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Weak Approximation for Points with
Coordinates in Rank-one Subgroups of
Global Function Fields

Chia-Liang Sun

Abstract. For every aõne variety over a global function ûeld, we show that the set of its points
with coordinates in an arbitrary rank-one multiplicative subgroup of this function ûeld satisûes
the required property of weak approximation for ûnite sets of places of this function ûeld avoiding
arbitrarily given ûnitely many places.

1 Introduction

Let K be a global function ûeld over a ûnite ûeld k of positive characteristic p. We
denote by kalg the algebraic closure of k inside a ûxed algebraic closure Kalg of K. Let
ΣK be the set of all places of K. For each v ∈ ΣK , denote by Kv the completion of K
at v; by Ov , mv , and Fv respectively the valuation ring, the maximal ideal, and the
residue ûeld associated with v. For each ûnite subset S ⊂ ΣK , we denote by OS the
ring of S-integers in K. We ûx a coûnite subset S̃ ⊂ ΣK , and endow ∏v∈S̃ Kv with
the natural product topology. For any semi-abelian variety A over K and any subset
H of A(K), we denote by HS̃ the image of H in A(∏v∈S̃ Kv) under the diagonal em-
bedding, and denote by HS̃ its topological closure; an element (αv)v∈S̃ ∈ A(∏v∈S̃ Kv)

lies in HS̃ if and only if there is a sequence (hn)n≥1 in H, such that for each v ∈ S̃ the
sequence (hn)n≥1 in the complete topological space A(Kv) converges to αv . In view
of a conjecture proposed by Poonen and Voloch, we propose the following question.

Main Question Let X be a closed K-subvariety of a semi-abelian variety A over K,
and let H be a ûnitely generated subgroup of A(K). Does the equality

(1.1) X(∏

v∈S̃

Kv) ∩HS̃ = (X(K) ∩H) S̃

hold?

Remark 1.1 Poonen and Voloch [PV10, Conjecture C] conjecture that the Main
Question has apositive answer in the casewhereA is an abelian variety andH = A(K).
_ey also prove that this conjectureholds in the casewhereAhasnononzero isotrivial
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quotient, X does not contain a translate of a positive-dimensional subvariety ofA, and
A(Ksep)[p∞] is ûnite [PV10,_eorem B].

Remark 1.2 Without requiring the subgroup H ⊂ A(K) to be ûnitely generated,
theMain Question would have a negative answer [Sun13, Example 1].

Remark 1.3 _e author shows that theMain Question has a positive answer in the
following two cases.

(i) _ere is an isogeny f from A to an semi-abelian variety A0 deûned over kalg sat-
isfying the condition that each translate P+ f (X) of f (X),where P ∈ A0(Kalg),
contains no positive-dimensional closed Kalg-subvariety Y of the base change
of A0 to Kalg such that Y is the base change of a kalg-subvariety of A0. ([Sun13])

(ii) When X is a (ûnite) union of linear subvarieties of A = GM
m , i.e., those subvari-

eties deûned by linear forms in M variables and H = AM(Γ) for some ûnitely
generated subgroup Γ ⊂ K∗ = Gm(K) satisfying the condition that X contains
no linearK-subvarietyY with dimension greater than one such that the translate
of Y by some element in AM(ρ(Γ)), where ρ(Γ) = ⋂m≥0(K pm

)∗Γ, is deûned
over k [Sun14].

_e set X(∏v∈S̃ Kv) ∩ HS̃ is shown to be contained in a zero-dimensional variety
under the condition on X in Remark 1.1 and that in Remark 1.3(i), respectively, and
contained in a (ûnite) union of lines under the condition that in Remark 1.3(ii). _us
we have in the former situation that X(∏v∈S̃ Kv) ∩ HS̃ = (X(K) ∩ H)S̃ is a ûnite
set, and in the latter situation that X(∏v∈S̃ Kv)∩AM(Γ)S̃ is the set of ΓS̃-multiples of
points in some ûxed ûnite subset Z ⊂ AM(Γ) such that X(K) ∩ AM(Γ) is the set of
Γ-multiples of points in Z, i.e.,

X(K) ∩AM
(Γ) = {(γc1 , . . . , γcM) ∶ γ ∈ Γ, (c1 , . . . , cM) ∈ Z} ,

and X(∏v∈S̃ Kv) ∩ AM(Γ)S̃ is the set of limits of sequences ((γnc1 , . . . , γncM))n≥1,
where (c1 , . . . , cM) ∈ Z and (γn)n≥1 is a sequence in Γ converging in AM(∏v∈S̃ K∗

v ).
It is interesting to ûnd cases in which the Main Question has an aõrmative answer,
while the set X(∏v∈S̃ Kv) ∩ HS̃ cannot be described as easily as above. On the other
hand, in the known results of theMain Question, for a given setting (K , S̃ ,A, X ,H)

with dimX ≥ 3, it is almost impossible to verify whether the hypotheses are satisûed;
thus, in this sense, these results are not practical. For these two reasons, we desire to
have another approach to show that theMain Question has a positive answer.

