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BERNSTEIN-SATO POLYNOMIALS AND TEST
MODULES IN POSITIVE CHARACTERISTIC

MANUEL BLICKLE anp AXEL STABLER

Abstract. In analogy with the complex analytic case, Mustata constructed
(a family of) Bernstein—Sato polynomials for the structure sheaf Ox and a
hypersurface (f =0) in X, where X is a regular variety over an F-finite
field of positive characteristic (see Mustatd, Bernstein—-Sato polynomials in
positive characteristic, J. Algebra 321(1) (2009), 128-151). He shows that the
suitably interpreted zeros of his Bernstein—Sato polynomials correspond to the
F-jumping numbers of the test ideal filtration 7(X, f*). In the present paper
we generalize Mustata’s construction replacing Ox by an arbitrary F-regular
Cartier module M on X and show an analogous correspondence of the zeros of
our Bernstein—Sato polynomials with the jumping numbers of the associated
filtration of test modules 7(M, f*) provided that f is a nonzero divisor on M.

Introduction

To keep notation simple in this introduction let X = Spec k[z1, . . ., z,] be
the affine n-space over an algebraically closed field k. Denote the polynomial
ring by R = k[z1, . . ., z,] and fix an equation f € R defining a hypersurface
in X. We denote by v: Spec R — Spec R|[t] the graph embedding of f given
by sending ¢ to f.

If k=C one has the Bernstein-Sato Polynomial of f which is an
important measure of the singularities of the hypersurface defined by f = 0.
It is defined to be the nonzero monic polynomial of minimal degree among
those b(s) € k[s] such that

bs)f* = P+t

for some differential operator P € Dgr[s| = k[z1, ..., Zn, Oy, - - -, O, |[5]-
Kashiwara and Malgrange interpret in [16] and [21] the Bernstein—Sato
polynomial as the minimal polynomial of the action of the Euler operator
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%t on a graded piece of the V-filtration of the Dr-module pushforward v+ R
along the graph embedding. In fact, a key point in the work of Kashiwara
and Malgrange is the construction of said V-filtration in a much more
general context, namely for regular holonomic Dg-modules, which they
achieve by their theory of b-functions, which generalizes the Bernstein—
Sato polynomial for a hypersurface equation recalled above. By work of
Budur and Saito [12] from the V-filtration on the Dgpj-module 4 R, one
can reconstruct the filtration of multiplier ideals J (R, f') C R for 0 <t < 1.
This shows, in particular, that the jumping numbers of the multiplier ideal
filtration between 0 and 1 are zeros of the Bernstein—Sato polynomial.

A consequence of the existence of the Bernstein—Sato Polynomial is
that the Dr-module R; is generated by 1/f if (and only if) the reduced
Bernstein-Sato Polynomial (x 4+ 1)7!b(s) does not have negative integral
roots [27]. However, if k is a field of positive characteristic p >0, then
it is shown in [1] that the Dp-module Ry is always generated by 1/f.
Hence, there cannot be a theory of Bernstein—Sato polynomials in positive
characteristic with the same defining property. This observation is just one
example for the fact that D-module theory in positive characteristic is quite
different from the complex case.

However, by taking the interpretation of the Bernstein—Sato polynomial
as the minimal polynomial of an action of the Euler operator (due to
Kashiwara and Malgrange) as his point of departure, Mustata defines in
[23] a family of Bernstein—Sato polynomials for a hypersurface f =0 over a
field of positive characteristic. Contrary to the complex analytic case it is
not enough to consider the action of the Euler operator alone; instead one
has to also consider all higher divided power Euler operators 9; = 6? Uit at
once. !

More precisely, for e > 1 let M§ be the D%V, . . ., Upe—1]-module gener-
ated by the image of 7R in vy R, where D% is the subring consisting of
those differential operators which are linear over RP°. The Euler operators
¥; act on the quotient M]? /tM]? for 1 <i<e—1 with eigenvalues in [F).
The eth Bernstein—Sato polynomial as introduced by Mustata encodes the
common eigenvalues of these operators. Furthermore, Mustata proved that
the information of these eigenvalues (suitably lifted to Q) is equivalent to

!Note that the order is reversed here. That is, one usually considers ' a,?’ . We will
be able to use this standard convention once we switch to right modules.
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the data of the F-jumping numbers of the test ideal filtration 7(R, ft) of f
in the range (0, 1]. As the test ideal can be viewed as a positive characteristic
analog of the multiplier ideal this statement is a characteristic p version of
the result of Budur and Saito that the jumping numbers of the multiplier
ideal are zeroes of the classical Bernstein—Sato polynomial as alluded to
above.

Work of Axel Stédbler in [25] suggests that in positive characteristic
the test module filtration itself is a suitable analog of the V-filtration:
For one thing there is a certain axiomatic characterization of the test
module filtration similar to that of the V-filtration but also different in the
sense that the action of the differential operators is replaced by a (right)
action of the Frobenius. Furthermore, a certain associated graded piece
of the test module filtration corresponds, via an analog of the Riemann—
Hilbert correspondence, to a functor on perverse constructible sheaves of
[Fp-vector spaces that has several of the desirable properties of nearby cycles
in the £ # p-case. This relationship between nearby cycles and D-modules
in characteristic 0 was the motivation behind the construction of the V-
filtration for holonomic D-modules as a way to realize the nearby cycles
functor for constructible C-sheaves on the D-module side.

