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Let X be a complex Banach space and H be a hermitian operator on X. Then in [7]
Sinclair proved that r(H) = ||H||, where r(H) and ||H|| are the spectral radius and the
operator norm of H, respectively.

For a commuting n-tuple T =(T,,. .., T,) of operators on X, we denote the (Taylor)
joint spectrum of T by o(T) (see [9]) and define the joint operator norm ||T|| and the
joint spectral radius r(T) by

n 1/2
Il = sup (3 17:x17?)
Iefl=1 \j=1

and
r(T) = sup{|z[:z € o(T)},
respectively.
When X is a Hilbert space, it holds that »(T) = ||T|| for a doubly commuting n-tuple
T=(T,,...,T,) of hyponormal operators (see [3]). We asked in [2] whether the equality

r(H) = ||H|| holds for a commuting n-tuple H of hermitian operators on any Banach
space. In this paper we will give an answer to this problem.

ExampLE. Let X = B(C?) (the set of all 3 by 3 matrices with the operator norm). Let
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For SeX let Ds denote the derivation on X defined by D¢(T)=ST —TS. Then
H=(D,, Dg) is a commuting pair of hermitian operators satisfying r(H) < ||H||.

Proof. 1t is easy to see that H is a commuting pair of hermitian operators (see [6]).

Also we have
o(H) = {(o 0), ( :t\/?_) (—§ :i:\/_) ©, V3 )}

Hence we have r(H) = V3.
Next let
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Since then ||T|| =1,

- . - n
3 V3
00 = ~—
2 0 0 3
DAT)=|_3 , o |and Ds(M=|¥3 |,
2 2
L 0 0 0_ L 0 V3 0]

we have || D4(T)|> + |Ds(T)||> =% + 3 =% >4. Hence it holds that
r(H) = V3 <2<|[H]|.
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