Toward a positive answer to the Main Question, i.e., to prove that (1.1) holds, the
following idea is very straightforward: given an arbitrary α ∈ X(∏v∈S̃ Kv) ∩ HS̃ ,
i.e., given a sequence (hn)n≥1 in H converging to α, we aim to construct a sequence
(h′n)n≥1 in X(K)∩H such that the sequence (hn − h′n)n≥1 in H converges to the neu-
tral element of A(∏v∈S̃ Kv). _is suõces for our purpose since the desired property
will show that α is the limit of the sequence (h′n)n≥1 in X(K) ∩ H in A(∏v∈S̃ Kv).
To avoid the complicated geometry that Amay have, in this paper we implement the
above idea on the same setting in Remark 1.3(ii), where A = GM

m is embedded in the
aõne space AM in the usual way.
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Denote the coordinates in AM by X = (X1 , . . . , XM). For each polynomial f ∈

K[X1 , . . . , XM], we denote by H f ⊂ AM the hypersurface deûned by f . If the total
degree of f is one, we say that H f is a hyperplane. By a linear K-variety in AM , we
mean an intersection of K-hyperplanes. In our setting, any subvariety X of A comes
from some aõne variety W in AM ; thus, it is natural to work on the case where H =

AM(Γ) for a ûnitely generated subgroup Γ ⊂ K∗, where for any commutative ring R
with unity, denote by R∗ the group of its units. In this particular case, we simply have
X(∏v∈S̃ Kv) ∩ HS̃ = W(ΓS̃) and X(K) ∩ H = W(Γ), where ΓS̃ and ΓS̃ are deûned
above by viewing K∗ = Gm(K), andW(ΓS̃) (resp.,W(Γ)) is the set of points on W
with coordinate components in ΓS̃ (resp., in Γ). For each v ∈ ΣK , we simply write Γv
for Γ{v}.

Our main result is as follows.

_eorem 1.4 Let Γ ⊂ K∗ be a ûnitely generated subgroup such that Γ ∩ O∗

S has rank
at most one, where S = ΣK ∖ S̃. _en for every closed K-variety W in an aõne space,
we have that W(ΓS̃) = W(Γ)S̃ ; equivalently, theMain Question always has a positive
answer in the case where A is a direct product of copies of themultiplicative group, H is
the subgroup of A(K) consisting of elements with each component in Γ.

Remark 1.5 Note that in the case where S̃ = ΣK , the product formula implies that
the subset A(K)S̃ = A(K)ΣK is discrete in A(∏v∈ΣK Kv), hence HΣK = HΣK , and
thus (1.1) holds trivially. On the other hand, given a ûxed ûnitely generated subgroup
Γ ⊂ K∗, the condition in _eorem 1.4 that Γ ∩ O∗

S has rank at most one imposes a
restriction on S, and we can always ûnd a ûnite subset S ⊂ ΣK with arbitrarily large
cardinality such that this condition is satisûed. For example, in the case where K =

k(T) is a rational function ûeld, Γ is generated by irreducible polynomials in k[T],
and S is a ûnite subset containing the place corresponding to 1

T and exactly one place
corresponding to some of these irreducible polynomials generating Γ, we have that
the rank of Γ ∩ O∗

S is exactly one.

Proved at the end of Section 2 as an immediate consequence of _eorem 1.4, the
next corollary provides a local-global criterion of simultaneous solvability of ûnitely
manymulti-variate polynomials over K in the subgroup Γ. Note that the torsion sub-
group Tor(Γ) of Γ is cyclic.

Corollary 1.6 Let Γ ⊂ K∗ be the rank-one subgroup generated by γ and τ with τ ∈

Tor(Γ). Let f j(X1 , . . . , XM) ∈ K[X1 , . . . , XM] for each j ∈ {1, . . . , J}, where J is a
natural number. Let S0 ⊂ ΣK be a ûnite subset such that S0 ∪ S̃ = ΣK , Γ ⊂ O∗

S0 , and
f j(X1 , . . . , XM) ∈ OS0[X1 , . . . , XM] for each j ∈ {1, . . . , J}. Consider the following
statements:
(L) For every non-zero ideal a ⊆ OS0 , there exists a tuple

( ea,m , i ∶ m ∈ {1, . . . ,M}, i ∈ {0, 1})

of rational integers with length 2M such that for each j ∈ {1, . . . , J},

f j(τea,1,0γea,1,1 , . . . , τea,M ,0γea,M ,1) ∈ a.
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(G) _ere exists a tuple (ea,m , i ∶ m ∈ {1, . . . ,M}, i ∈ {0, 1}) of rational integers with
length 2M such that for each j ∈ {1, . . . , J},

f j(τe0,1,0γe0,1,1 , . . . , τe0,M ,0γe0,M ,1) = 0.

_en (L) implies (G).

Remark 1.7 Since Tor(Γ) is ûnite, it is easy to see that Condition (L) stays equiv-
alent when additionally requiring that ea,m ,0 does not depend on the ideal a. _ere-
fore, roughly speaking, Corollary 1.6 is a local-global criterion for the existence of M
independent integer parameters. In the case where K is a number ûeld, and J = 1
with f1(X1 , . . . , XM) = λ1X1 + ⋅ ⋅ ⋅ + λMXM , Bartolome, Bilu, and Luca [BBL13] prove
the analogous statement of Corollary 1.6with additionally requiring inCondition (L)
that there is a tuple (n1,0 , . . . , nM ,0 , n1,1 , . . . , nM ,1) of rational integers (independent
on the ideal a) satisfying nm′ ,rea,m , i = nm ,rea,m′ , i for every m,m′ ∈ {1, . . . ,M}, ev-
ery r ∈ {0, 1}, and every non-zero ideal a ⊆ OS0 . _is additional requirement makes
their number-ûeld result a local-global criterion for the existence of a single integer
parameter.

In the rest of this paper, which is devoted to our proof of _eorem 1.4, we ûx a
natural number M, a closed K-variety W in AM , and a ûnitely generated subgroup
Γ ⊂ K∗. We also drop the subscript S̃ in the notation of topological closure so that ΓS̃
andW(Γ)S̃ are simply written as Γ andW(Γ) respectively.