What we achieve in the present paper is to also generalize Mustata’s
theory of Bernstein—Sato polynomials to this more general context where
the test module filtration is defined and well behaved as in [25]. In order
to state our results let us recall some background on Cartier modules and
their test modules from [6].

Let us from now on assume that R is an F-finite Noetherian ring of
positive characteristic p. A Cartier module M (over R) is an R-module
together with an R-linear map x: F.M — M, where F:R— R is the
absolute Frobenius given by =+~ zP. A Cartier submodule of M is an
R-submodule N such that «(N)C N. We say that M is F-pure if k is
surjective. We call M F-regular if M is F-pure and if for any Cartier
submodule N of M which after localizing at every generic point of SuppM
agrees with M we have N = M.

Let M be an F-regular Cartier module which as an R-module is finitely
generated. Let f be a nonzero divisor on M. Then the test module with
respect to the ideal (f) C R and t € Ry is

(M, )= w1 f M,

e=1

https://doi.org/10.1017/nmj.2016.11 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.11

BERNSTEIN-SATO POLYNOMIALS IN POSITIVE CHARACTERISTIC 7

where C is the algebra generated for n > 1 by the " f[*"1 and M, = (C; )" M
for all A>> 0 is the stable image (cf. [6, Proposition 2.13]). It follows from
[6, Theorem 3.11], [25, Lemma 3.1] that the definition we give here is in fact
equivalent to the definition of test modules in [6]. Moreover, we simplify the
description of the test module in Section 4.

Test modules form a decreasing filtration of R-submodules of M, that
is, T(M, f%) C7(M, f') for s >t. This filtration is right continuous, that
is, for e < 1 one has 7(M, f!) = 7(M, f'7¢). An element ¢ € Q such that for
all € >0 one has 7(M, f!) # 7(M, f'=¢) is called an F-jumping number (of
the test module filtration along f). Test module filtrations satisfy the so-
called Briangon—Skoda theorem, namely for any ¢ > 1 one has 7(M, f) =
fr(M, f&=1). In particular, it suffices to control the F-jumping numbers
in the range (0, 1]. Moreover, if R is essentially of finite type over an F-
finite field then the set of F-jumping numbers in (0, 1] is finite [6, Corollary
4.19] and all F-jumping numbers are rational (the rationality is a formal
consequence of the finiteness similar to the argument in [9, Theorem 3.1]).

Similar to Mustata’s approach in [23] we use the graph embedding
along the fixed hypersurface f =0 to define a family of Bernstein—Sato
polynomials % ,,(s) € Q[s]. This will be done by exploiting a system of right
D%-modules which arises from the Cartier module structure of M. This is
explained in the following sections. Our main result can now be stated as
follows:

THEOREM 5.4. Let R be reqular essentially of finite type over an F'-
finite field. Let (M, k) be an F-regular Cartier module and f € R a nonzero
divisor on M. The roots of the Bernstein-Sato polynomials b§, f(s) are

given for e sufficiently large by MP;J_I, where \ varies over the F'-jumping

numbers of the test module filtration (M, f*) for t € (0, 1].

The crucial point is that the a priori infinite collection of Bernstein—
Sato polynomials bﬁ/[,f(s) for e >0 is completely determined by a finite
collection of rational numbers, namely the jumping numbers of the test
module filtration attached to (M, f).

In conclusion we would like to draw the reader’s attention to the recent
work of Stadnik [26] who also addresses the problem of extending Mustata’s
Bernstein—Sato polynomials to a more general context. Stadnik, however,
works in the context of Emerton and Kisin’s category of unit R[F]-modules
[14]. In order to prove his existence result for b-functions he essentially
has to reconstruct a theory of test ideals in this context, which he coins
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list-test-ideals in [26]. It was one motivation of the authors of the present
paper to point out that, by working in the essentially equivalent theory of
Cartier modules (more precisely Cartier crystals, see [7, Section 5.2]) one
can rely on the already existing theory of test modules. By further replacing
left Dr-modules by right Dr-modules there is a natural construction of the
Bernstein—Sato polynomials with the desired link to the F-jumping numbers
of the test module filtration. We show in Section 6 that Stadnik’s b-functions
are precisely the limit over our Bernstein—Sato polynomials b?\/l, f(s).

81. D-modules in positive characteristic

Throughout this article we assume all rings to contain a field of prime
characteristic p > 0. The absolute Frobenius homomorphism given by send-
ing r+—rP is denoted by F': R — F.R. For an R-module M we denote
by F¢M the R-module whose underlying abelian group is M but with
multiplication given by 7 - m = r?"m. The ring R is called F-finite if F, R is
a finite R-module; in other words, the Frobenius morphism on Spec R is a
finite map.

Given a ring R we denote by Dp, the ring of (absolute) Z-linear differential
operators in the sense of Grothendieck [15]. Given a polynomial ring R[t], we
write &Em] : R[t] — R][t] for the R-linear differential operator which sends t"
to (::l) t"~™ with the usual convention that ( ) =0 for m > n. We introduce

the notation
O =t 0y = O

for the R-linear operators which are given by sending t" +— (:@) t" and t" —

("

operator of order m.

As R is a ring of prime characteristic p > 0 one has the p-filtration of
its ring of differential operators, see [13]. The ring of (absolute) differential
operators Dpg is the direct limit of rings

)t", respectively. The operator 6,, is called the (divided power) Euler

DS, = Endz(FCR),

called the differential operators of level e. Indeed, the inclusion from D%, —
D% is the composition of the natural map Endp(FER) — Fi Endg(FCR)
followed by Fi Endg(F¢R) — Endg(FS¢TR). The direct limit over these
maps yields Dg.

