S). It is then clear that Theorem 2.1 holds if compact is replaced
by discrete.

Since co (S) is weak* dense in P(S) the result below may be established by a
routine argument; we omit the proof.

Proposition 2.2. Let S be a compact semigroup. Then P(S) is normal if anp
only if for each x e S, n e co (S) there are p, v e P(S) such that fix = pn, xfi = fiv.

The above result leads to a sufficient condition on S that P(S) be normal.
Suppose that fieco (S) so that

/* = t tryn tr ^ 0, t tr = 1.
I i

Given x e S suppose there is z e S such that

y,x = zyr (r = 1, ...,«). (1)

The first condition of Proposition 2.2. will now be satisfied with p = z. If S
is normal then Ey = {ze S: yx = zy} is non-empty for each y and is clearly
closed. If condition (1) above holds for any finite set {j^, ..., yn} then the closed
sets {Ey: y e S} satisfy the finite intersection property. Since S is compact
n{Ey: ye S} must be non-empty. We are thus led to the following definition.

A semigroup S is said to be completely normal if for each xeS there are
0(x), ip(x) e S such that

yx = <t>(x)y (yeS)

xy = j>^(x) (y e S).

The result below is now clear.

Proposition 2.3. Let S be a completely normal compact semigroup. Then
P(S) is normal.

We give next an example of a completely normal compact semigroup which
is not Abelian.
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Example 2.4. Let S = {a, b, c, d, e) with the following multiplication table.

a
b
c
d
e

a

d
e
d
d
d

b

d
d
e
d
d

c

e
d
d
d
d

d

d
d
d
d
d

e

d
d
d
d
d

The multiplication is associative since the product of any three elements is d.
Since ab ^ ba, S is a finite non-Abelian semigroup. Define <j>: S-*S by

and define $ = 0"1. It is readily verified that

yx = <j>(x)y, xy = y\p{x) (x, yeS)

so that S is completely normal.
We remark without proof that the above example is the smallest possible

example of a non-Abelian completely normal semigroup. Also if S is any
completely normal semigroup it is easy to see that S2 is a subset of the centre
of S.

3. The semigroup P(S) with S compact normal
Throughout this section 5 will be a compact normal semigroup. We

write K for the kernel of £ so that K is a compact group by Proposition 1.4.
We write m for the Haar measure on K.

The results below generalize known results for compact groups and compact
Abelian semigroups.

Theorem 3.1. The support of each idempotent measure in P(S) is a group.
Thus the idempotent measures in P(5) are the Haar measures on compact subgroups
ofS.

Proof. Let /i 6 P(S) with /x2 = n, and let T = supp p. By Collins (1), T
is a simple semigroup and hence is a union of subgroups. By Proposition 1.3
we have that T is a normal semigroup. Since T is simple we deduce that
Tx = xT = T (x e T). It is now well known that T must be a group. Finally
it is well known that the only idempotent measure supported on a compact
group is the Haar measure of the group.

We write K(P(S)) for the kernel of P(S).

Theorem 3.2. K(P(S)) = {m}.

Proof. It is sufficient to show that m is the zero element of P{S). Given
x e S w e have supp (xm)cK. Since m is the zero element in P{K) we have
xm = xm2 = m. It follows by the standard density argument that \im = m
for each \i in P(S) and similarly m\i = m.

E.M.S.—x
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