2 The Proof of Theorem 1.4

Recall that we have ûxed a closed K-variety W in AM and a ûnitely generated sub-
group Γ ⊂ K∗. We say that W is a homogeneous linear K-variety if its vanishing
ideal is generated by linear forms over K. For any subgroup ∆ ⊂ K∗, we say that
W is ∆-isotrivial if there is some (δ1 , . . . , δM) ∈ AM(∆) such that the multiplicative
translate (δ1 , . . . , δM) ⋅W is a k-variety; we denote by k(∆) the smallest subûeld of
K containing k and ∆, by ρ(∆) the subgroup ⋂m≥0(K pm

)∗∆ of K∗, and by
K√
∆ the

subgroup {x ∈ K∗ ∶ xn ∈ ∆ for some n ∈ N} of K∗. We need the following earlier
result of the author.

Proposition 2.1 ([Sun14, Proposition 6]) Let d be the dimension of W . Suppose
that W is a union of homogeneous linear K-varieties, and that each d-dimensional ir-
reducible component of W is not ρ(Γ)-isotrivial. _en there exists a ûnite union V
of homogeneous linear K-subvarieties of W with dimension smaller than d such that
W(Γv) = V(Γv) for every v ∈ ΣK ; in particular, we haveW(Γ) = V(Γ).

Remark 2.2 Proposition 2.1 ismotivated by an earlier result of Derksen andMasser
[DM12], which roughly says that the weaker conclusion W(Γ) = V(Γ) holds under
the slightly stronger hypothesis that each d-dimensional irreducible component ofW
is not

K√
Γ-isotrivial. For a homogeneous linear K-variety W that is

K√
Γ-isotrivial,

they also express W(Γ) in terms of Frobenius orbits of the Γ-valued points of its
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proper homogeneous linear K-subvarieties; however, this expression has no “adelic
analog”. For precise details, see Appendix A .

One of the key ingredients in the proof of the main result in this paper is the fol-
lowing unexpected application of Proposition 2.1.

Proposition 2.3 For any closed K-variety W ⊂ AM , there exists some closed
k(ρ(Γ))-subvariety V of W such that W(Γv) = V(Γv) for every v ∈ ΣK ; in partic-
ular, we haveW(Γ) = V(Γ).

Proof Let { f j ∶ 1 ≤ j ≤ J} ⊂ K[X1 , . . . , XM] be a set of polynomials deûning W .
Choose D ∈ N such that for each j ∈ {1, . . . , J}, we can write

f j(X1 , . . . , XM) = ∑
(d1 , . . . ,dM)∈{0,1, . . . ,D}M

c( j,d1 , . . . ,dM)X
d1
1 ⋅ ⋅ ⋅XdM

M

with each c( j,d1 , . . . ,dM) ∈ K. Consider the tuple Y = (Y(d1 , . . . ,dM))(d1 , . . . ,dM)∈{0,1, . . . ,D}M of
new variables, in which we deûne linear forms

ℓ j(Y) = ∑
(d1 , . . . ,dM)∈{0,1, . . . ,D}M

c( j,d1 , . . . ,dM)Y(d1 , . . . ,dM)

for each j ∈ {1, . . . , J}. Let N = (D + 1)M andW ′ ⊂ AN be the homogeneous linear
variety deûned by {ℓ j ∶ 1 ≤ j ≤ J}. By Proposition 2.1, there exists a ûnite union V ′ of
homogeneous linearK-subvarieties ofW ′ such that each irreducible component ofV ′

is ρ(Γ)-isotrivial and thatW ′(Γv) = V ′(Γv) for every v ∈ ΣK . In particular, each irre-
ducible component ofV ′ is deûned over k(ρ(Γ)); thus, so isV ′. Let {g′j ∶ 1 ≤ j ≤ J′} ⊂
k(ρ(Γ))[Y] be a set of polynomials deûningV ′. For each j ∈ {1, . . . , J′},we construct
f ′j (X1 , . . . , XM) by substituting each variable Y(d1 , . . . ,dM) in g′j(Y) by the monomial
Xd1

1 ⋅ ⋅ ⋅XdM
M ; thus, we have that f ′j (X1 , . . . , XM) ∈ k(ρ(Γ))[X1 , . . . , XM]. Let V ⊂ AM

be the k(ρ(Γ))-variety whose vanishing ideal is generated by { f ′j ∶ 1 ≤ j ≤ J′}. For
every j ∈ {1, . . . , J′} and every (x1 , . . . , xM) ∈ V(Kalg), we have f ′j (x1 , . . . , xM) = 0,
thus the point (xd1

1 ⋅ ⋅ ⋅ xdM
M )(d1 , . . . ,dM)∈{0,1, . . . ,D}M ∈ AN(Kalg) is a zero of g′j(Y) by con-

struction; this shows that (xd1
1 ⋅ ⋅ ⋅ xdM

M )(d1 , . . . ,dM)∈{0,1, . . . ,D}M ∈ V ′(Kalg) ⊂ W ′(Kalg),
and thus the construction yields (x1 , . . . , xM) ∈W(Kalg). Hence,we see that V ⊂W .
Similar reasoning gives the other desired conclusion that W(Γv) = V(Γv) for every
v ∈ ΣK .

For any ûnitely generated subgroup ∆ ⊂ K∗, [Vol98, Lemma 3] shows that ρ(∆) ⊂
K√
∆, and thus that ∆ and ρ(∆) have the same rank; we also note that ∆ ⊂ ρ(∆) =

ρ(ρ(∆)), by deûnition.

Proposition 2.4 Letting S = ΣK ∖ Σ, there exists a free subgroup Φ ⊂ O∗

S that has
the same rank as Γ∩O∗

S and satisûes the following property: if V(Φ) = V(Φ) for every
closed k(Φ)-variety V ⊂ AM , thenW(Γ) =W(Γ) for every closed K-varietyW ⊂ AM .