If one uses RP C R instead of R — F, R then one obtains the more familiar
but equivalent description D}, = End gy (R) and the union over these is Dg.
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Also note that if R[t] is a polynomial ring over R then we have an inclusion
Dgr — Dpgyy- Indeed, F.R[t] = ?igl F.Rt" and given P € D% we have an
extension P’ by sending bt* to P(b)t" for i > 0.

We denote by Mod-D%, the category of right D%-modules and by Mod-R
the category of right R-modules.

We recall a theorem of Lucas [19, § XXI] which states that given natural
numbers n, m with p-adic expansions n.= Y5 ; a;p’ and m = >_;_, b;p’ with
ai, b; €{0,...,p— 1} one has

S
n 073
= | I d p.
<m> . <b1> oty
=0
In particular, it is a crucial ingredient in some proofs of the following

relations among the differential operators in positive characteristic which
we recall for the convenience of the reader.

LEMMA 1.1. Let R be a regular and F-finite ring and R|[t] the polynomial
ring over R in one variable. Then the following hold:

[at[pi], tpi] =1 which just means ¥; =1+ 6;.

ol = @iy

[T (e +3) = @) (@)

[t, 0pi] = =0, _1t —t for alli.

[0i,60;] =0 for all i, j.

[t, 0] (") = —(,," )"

Om € DR[01,0p, . . ., Ope-1] for all m < p°.
DGO, . .., Oper]t =tDR[01, . .., Ope-].

-
o o

—_ T~ T~
0 - o A& o
S N e S N N S—" N

~~ o~
=

Proof. (a) and (b) are proven in [23, Lemma 4.1], and (c), (d), (e), (f)
follow from (a) and [23, Lemma 4.1], (g) follows from [23, Remark 6.3] and
(a). For (h) we argue along the lines of [23, Lemma 6.4]. The inclusion from
right to left follows from (d) and (g). The other inclusion follows similarly

using (f). il
§2. From Cartier modules to right D-modules

In this section, we recall the construction of the functor from Cartier
modules to (right) Dg-modules.
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Throughout we assume that R is an F-finite regular ring and that all
modules considered are finitely generated. By definition, a Cartier module
M is an R-module M together with an R-linear map x: FuM — M. This is
equivalent to the data of an R-module and an R-linear map C' : M — F'M =
Homp(Fi R, M) (C is just the adjoint of kK — see [7, Proposition 2.18]).
Iterating this map we obtain a directed system M — F'M — ... — F¢'M.
We have

PROPOSITION 2.1. Let (M, k) be a Cartier module. Then the limit M
over the maps M — F M vyields an isomorphism M — F' M which endows
M with a right Dr-module structure.

Proof. Tt is easy to see that the C¢ induce a map M — F¢ M which is
an isomorphism for all e > 0. Each F'M is naturally a right D-module by
premultiplication. This induces a right Dr-module structure in the limit. []

It is well known that if R is smooth over a perfect field k£ then the top-
dimensional differential forms wg 3, are naturally equipped with a right Dg-
module structure and wg/), induces an equivalence between left and right
Dpr-modules (see [3, Chapitre 1]).

If k is only F'-finite but not perfect then the situation is more complicated.
We proceed as follows. Fix, once and for all, an isomorphism k — F'k. If
R is regular essentially of finite type over k& with structural morphism f:
Spec R — k then we set wg := f'k and we get an induced isomorphism wp —
F'wg (note that F is the absolute Frobenius morphism)?2. This isomorphism
endows wgr with a right Dr-module structure and after this choice one has an
equivalence between right and left Dp-modules that is obtained by tensoring
with w;zl.

In particular, since direct limits commute with tensor products the
category of Dr-modules obtained in Proposition 2.1 (together with the
fixed isomorphism) is equivalent to the category of unit R[F]-modules of
Emerton and Kisin (see [5, Theorem 2.27]). Moreover, if we restrict the
functor M +— colim.F¢' M to the category of minimal Cartier modules (or
equivalently, if we descend it to Cartier crystals — see [7] and [8] for these
notions) then it is also fully faithful.

Since test modules are naturally attached to Cartier modules it seems
more natural to work with right-Dr modules when studying test module

ZWe are suppressing a shift here, but f 'k is supported in a single degree and is an
invertible sheaf.

https://doi.org/10.1017/nmj.2016.11 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.11

BERNSTEIN-SATO POLYNOMIALS IN POSITIVE CHARACTERISTIC 81

filtrations and Bernstein—Sato polynomials. In fact, using this approach
we can employ the ordinary higher Euler operators (i.e. tpl(‘)t[p 1 instead

of Ot[p qtpi) and avoid a sign change in the definition of Bernstein—Sato
polynomials compared to [23].

Note that the case Mustata considered in [23] corresponds in our setting
to the Cartier module wp with the (chosen) isomorphism wg — F'wg. In
terms of constructible sheaves on the étale site this corresponds, via the
Riemann-Hilbert correspondence of [14] and [7, Theorem 5.15], to the case
of the constant sheaf.

For left D%-modules one has, as a special case of Morita equivalence,
an equivalence with R-Mod for all e > 0 (see e.g. [4, Proposition 3.8 and
Corollary 3.10]). A similar statement holds for right modules:

PROPOSITION 2.2. Let R be an F-finite reqular ring. Then the functor
F¢' (=) =Homg(F¢R, —) induces an equivalence between Mod-R and Mod-
D%. Its inverse is given by — Qpnag(rer) P R. In particular, Fe' reflects
isomorphisms.