Proof Let Φ be a maximal free subgroup of the ûnitely generated abelian group
ρ(Γ ∩ O∗

S ). Since Φ ⊂ ρ(Φ) ⊂ ρ(ρ(Γ ∩ O∗

S )) = ρ(Γ ∩ O∗

S ), it follows that Φ is a
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maximal free subgroup of ρ(Φ), and this implies that ρ(Φ) = Tor(ρ(Φ))Φ = k∗Φ.
Letting S0 ⊂ ΣK be a ûnite subset such that Γ ⊂ O∗

S0 , we see that the image of Γ in
∏v∈Σ K∗

v is contained in (∏v∈Σ∩S0 K
∗

v ) × (∏v∈Σ∖S0 O
∗

v ); since S = ΣK ∖ Σ, this shows
that the image of Γ ∩ O∗

S in ∏v∈Σ K∗

v is exactly the intersection of the image of Γ in
∏v∈Σ K∗

v with the open subgroup (∏v∈Σ∩S0 O
∗

v ) × (∏v∈Σ∖S0 K
∗

v ) of ∏v∈Σ K∗

v . It fol-
lows that Γ ∩ O∗

S is open in Γ. Since the index of Φ ∩ Γ ∩ O∗

S in Γ ∩ O∗

S is ûnite,
[Sun14, Corollary 2] shows that Φ ∩ Γ ∩ O∗

S is open in Γ ∩ O∗

S , and thus is open in Γ.
We note that Φ ∩ Γ ∩ O∗

S = Φ ∩ Γ, since Φ ⊂ O∗

S .
Fix a closed K-variety W ⊂ AM . Consider an arbitrary x ∈ W(Γ), which is the

limit of a sequence (xn)n∈N in AM(Γ). Since Φ ∩ Γ is open in Γ, we can assume that
xn = ryn with some r ∈ AM(Γ) and a sequence (yn)n∈N in AM(Φ ∩ Γ). Note that
the sequence (yn)n∈N converges to r−1x ∈ (r−1W)(Φ). Recalling that ρ(Φ) = k∗Φ,
Proposition 2.3 says that there exists some closed k(Φ)-subvariety V of r−1W such
that (r−1W)(Φ) = V(Φ). Assuming V(Φ) = V(Φ), we see that

r−1x ∈ (r−1W)(Φ) = V(Φ) = V(Φ) ⊂ (r−1W)(Φ) ⊂ r−1
(W(Φ)),

i.e., x ∈ W(Φ) is the limit of some sequence (x′n)n∈N in W(Φ). Letting (x′′n)n∈N ⊂

AM(ΦΓ) be the sequence deûned by x′′2n−1 = xn and x′′2n = x′n ,we see that the sequence
(x′′n)n∈N ⊂ AM(ΦΓ) is Cauchy. As abelian groups,ΦΓ/Γ is isomorphic to Φ/(Γ∩Φ),
which is ûnite by the construction ofΦ; thus, [Sun14, Corollary 2] shows that Γ is open
in ΦΓ. It follows that Φ∩ Γ is open in ΦΓ. Hence, for suõciently large n ∈ N, we have
that (r−1xn)

−1(r−1x′n) = (x′′2n−1)
−1x′′2n ∈ AM(Φ ∩ Γ); since r−1xn = yn ∈ AM(Φ ∩ Γ),

we conclude that r−1x′n ∈ AM(Φ ∩ Γ), and thus x′n ∈ AM(Γ) ∩W(Φ) ⊂ W(Γ), i.e.,
x ∈W(Γ). _is ûnishes the proof.

Wemake the following convention. For a polynomial Q(T) ∈ k[T] and a rational
function P(T) ∈ k(T), we say that Q(T) divides P(T) if any zero of Q(T) in kalg is
not a pole of P(T)

Q(T) . _e long proof of the following proposition, which is the core in
the proof of_eorem 1.4, is postponed to Section 3.

Proposition 2.5 Let S be a ûnite set of irreducible polynomials in k[T]. Let J be a
natural number. For each j ∈ {1, . . . , J}, let f j(X1 , . . . , XM) ∈ k[T][X1 , . . . , XM].
Assume that there exists a sequence {(e1,n , . . . , eM ,n)}n≥1 in AM(Z) satisfying the

following condition.
For every Q(T) ∈ k[T] not divisible by any element in S, there is an NQ ∈ N
such that for any n ≥ NQ we have that Q(T) divides f j(T e1,n , . . . , T eM ,n) for all
j ∈ {1, . . . , J}.

_en there exists a sequence {(e′1,n , . . . , e′M ,n)}n∈N inAM(Z) indexed by an inûnite
subset N ⊂ N with the following properties:
(i) For each n ∈ N we have f j(T e

′
1,n , . . . , T e

′
M ,n) = 0 for all j ∈ {1, . . . , J}.

(ii) For every Q̃(T) ∈ k[T] not divisible by T , there is an ÑQ̃ ∈ N such that for any
n ∈ N with n ≥ ÑQ̃ we have that Q̃(T) divides T e i ,n − T e

′
i ,n for all i.

_e next theorem follows formally from Proposition 2.5.
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_eorem 2.6 LetW be a closed k(Γ)-variety inAM . Suppose that Γ is freewith rank
one, is contained in O∗

S , where S = ΣK ∖ Σ. _en we have that W(Γ) =W(Γ).

Proof Let γ be a generator of Γ. Let Σ∣k(γ) ⊂ Σ be the subset satisfying the following
property: for each v ∈ Σ, there exists a unique w ∈ Σ∣k(γ) such that both v and w
restrict to the same place of k(γ). Consider the k-isomorphism between ûelds

(2.1) k(T)Ð→ k(γ), T z→ γ.