Proof. By the assumptions on R we obtain that FfR is a finitely
generated locally free R-module. Note that F¢'M = Hom(F¢R, M) viewed
as an R-module via the ring isomorphism R — FZR and acting on the first
factor is isomorphic to F**M ®@pcp F* R~ M @g F®'R by [7, Lemma 5.7].
Since F¢'R = Homp(FfR, R) the claimed equivalence is just a case of Morita
equivalence (cf. e.g. [18, Theorem 18.24)).

As F¢ induces an equivalence it is fully faithful and hence reflects
isomorphisms. 0

§3. Bernstein—Sato polynomials

In this section, we introduce our notion of Bernstein—Sato polynomial
after transferring some results of Mustata in [23] to our right D-module
situation.

If k is perfect and Spec R is smooth most of the results in this section
follow formally once one observes that given a right Dg[t]-module the
operator tpea}” 7 acts via —Gt[p ‘47 on the left module obtained by tensoring
with wpy (3, 1.3.4].

LEMMA 3.1. Let R be reqular and F-finite and let R[t] be the polynomial
ring in one variable over R. Given a right Dﬁ[ﬂ—module M, there is a unique
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decomposition as Dx-modules
M= M,
i€Fe
where for 1<1l<e the operator 0,-1 acts on M; via ;. This decom-
position is preserved by DR[t] -morphisms. The same statement holds for

Dy101, . . ., Ope—1]-modules.

» Vpe

Proof. This works similarly to [23, Proposition 4.2]. More precisely, one

has
p—1 p
H9 +7) =H9 +J)=
]:0 :

for all e > 0. Indeed, by Lemma 1.1 it suffices to show that (Glpe])p =0.
This in turn follows from (b) since % is divisible by p. Using this and
the fact that [6;, 0;] = 0 the existence of such a decomposition follows. The
remaining statements follow easily. U

Given M we refer to the decomposition of Lemma 3.1 as the eigenspace
decomposition of M (with respect to the Euler operators).

Note that if M is a right D¢ o -module then it is in particular a right DE[&
module. Hence, M admits eigenspace decompositions with respect to D¢ R

Tyeeey 7»&71)

and with respect to DR[t] and these are compatible. That is, if M;
is an eigenspace for the ¢,,_; with 1 </ < e — 1 then

21, le—1) @ MZ1, wle—1,)

JEFp

is an eigenspace decomposition with respect to the 6,,_; for 1 <l < e. Again,
a similar statement holds for right D% (01, . . ., ,c-1]-modules.

Given a morphism f:Spec S — Spec R of regular schemes and a right
Ds module M one defines the pushforward fyM as f.(M ®&pg S) ®g Drg.
We thus have a natural map f,M — f. M. By abuse of notation we denote
the image of f,M under this map again by f,M. Similarly, we define the
pushforward fi M for a right Dg-module as f.(M ®pg S) @g Df.

Our next goal is to describe this natural map in the setting where we
identify D% with Endg(F¢R). We first need a

LEMMA 3.2. Let R be regular and F-finite and M a (right) R-module.
Then F{M ®per Endg(FfR) = Hompg(FSR, M), m ® @ — [r— mep(r)] is
an isomorphism of Endr(F¢ R)-modules.
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Proof. The module structure on FfM ®pcr Endr(FYR) is given by
multiplication from the right and the one on Hompg(F¢SR, M) is given by
premultiplication. Bijectivity is local so that we may assume that FER
is a free R-module (use [17, Theorem 2.1]). Fix a basis by, ..., b, and
let 6; : FYR — F¢R be the projection onto the ith basis vector. We define
amap Homp(FfR, M) = FfM ®@per Endr(FER), ¢ — >, ¢(b;) ® 6; which
is a two-sided inverse. [

ProrPOSITION 3.3. Let f:SpecS — Spec R be a morphism of reqular
F-finite schemes and let M be an S-module. Let Homg(F£S, M) be a right
Dg-module via the action on the first factor. Then fy Homg(F¢S, M) is
naturally isomorphic to F€ f,M. Under this identification the natural map

f«Homg(F{S, M) — f+ Homg(F{S, M)
s given by the composition of the canonical maps
f« Homg(F{S, M) — Homp(foFYS, fM) — Homp(FY f..S, foM)
with the map
Homp(F fS, fM) = Homp(F{R, f.M), @+ po FL(f7).
Proof. By definition the pushforward f. Homg(F£S, M) is given as
FY fo(Homg(FES, M) ®gnag(res) F5S) ®rer Endp(FiR).

Note that the right FfR-module structure on the term FEf.(...) is
given by (¥ ® s)-r =1 ® sf(r). By Proposition 2.2 the whole expression
is isomorphic to FYf.M ®per Endr(FfR). Using Lemma 3.2 above we
obtain that Fff,M ®@per Endp(FfR) — Homp(F¢R, foM) is an isomor-
phism. One readily checks that the natural map is given by the formula
above. [

Next we show that this isomorphism is compatible with direct limits. We
first need a general Lemma.

LEMMA 3.4. Let I be a directed system and let M;, N; be R;-modules
such that M;, N; and R; are filtered by I. Write M = colim; M;, N =
colim; N; and R = colim; R;. Then one has an isomorphism colim;(M; ®g,
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Proof. We have R;-bilinear maps M; x N; = M ®gr N which induce, by
the universal properties of the limit and the tensor product, an R-linear
map colim; M; ®g, N; - M @ N, [m; @ n;] — [m;] ® [n;].