_rough the isomorphism (2.1), the set Σ∣k(γ) is injectively mapped onto a subset of
the set of places of k(T). For each v ∈ Σ∣k(γ), we have that γ ∈ O∗

v ; let Pv(T) ∈ k[T]

be the irreducible polynomial corresponding to the image of v under this map. Let
S be the complement of the subset {Pv(T) ∶ v ∈ Σ∣k(γ)} of the set of all irreducible
polynomials in k[T]. Note that S is a ûnite set containing the polynomial T , and that
k[Γ] ⊂∏v∈Σ Ov , where k[Γ] is the smallest subring of K containing both k and Γ.

Write W = ⋂
J
j=1 H f j , where f j(X1 , . . . , XM) ∈ k[γ][X1 , . . . , XM] for each j. Let

{(γe1,n , . . . , γeM ,n)}n≥1 be a sequence in AM(Γ) that converges to a point

(x1 , . . . , xM) ∈W(Γ) ⊂ AM( ∏
v∈Σ

K∗

v ) ,

where e i ,n ∈ Z. In fact, this sequence lies in the image of AM(∏v∈Σ∣k(γ) k(γ)
∗

v ) in
AM(∏v∈Σ K∗

v ) under the natural map, where k(γ)v denotes the topological closure
of the subûeld k(γ) in Kv . Note that this image is a closed subset. _e topology on
Γ is induced from the usual product topology on ∏v∈Σ k(γ)∗v , and the latter topol-
ogy is the same as the subspace topology restricted from the usual product topol-
ogy on∏v∈Σ k(γ)v . _us, for each i ∈ {1, . . . ,M}, the sequence (γe i ,n)n≥1 converges
to x i in ∏v∈Σ k(γ)v . _erefore, from the continuity of each f j at (x1 , . . . , xM) ∈

AM(∏v∈Σ k(γ)v), we see that each sequence ( f j(γe1,n , . . . , γeM ,n))n≥1 converges to
f j(x1 , . . . , xM) = 0 in ∏v∈Σ k(γ)v . Consider the sequence {(e1,n , . . . , eM ,n)}n≥1 in
AM(Z). Fix an arbitrary Q(T) ∈ k[T] not divisible by any element in S. _us we
have the prime decomposition Q(T) = ∏v∈Σ∣k(γ) Pv(T)nv in k[T], where there are
only ûnitely many v ∈ Σ∣k(γ) with nv > 0. In particular,

UQ = ∏
v∈Σ∣k(γ)
nv=0

k(γ)v × ∏
v∈Σ∣k(γ)
nv>0

(mv ∩ k(γ)v)
nv

is an open subset in ∏v∈Σ∣k(γ) k(γ)v endowed with the product topology. Note that
f j(γe1,n , . . . , γeM ,n) ∈ k[γ, γ−1] for each j ∈ {1, . . . , J} and n ∈ N. _e intersection
of UQ with the image of k[γ, γ−1] in ∏v∈Σ∣k(γ) k(γ)v is the image of Q[γ]k[γ, γ−1],
which is thus an open subset of k[γ, γ−1] containing zerowith respect to the subspace
topology restricted from∏v∈Σ∣k(γ) k(γ)v . _erefore, from the fact that each sequence
( f j(γe1,n , . . . , γeM ,n))n≥1 converges to zero in ∏v∈Σ k(γ)v , it follows that there is an
NQ ∈ N such that for any n ≥ NQ we have that f j(γe1,n , . . . , γeM ,n) ∈ Q[γ]k[γ, γ−1]

for each j ∈ {1, . . . , J}; thus by the isomorphism (2.1), we have that Q(T) divides
f j(T e1,n , . . . , T eM ,n), because 0 is not a zero of Q(T). _erefore, the assumption of
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Proposition 2.5 is veriûed. Applying the isomorphism(2.1) to the conclusion ofPropo-
sition 2.5,we see that there exists a sequence {(e′1,n , . . . , e′M ,n)}n∈N inAM(Z) indexed
by an inûnite subset N ⊂ N satisfying the following properties:
● For each n ∈ N we have f j(γe

′
1,n , . . . , γe

′
M ,n) = 0 for all j ∈ {1, . . . , J}.

● For every Q̃(T) ∈ k[T] not divisible by T , there is an ÑQ̃ ∈ N such that for any
n ∈ N with n ≥ ÑQ̃ we have that γe i ,n − γe

′
i ,n ∈ Q̃(γ)k[γ, γ−1] for all i ∈ {1, . . . ,M}.

_e ûrst property says that (γe
′
1,n , . . . , γe

′
M ,n) ∈W(Γ) for each n ∈ N. On the

other hand, because the image of k[γ, γ−1] in ∏v∈Σ∣k(γ) k(γ)v lies in ∏v∈Σ∣k(γ)(Ov ∩

k(γ)v), one can argue similarly as above that the topology on k[γ, γ−1], which is
induced from the usual product topology on ∏v∈Σ k(γ)v , is generated by those
subsets Q̃(γ)k[γ, γ−1] with Q̃(T) ∈ k[T] not divisible by any element in the set
S. Since S contains the polynomial T , the second property implies that for each
i ∈ {1, . . . ,M} the sequence (γe i ,n − γe

′
i ,n)n∈N converges to zero in ∏v∈Σ k(γ)v ; this

shows that the two sequences (γe i ,n)n∈N and (γe
′
i ,n)n∈N converge to the same element

in∏v∈Σ k(γ)v . Hence, for each i ∈ {1, . . . ,M}, the sequence (γe
′
i ,n)n∈N converges to

x i in∏v∈Σ k(γ)v ; since x i ∈∏v∈Σ k(γ)∗v , it follows from what is explained above that
the same convergence also happens in∏v∈Σ k(γ)∗v . _is shows that

(x1 , . . . , xM) ∈ {(γe′1,n , . . . , γe′M ,n)}n∈N ⊂W(Γ),

which completes the proof.