On the other hand, the maps M; x N; — colim; M; ®g, N;, (mi, n;) —
[m; ® n;] induce an R-bilinear map M x N — colim; M; ®g, N;. This in
turn induces an R-linear map M ® N — colim; M; ®g, N; which is an
inverse to the map constructed above. 0

PropoOSITION 3.5. Let f:SpecS — Spec R be a morphism of reqular F'-
finite schemes and assume that (M, k) is a Cartier module on Spec S and
denote its limit over the C¢ by M. Then fi M is naturally isomorphic to
colim F¢' f, M 2 colim f+F€!M.

Proof. The first claimed isomorphism is obtained by applying Lemma
3.4 twice.

For the second claimed isomorphism note that by Proposition 3.3 we
have isomorphisms f; F e'M — Fe f, M. Moreover, we have a commutative
diagram

f+F'M ——— Hompg(F¢R, f.M)

J J pr—=r(e(r)]

f+Fe M —— Homp(FSH'R, f.M),

where the left vertical map is given by tensoring ¢ — [s — k(¢(s))] with the
natural maps F¢S — Fe1S and DG — Dg. [

LEMMA 3.6. Let R be regular and F-finite and f € R. Denote by ~:
Spec R — Spec R[t] the graph embedding along f and let M be a right Dg-
module. Then the quotient

N = (%M)DR[01,0p, . . ., Oper]/ (1 M)DR[01, 0p, . . ., Ope-r]t
is a right DR[01, 0p, . . ., Ope—1]-module.

Proof. The claim follows from Lemma 1.1 (i) and (v M)t =~ (M f). [

DEFINITION 3.7. With the notation of Lemma 3.6 let F? c{0,...,p—
1}¢ be the set of those i= (i1,...,i) € F; for which the eigenspace N;
of N (as constructed in Lemma 3.1) is nontrivial. Then we define the eth
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Bernstein—Sato polynomial of M as

g = I (s (L + ) ) el

ZEF?
where we lift3 elements of F, = {0,...,p — 1} to Z.

Note that since we are working with right modules rather then left
modules we do not need to invert the sign of the eigenvalues as in
[23]. More precisely, Mustatd considers the action of APl on the left
D%[01, . . ., ¥pe—1]-module

'D%[’&l, ey ﬁpefl]’y*R/t'D%[ﬁl, ceey ﬁpefl]’Y*R

and if (iq,...,4) is an eigenvalue for the left action then =i 4 ... =i
is encoded as a zero in a Bernstein—Sato polynomial. As pointed out at
the beginning of Section 3 these Bernstein—Sato polynomials coincide with
the one defined in 3.7 provided R is smooth over a perfect field k. In fact,
Theorem 5.4 and [23, Theorem 6.7] show that the polynomials coincide for
R regular essentially of finite type over an F-finite field and e > 0.

REMARK 3.8. We comment on our definition of Bernstein—Sato poly-
nomial and its relation to the definition over the complex numbers. Let
X= A@H. Then Dy is just the Weyl algebra Clx1, ..., Zpi1, 01, . ., Onyi]
with the usual relation [0;, x;] = d;;. Assume that the hypersurface is given
by t = xp,4+1. Then for a regular holonomic quasi-unipotent Dx-module M
the V-filtration along t is a decreasing Q-indexed filtration with certain
properties (see [11] for a definition).

In particular, one has (cf. [24, Proposition 2.1.7]) VAM = V¥(Dg)VO(M)
for k <0 but VEM = V=1 (Dg)V1(M) only for k > 1.4 Here V¥(Dx) is the
V-filtration on Dx which is given by

VF(Dx)=t"VO(Dyx) fork>1

and by
VH(Dx)=VYDx)Dx _ for k<1,

3Here and elsewhere we always view F,, as {0,...,p — 1} and confuse elements in T,
with a lift whenever this is convenient.
“Note that following [11] we have inverted signs here compared to [24].
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where Dx _j, are the differential operators of order < —k. Finally, VO(DX)
is given by {}_,.~,, f(2)05t"0" | f € Clz1, . .., zn]}.

The Bernstein—Sato polynomial of M is now defined as the monic minimal
polynomial b € C[s] such that b(td; + k)VEM C VFTLIM for all k € Z. By the
above it is actually sufficient to construct a Bernstein—Sato polynomial that
satisfies the above identity for k= —1,0, 1.

Since in characteristic p > 0 the Briangon—Skoda theorem [6, Theorem
4.21] always yields f7(M, f&=") = 7(M, f*) for t > n our definition can be
seen as an analog of the one over the complex numbers since we only need
to control the range k = 0.

84. Test modules and D-modules

In this section, we relate test modules of a Cartier module M over a
regular F-finite ring R with certain right D% submodules of F M. First,
we need several technical lemmata concerning test modules.

LEMMA 4.1. Let R be essentially of finite type over an F-finite field,
(M, k) an F-pure coherent Cartier module, t € Qs and let f be an M-
regular element. Then one has k€ fItP°1 fLM C /ie+1f“pe+11flM for all1 > 0.
In particular, for e >0 depending on | equality holds.