Proof of_eorem 1.4 Combine Proposition 2.4 and_eorem 2.6.

Proof of Corollary 1.6 Condition (L) is equivalent to W(ΓΣK∖S0) /= ∅ by a com-
pactness argument using the assumption Γ ⊂ O∗

S0 , while Condition (G) is clearly
equivalent to W(Γ) /= ∅; these two conditions are equivalent, since_eorem 1.4 im-
plies that W(Γ)ΣK∖S0 is dense in the subspace W(ΓΣK∖S0) of the topological space
AM(∏v∈ΣK∖S0 K

∗

v ), whereW ⊂ AM is the variety deûned by f j(X1 , . . . , XM) = 0 for
each j ∈ {1, . . . , J}.

3 The Proof of Proposition 2.5

For any a ∈ N and b ∈ N ∖ pN, consider the polynomial

ga ,b(T) =
T ab − 1
T a − 1

∈ k[T].

_e following result is proved in the author’s recent work [Sunar].

Lemma 3.1 Let f (T) = ∑i∈I c iT e i ∈ k(T) with each c i ∈ k and e i ∈ Z, where I is a
ûnite index set. Let a ∈ N, b ∈ N ∖ pN with b greater than the cardinality of I. Denote
by C the collection of those partitions P of the set I such that for each set Ω ∈ P we
have ∑i∈Ω c i = 0 and for each nonempty proper subset Ω′ ⊂ Ω we have ∑i∈Ω′ c i /= 0.
Suppose that ga ,b(T) divides f (T). _en there is some P ∈ C such that for each set
Ω ∈ P and each i1 , i2 ∈ Ω, we have that ab divides e i1 − e i2 .

https://doi.org/10.4153/CMB-2018-008-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2018-008-3


886 C.-L. Sun

Proved by an elementary linear-algebra argument, the following result plays a cru-
cial role so that Proposition 24 in the author’s recent work [Sunar] can be generalized
to Proposition 2.5, which is the core in the proof of_eorem 1.4.

Lemma 3.2 Let N ⊂ N be a subset such that for each m ∈ N there is some n ∈ N

divisible by m. Let a j, i ∈ Z and b j ∈ Z, ( j, i) ∈ {1, . . . , J} × {1, . . . ,M} be ûxed
integers. Suppose that for each n ∈ N, there are some e i ,n , i ∈ {1, . . . ,M} such that
n divides b j − ∑

M
i=1 a j, i e i ,n for each j. _en there is some n0 ∈ N with the following

property: for each n ∈ N divisible by n0, there are some e′i ,n , i ∈ {1, . . . ,M}, such that
n
n0
divides e i ,n − e′i ,n and that b j = ∑

M
i=1 a j, i e′i ,n for each j.

Proof Consider the J-by-(M + 1) matrix (a j, i ∣ b j), where j indexes rows and i
indexes the ûrst M columns. Applying a sequence of the following operations: inter-
changing any two rows or any two of the ûrst M columns,multiplying some row by an
integer, adding some row to another one, we can transform this matrix to (a′j, i ∣ b′j)
such that for some R ≤ min{J ,M}, we have that a′j, i = 0 for any

( j, i) ∈ ({1, . . . , J} × {1, . . . , R}) ∪ ({R + 1, . . . , J} × {1, . . . ,M})

with i /= j, and that a′i , i /= 0 if and only if i ∈ {1, . . . , R}. _en there is some permuta-
tion σ on {1, . . . ,M} such that n divides b′j −∑

M
i=1 a′j, i eσ(i),n for each n ∈ N and each

j ∈ {1, . . . , J}. By the properties ofN, there is some n0 ∈ N divisible by∏R
i=1 a′i , i . For

any j ∈ {1, . . . , R} and any n ∈ N divisible by n0, from the fact that

b′j −
M

∑
i=1
a′j, i eσ(i),n = b′j − a′j, jeσ( j),n −

M

∑
i=R+1

a′j, i eσ(i),n

is divisible by n ∈ a′j, jZ, we see that a′j, j divides b′j − ∑
M
i=R+1 a′j, i eσ(i),n , and thus

there exists a unique e′σ( j),n ∈ Z satisfying b′j − a′j, je′σ( j),n − ∑
M
i=R+1 a′j, i eσ(i),n = 0;

hence, n divides a′j, j(e′σ( j),n − eσ( j),n). For any j ∈ {1, . . . , R}, since is n0 divisible
by a′j, j , we conclude that eσ( j),n − e′σ( j),n is divisible by n/a′j, j and thus by n/n0 as
desired. For any j ∈ {R + 1, . . . , J} and any n ∈ N divisible by n0, we simply deûne
e′σ( j),n = eσ( j),n ; thus n/n0 divides eσ( j),n − e′σ( j),n trivially. For every pair ( j, i) ∈

{R+1, . . . , J}×{1, . . . ,M},we have a′j, i = 0, hence b′j is divisible by every integer, and
therefore b′j = 0. Combined with the construction of e′σ( j),n for any j ∈ {1, . . . , R},
we see that for any j ∈ {1, . . . , J} and any n ∈ N divisible by n0, we always have
b′j −∑

M
i=1 a′j, i e′σ(i),n = 0. Transforming the matrix (a′j, i ∣ b′j) back to (a j, i ∣ b j), we

obtain that b j −∑
M
i=1 a j, i e′i ,n = 0, as desired.