Proof. First of all, for any [ we have
anlM ) anlpM — anlleM — ﬁnflflM’

where we used that x is surjective since M is F-pure.
Next, we have

rfIPT N O g (FIPTYP AL = FIT o fiag o FI°T flpg,

where we used the previous observation with n =1 for the last inclusion.
Applying k¢ on both sides yields the claimed inclusion. Since M is coherent
the ascending chain x€ 1 fLAf stabilizes. [

REMARK 4.2. With the notation of Lemma 4.1 if t = z% and n>s is

such that k™ f'M = M then equality holds for any e > 2n. Indeed,

HefmpefsflM _ He(fmp"’S)pe’"flM _ anmp"*SHe—nflM — anmp"’SM
which is independent of e.

If R is a polynomial ring and M is given explicitly by a presentation
R® — R® — M then we expect that it should be possible to determine e
explicitly for a given hypersurface f.
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LEMMA 4.3. Let R be essentially of finite type over an F-finite field, let
(M, k) be an F-regular coherent Cartier module, t € Z[%} and let f be an

M -reqular element. Consider the Cartier algebra C generated in degree e > 1
by k€ fIP°1. Then M,= ke fIPIM for all e > 0.

Proof. The calculation

RO FIP"] ! fftp“/W — gata f(tpﬂp“/ fftp“/W — gata fftp““'W fr

with 0<r=[tp?] + [tpa]p“l — [tp‘”ra/} shows that C is in indeed a
Cartier algebra. Applying Lemma 4.1 with [ =0 shows that x¢f[®“ 1A C
keI ML (with equality for e>>0) so that for all e>>0 we have
ke fIP TN =C M.

By [6, Proposition 2.13 and Corollary 2.14], one has M, = (C;+)"M for
all > 0. Fix such an h and e as above. Then the inclusion from left to
right follows by the same argument as above.

For the other inclusion we have to prove that Cox€f" 1M D keIt 0f
for e> 0. We use the assumption on ¢ and write t = 1% with m € Z and

assume that e >s. We consider elements of the form ¢ fI*"1 e C . For
e/ > e we compute

€—S €—S €—S

l{e’ fmpel*S Kefmp M= I{efmpe*S He’—el{efmp M = I{efmp ]\47

where for the last equality we used the F-regularity of (M, k) (see [25,
Proposition 5.2] and Lemma 4.1) possibly choosing a larger €. [
Next, we prove a variant of [10, Lemma 2.1] for modules.

LEMMA 4.4. Let R be essentially of finite type over an F-finite field. Let
(M, k) be an F-regular coherent Cartier module, f € R a nonzero divisor on
M andt e Z[%]. Then for all e >0 we have T(M, f) = k¢(f°M).

Proof. First of all, note that M is F-regular with respect to the Cartier
algebra C generated by the x¢f*°l. By [6, Theorem 3.11], we thus have

(M, f') =) CufMe.

n=1

By Lemma 4.3 we may replace M by x¢f%°M for any sufficiently large e.
As seen in the proof of Lemma 4.3 we have C, = s™ fI*P" IR,
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We compute
an[tp"] flﬁeftpeM _ ﬁn-l-ejz{tp"]pef(t-&-l)peM C ﬁn-l-ef[tp"*e] f(t—i-l)peM

and for tp™ € Z equality holds. In particular, using Lemma 4.1 we obtain
that

Z an[tp”1fﬂeftpeM = /g”ftpnf,«;eftpeM for some n > 0.

n>1

Finally, we have for n > 0 and suitable ¢/

n+e—e/

tph tp® _Itn+e—e/ ! p(t4-1)p€ —e ot
I{nfp fﬁepr:Kn—l—e efp lief(+)pM:I€n+e efp M,

where the last equality is due to the F-regularity of (M, k). 0

REMARK 4.5. In particular, if ¢t = % € Z[}D] we may write ¢t = mf:;s S0

that 7(M, f*) = k(f™ M), where m/ = mp®~>.
Also note that by right continuity (i.e. 7(M, f*) =7(M, f+¢) for small

e >0) we may always assume that t e Z[Zl;] if we want to compute test

modules.

Given a k-module M we have a natural map (the adjoint of k) C': M —
F'M,m > (r— r(rm)) and if N is an R-submodule of M we may consider
the right D%-submodule of Fe'M generated by N which by definition is
C¢(N) - D%.

LEMMA 4.6. Let R be regular and F-finite. Let M be a coherent k-
module and let N be an R-submodule of M. Then Fk¢(FEN) is the right
D% -submodule of Fe'M generated by the image of N in F' M.

Proof. Clearly, F¢'x¢(FEN) is a right D%-submodule of F M. So one
inclusion is dealt with once we show that C¢(N) C F€'k¢(FEN). If ne N
then C¢(n): FfR — M, r — k°(rn) and C®(rn) € k®(FEN) for all r € FER.

For the other inclusion we may assume that R is local. Hence, F¢R is free
of rank s = p® 9™ # since R is regular and F-finite (see [17, Theorem 2.1]).
Fix a basis b1,...,bs of FR and let ¢ : FfR — k°(FSN) be an element
of F'k¢(FEN). Bach ¢(b;) is of the form x¢(n;) for some n; € N. We then
can write p as Y ;_; ¥; o p;, where p; : FER — FR, p;(b;) = 6;; and ¢;(r) =
k°(rn;). Then p; € D}, and ¢; € C°(N) as desired. [
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ExXaMPLE 4.7. Let M be a Cartier module on R and let v : Spec R —
Spec R[t] be the graph embedding along f. Then one has, in general, a
proper inclusion v, (C¢(M))Dg, C 7« (C(M)D%)D5,. Here we let D, act via
the inclusion Dy — Dy Also note that C¢(M)D$, = F¢' M.