Proof of Proposition 2.5 Choose D ∈ N such that for each j ∈ {1, . . . , J}, we can
write

f j(X1 , . . . , XM) = ∑
(d0 ,d1 , . . . ,dM)∈{0,1, . . . ,D}M+1

c( j,d0 ,d1 , . . . ,dM)T
d0Xd1

1 ⋅ ⋅ ⋅XdM
M

with each c( j,d0 ,d1 , . . . ,dM) ∈ k. For each j ∈ {1, . . . , J}, denote by C j the collection of
those partitions P of the set {0, 1, . . . ,D}M+1 such that for each set Ω ∈ P , we have
∑(d0 ,d1 , . . . ,dM)∈Ω c( j,d0 ,d1 , . . . ,dM) = 0 and for each nonempty proper subset Ω′ ⊂ Ω we
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have ∑(d0 ,d1 , . . . ,dM)∈Ω′ c(d0 ,d1 , . . . ,dM) /= 0. By [Sunar, Remark 14], we can choose some
a0 ∈ N ∖ pN and b0 ∈ N ∖ pN with b0 > (D + 1)M+1 such that for any a ∈ a0N the
polynomial ga ,b0(T) is not divisible by any element in S. By our assumption, there is
a strictly increasing sequence {Na}a∈a0N such that ga ,b0(T) divides

f j(T e1,Na , . . . , T eM ,Na ) = ∑
(d0 ,d1 , . . . ,dM)∈{0,1, . . . ,D}M+1

c( j,d0 ,d1 , . . . ,dM)T
d0+d1 e 1,Na+⋅⋅⋅+dM eM ,Na

for any j ∈ {1, . . . , J}. _us, by Lemma 3.1, for any a ∈ a0N and any j ∈ {1, . . . , J},
there is some P j,a ∈ C j such that for each set Ω ∈ P j,a , each (d0 , d1 , . . . , dM) and
(d′0 , d′1 , . . . , d′M) in Ω, any i ∈ {1, . . . ,M} and any n ≥ Na , we have that ab0 di-
vides both d0 − d′0 + (d1 − d′1)e1,Na + ⋅ ⋅ ⋅ + (dM − d′M)eM ,Na . Consider the subset
{∏

a0+n
i=1 i ∶ n ∈ N} ⊂ a0N. For each j ∈ {1, . . . , J} the collection C j is ûnite, while

{∏
a0+n
i=1 i ∶ n ∈ N} is inûnite; thus, there is an inûnite subset A of {∏a0+n

i=1 i ∶ n ∈ N}

that is contained in a0N, such that for each j ∈ {1, . . . , J} the collection {P j,a ∶ a ∈ A}

consists of only one partition, denoted by P j . Since A ⊂ {∏
a0+n
i=1 i ∶ n ∈ N} is an in-

ûnite subset, it has the property that for each m ∈ N, there is some a ∈ A divisible
by m.
For any a ∈ A, any j ∈ {1, . . . , J}, we observe that (e1,Na , . . . , eM ,Na) satisûes the

condition that for each set Ω ∈ P j , each (d0 , d1 , . . . , dM) and (d′0 , d′1 , . . . , d′M) in Ω,
we have that a divides d0 − d′0 + (d1 − d′1)e1,Na + ⋅ ⋅ ⋅ + (dM − d′M)eM ,Na . Applying
Lemma 3.2, we obtain some n0 ∈ A with the following property: for each a ∈ A

divisible by n0, there are some e′i ,Na
, i ∈ {1, . . . ,M}, such that a

n0
divides e i ,Na −

e′i ,Na
and that for each j ∈ {1, . . . , J}, each set Ω ∈ P j , each (d0 , d1 , . . . , dM) and

(d′0 , d′1 , . . . , d′M) in Ω, we have

d0 − d′0 + (d1 − d′1)e′1,Na + ⋅ ⋅ ⋅ + (dM − d′M)e′M ,Na = 0;

thus, we can let ma , j,Ω = d0 + d1e′1,Na + ⋅ ⋅ ⋅ + dM e′M ,Na for any (d0 , d1 , . . . , dM) ∈ Ω.
Letting N = {Na ∶ a ∈ A ∩ n0N}, which is an inûnite subset of N, since A ⊂ a0N
and the sequence {Na}a∈a0N is strictly increasing, we now show that the constructed
sequence {(e′1,n , . . . , e′M ,n)}n∈N satisûes the desired properties. To verify property (i),
we ûx some j ∈ {1, . . . , J} and n = Na ∈ N with a ∈ A ∩ n0N. From construction, we
have

f j(T e
′
1,n , . . . , T e

′
M ,n)

= ∑
(d0 ,d1 , . . . ,dM)∈{0,1, . . . ,D}M+1

c( j,d0 ,d1 , . . . ,dM)T
d0+d1 e′ 1,Na+⋅⋅⋅+dM e′M ,Na

= ∑
Ω∈P j

Tma , j,Ω ∑
(d0 ,d1 , . . . ,dM)∈Ω

c( j,d0 ,d1 , . . . ,dM) = 0,

as desired. To verify property (ii), we ûx some Q̃(T) ∈ k[T], not divisible by T . Since
each zero of Q̃(T) is in (kalg)∗ and thus has a ûnite order, we can use the property
that for each m ∈ N there is some element of A ∩ n0N divisible by m and get some
a ∈ A ∩ n0N such that Q̃(T) divides T a − 1. Using this property again yields some
aQ̃ ∈ A ∩ n0N divisible by an0. Let ÑQ̃ = NaQ̃ and ûx some n ∈ N with n ≥ ÑQ̃ =

NaQ̃ . _en n = Na′ ∈ N with some a′ ∈ A ∩ n0N; the latter condition implies, by
construction, that a′/n0 divides e i ,Na′ − e

′

i ,Na′
= e i ,n − e′i ,n for each i ∈ {1, . . . ,M}.
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Since the sequence {Na}a∈a0N is strictly increasing, this implies that a′ ≥ aQ̃ ; by
construction, both a′ and aQ̃ are in the set {∏a0+n

i=1 i ∶ n ∈ N}; thus, we get that a′ is
divisible by aQ̃ . Because aQ̃/n0 is divisible by a, we conclude that a divides a′/n0

and thus divides e i ,n − e′i ,n for each i ∈ {1, . . . ,M}; equivalently, we have shown that
T e i ,n − T e

′
i ,n is divisible by T a − 1 and thus by Q̃(T) as desired. _is completes the

proof.