As an example for this let R=k[y] and M = R with twisted Cartier
structure x -y, where k(y') = dip—1) for 0 <i<p—1. Then Fe'R contains
k¢ and we claim that this is not contained in v,(C®(M))D%. Indeed, any
element v in v, (C°(M))D% is of the form

. 5 -1 S
Wyt =3 kYT nPGY),
1=0
where P, € D% and we used that (ry)¢ =y TP 77" Here k¢ is given
by acting on basis elements y’t/ — 1 if i +j = p® — 1 and 0 else. To see the
claim let now i = 0 and j = p® — 1. Then we can write (""" asy-> ...
and clearly this cannot evaluate to 1. Hence, the inclusion is strict.

Combining the two previous lemmata we obtain the following

COROLLARY 4.8. Let R be reqular and essentially of finite type over an
F-finite field. Let (M, k) be an F-reqular Cartier module and let f € R be
a nonzero divisor on M and t € Z[%]. Then for e>0 and t = % we have
Fe'z(M, f*) = C*(f" M) - D

Proof. Immediate from Lemma 4.4 and Lemma 4.6. 0

85. Test modules and Bernstein—Sato polynomials

In this section, we prove the main result of this paper. That is, we show
that the roots of the Bernstein—Sato polynomials for e sufficiently large
are precisely the F-jumping numbers in the range (0, 1] of the test module
filtration.

Recall that given a morphism ~:Spec R — Spec R[t] and a right D%-
module M we denote the image of the natural map v.M — v M again by
v«M. In particular, 7. M is then contained in Hom gy (F¢R[t], 7% M) (see
Proposition 3.3).

LEMMA 5.1. Let R be a regular F-finite ring and (M, k) a Cartier
module with adjoint C. Let f € R and denote by v : Spec R — Spec R|[t] the
graph embedding along f. Then we have an eigenspace decomposition

(1.CE(M)D501, - . Oy 1] = ) (3:C°(M)) D 0 ;.

icFg
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where

rtd j= 216:1 ilpl_la

7 FER[t] — FER[t], m(rt!) =
0 else,

18 the projection onto the eigenspace.

Proof. We denote (7,C°(M))D%[01, . . ., 0,-1] by N and its eigenspaces

»Up
by N;. First of all, note that Lucas’ theorem shows that 7; is the projection
onto the eigenspace i1, . . ., i for the 01, ..., 0,c-1.

Assume that @€ N;. Then viewing ¢ as an element of
Hom gy (FY R[t], v«M) we have op(rt™) =0 for m # iy +iop+ -+ Gep®t
so that ¢ factors through ;.

In the other direction note that given @& N we have ¢=
ZieF; pom which is a decomposition of ¢ in the ambient module

(v F'M)Dg[b1, .. ., 0,

served by morphisms (see Lemma 3.1) the above has to be the decomposition

—1] as eigenvectors. Since this decomposition is pre-

of ¢ in N as well. [

PROPOSITION 5.2. Let R be a regular F-finite ring and (M,k) a
Cartier module with adjoint C. Let f € R and denote by ~y:Spec R—
Spec R[t] the graph embedding along f. Then the (i1, ..., i.)-eigenspace of
(7 Ce(M))DG[61, - - ., Ope—1] is isomorphic to Ce( fiatizptier ™ pry . D5, as
a right Dg-module.

Proof. We write m =iy +ig9p + - - - + i,p®~'. Clearly, the right D%-
submodule FfR-t™ of FfR[t] is isomorphic to FfR by sending t™ to 1.
In particular, we have a commutative diagram

FeRt™ Xy A M

l %L)

F°R

for any element ¢ of the eigenspace. This induces the desired isomorphism
of right Df-modules. []

COROLLARY 5.3. The quotient

(R CEM))DGIOL, - - -, e 1]/ (1 CE(F M) DGO, - . ., Ope1]
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is a right DR[04, . .., Ope_1]-module and the (i1, ..., 1i.)-eigenspace of the
quotient is isomorphic to

e—1 e—1

Ce(fi1+i2p+-~~+z‘ep M) . D%/C’e(f1+il+i2p+"'+iep M) . D%

as a right Dg-module.

Proof. The first claim is just Lemma 3.6. Since the eigenspace decomposi-
tion is preserved by the canonical projection we get the desired isomorphism
on the quotient by Proposition 5.2. [

Following [23] we introduce some notation. Namely, given A € (0, 1] we

Ci)\
)\:Z;i)

i1

can write it uniquely as

with all ¢;(A) € {0,...,p— 1}, and such that infinitely many of them are
nonzero. Moreover, one obtains for every e > 1 that

P’ p°

sl _ Dwl -1
i=1
We are now ready to state and prove our main result:

THEOREM 5.4. Let R be reqular essentially of finite type over an F'-finite
field. Let (M, k) be an F-regular Cartier module and f € R a nonzero divisor
on M. The roots of the Bernstein—Sato polynomials b%’f(s) are given for e
sufficiently large by %, where \ varies over the F'-jumping numbers of
the test module filtration T(M, ft) for t € (0, 1].