A Appendix

Recall that we say that an aõne variety W ⊂ AM is a homogeneous linear K-variety
if its vanishing ideal is generated by linear forms over K. A homogeneous linear
K-variety is called a coset if its vanishing ideal is generated by linear forms over K
with at most two nonzero terms. _e following result is proved in [DM12, Section 9].

_eorem A.1 (Derksen-Masser [DM12]) Let Γ ⊂ K∗ be a ûnitely generated subgroup
and let W ⊂ AM be a homogeneous linear K-variety whose dimension is at least two.
Suppose that W is not a coset.

(i) IfW is not
K√

Γ-isotrivial, then there exists a ûnite unionV of proper homogeneous
linear K-subvarieties ofW such that W(Γ) = V(Γ).

(ii) IfW is
K√

Γ-isotrivial, i.e., there is some (x1 , . . . , xM) ∈ AM(
K√

Γ) such that the
multiplicative translate (x1 , . . . , xM) ⋅W is a k-variety, then there exists a ûnite
union V of proper homogeneous linear K-subvarieties ofW such that

((x1 , . . . , xM) ⋅W)(Γ) = ⋃
e∈N∪{0}

(((x1 , . . . , xM) ⋅ V)(Γ))
∣k∣e

.

Example A.2 Proposition 2.1 provides an “adelic analog” of_eorem A.1(i). How-
ever, there is no such analog of _eorem A.1(ii). To see this, consider the example
where W = H f ⊂ A3 with f (X1 , X2) = X1 + X2 − X3 ∈ Fp[X1 , X2]. Note that
W is an irreducible homogeneous Fp-variety of dimension two. By _eorem A.1(ii),
there exists a ûnite union V of proper homogeneous linear K-subvarieties ofW such
that W(Γ) = ⋃e∈N∪{0}(V(Γ))pe . Nevertheless, in the case where K = Fp(T) and
Γ = {cTn(1−T)m ∶ c ∈ F∗p , (n,m) ∈ Z2} and Σ is themaximal subset of ΣK such that
Γ ⊂ O∗

v for each v ∈ Σ, we claim that

W(Γ) /⊂ ⋃
e∈N∪{0}

(V(Γ))
pe

for any ûnite union V of proper homogeneous linear K-subvarieties V ofW . To see
this, assume for the contradiction that there exists such V satisfying

W(Γ) ⊂ ⋃
e∈N∪{0}

(V(Γ))pe .

Since the subvariety V ⊂ W = H f must have dimension one, it follows that the
K-variety ϕ3(V), where ϕ3∶A3 → A2 given by (x1 , x2 , x3) ↦ ( x1

x3
, x2x3 ), is a zero-

dimensional subvariety of ϕ3(W), which is the line in A2 deûned by X1 + X2 − 1 = 0.
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On the other hand, the sequence (T pn!
)n≥0 converges to some element α =

(αv)v∈Σ ∈ ΓT ⊂ Γ, where ΓT ⊂ Γ is the cyclic subgroup generated by T [Sun13, Exam-
ple 1]. Similarly,we see that 1−α ∈ Γ1−T ⊂ Γ,where Γ1−T ⊂ Γ is the cyclic subgroup gen-
erated by 1 − T . _us we have that (α, 1 − α) ∈ ϕ3(W)(Γ) ⊂ ⋃e∈N∪{0}(ϕ3(V)(Γ))pe .
Based on these facts, our claim can be proved by either of the following two argu-
ments.

● Example 1 in [Sun13] also shows that α ∉ K∗, thus (α, 1−α) /∈ A2(K∗). However,
since ϕ3(V) has dimension zero, we have that ϕ3(V)(Γ) = ϕ3(V)(Γ) by [Sun14,
_eorem 2]. _is leads to

(α, 1 − α) ∈ ⋃
e∈N∪{0}

(ϕ3(V)(Γ))
pe
= ⋃
e∈N∪{0}

(ϕ3(V)(Γ))
pe
⊂ A2

(K∗
),

a contradiction that proves our claim.

● For each v ∈ Σ, note that αv ∈ O∗

v and let Pv(T) ∈ Fp[T] be the unique irre-
ducible polynomial such that Pv(T) ∈ mv ; thus we have that

Pv(T pn!
) = Pv(T)

pn!
∈ m

pn!

v

for each n ≥ 0, which implies that Pv(αv) ∈ ∩n≥0m
pn!

v = {0}; it follows that Pv is the
minimal polynomial for αv over Fp . On the other hand, for any α ∈ kalg and any e ∈
N∪{0}, the element αpe is a zero of theminimal polynomial for α overFP . As Z ⊂ A2

is a zero-dimensional K-variety, it follows that the degrees ofminimal polynomials of
torsion points in (ϕ3(V)(Γv))pe areuniformly bounded over all (v , e) ∈ Σ×(N∪{0}).
Because the degree of Pv can be arbitrarily large as v ranges over Σ, there must be
some v0 ∈ Σ such that (αv0 , 1 − αv0) ∉ ⋃e∈N∪{0}(ϕ3(V)(Γv0))

pe ; since ϕ3(V)(Γ) ⊂
∏v∈Σ ϕ3(V)(Γv), this proves our claim.
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