Proof. By definition A € (0, 1] is an F-jumping number if and only if
for all e > 0 we have

[Ap©1-1 [Ap©
€

1
(M, f ) A T(M R, f ),
Using the fact that F*¢' is fully faithful (Proposition 2.2) this inequality is
equivalent to

[Ap©]—1

e! ; e! LI::E]
Fer(M,k, f » )£ F 7(M,k, f » )

for all e >> 0. We write [Ap®] — 1 =1y +iop + - - - + iep® *. Then by Corol-
lary 4.8 the above means that

Ce(fi1+i2p+---+iepe‘1M) . sz £ Ce(f1+i1+i2p+---+iepe‘1M) . D%
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for all e > 0. Finally, by Corollary 5.3 this is equivalent to % being a
zero of by, ¢(s) for all e > 0. [

REMARK 5.5.

(a) We recall that there are only finitely many F-jumping numbers in (0, 1]
and that they are all rational. In particular, the limit over the by, (s)
for e — 0o is a polynomial with rational roots.

(b) The case where M is locally constant (and R is smooth over a perfect
field), that is, when there exists a finite étale morphism ¢ : Spec S —
Spec R such that ¢*M = w¢ can also be directly deduced from the
constant case treated in [23]. This essentially boils down to the fact
that differential operators along étale morphisms are well behaved (one
obtains an inclusion Df — D¢ and the natural map M — ©' M is Dg%-
linear — see [22, Theorem 2.2.5, Corollary 2.2.6] for the first statement.
The latter may be extracted from [22, Theorem 2.2.10] and [3, 2.1.3]).
Then one uses [25, Theorem 8.5] to see that the F-jumping numbers
of M are the same as that of wg. In fact, writing this up precisely was
the original motivation for this paper.

(c) Note that Mustata’s result [23, Theorem 6.7] is valid for any e > 1 while
we only obtain a result for e > 0.

8§6. A comparison with Stadnik’s b-functions

The goal of this section is to point out the relation of our Bernstein—Sato
polynomials to the b-functions of Stadnik defined in [26, Definition 4.4].
Stadnik works in the context of unit R[F]-modules which were introduced
by Lyubeznik [20] and Emerton-Kisin [14]. We briefly recall the relevant
notions. A unit R[F]-module is an R-module M equipped with a structural
isomorphism 6: F*M = M. A root of M is an R-module M together with
an injective R-linear map ®: M — F*M such that colim, F¢*M and M
are isomorphic as unit R[F|-modules. In particular, if M is a root for M
then v, M ® wl_%[lt]/R is a root for v M, where 7 : Spec R — Spec R]t] is the
graph embedding for some hypersurface f (Proposition 3.5 above shows
that ~4 is the D-module pushforward and [14, 14.3.10, 15.2] shows that
the D-module pushforward coincides with the pushforward on unit R[F]-
modules). By abuse of notation we denote the image of the natural map

YoM ® wR[lt]/R — F*(vM ® cuj_%[lt}/R) again by v, M ® wj_%[lﬂ/R.
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Given a sequence i; of integers in {0,...,p— 1} we refer to Zf:_& ipt
as the base-p expansion of (i1,...,4.). Varying e we call the number
lime o0 Zle:_& iip' /p¢ the p-weighted limit of the base-p expansion if it exists.

With this notation Stadnik defines a b-function (for the pair (y:M ®
w;%[lt]/R,'erM)) as any polynomial b(s) € C[s] with roots in (0, 1] that
satisfies the following property:

If X is a root of b(1 — s) then there exists an integer n such that for all
e > 0 the set

{[Ap°] —al0<a<p"}

contains the base p-expansions of the eigenvalues of the 6,1 =0,...,e —1,
on the quotient

Dby, .-, Oper] (M @ Wi ) /DROL, - - s Ope JH (M @ Wiy )

The set of b-functions forms an ideal in C[s] and we denote its monic
generator by by f(s).

The main result of [26] is that by (s) is a nonzero polynomial with
rational roots. We reprove this here using Theorem 5.4 under the additional
assumption that M ® wg is F-regular and that f is not a zero divisor on M.

REMARK 6.1. Note that Qpgp/p is free of rank 1 and dt =d(t — f).
By definition 9; is the differential operator in Homg(Qgp/r, R) = R®
Derpgpy/r given by the dual of dt. In particular, we have d; = d;—y. Hence,
applying the automorphism ¢ — t 4+ f we are precisely in the setting where
our hypersurface erg}uation is given by t =0 and the Euler operators are
given by 6, = tpeBt[p !, where we use the inclusion Driyy/r € Dpgyy- The latter
is the setting in which Stadnik works.

Also note that Stadnik considers the quotient

DRlt, 01, ..., Opea1] (M @ wl_%[lt]/R)/D%[t, 01, .. Oper]t(M @ wl_%[lt]/R)

but since [t, 0;] = 0;—1 and t(v. M & wlg[lt]/R) =7%fM® w}_z[lt]/R this quotient

coincides with the one we consider.

The equivalence of our notion and that of Stadnik is obtained from the
equivalence of left and right Dg-modules which we recall in a special setting.
For an S-module M the eth Frobenius pull back® F¢*M = FC R ®pr M is a

®Note that again we view FS as an S-bimodule where the structure on the left is
obtained by the ring isomorphism S — F¢S.
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left Dg-module via the action of DG on FYS. Tensoring with wg one obtains
an isomorphism wg ® F¢*M = Fel(ws ® M) =Homg(F¢S,ws ® M) and
the latter naturally carries the structure of a right Dg-module via the action
on F£S. Since wg is invertible this induces an equivalence of categories
between left and right Dg-modules.

Given a smooth ring S over a perfect field k£ we can choose a set of local
coordinates 1, ..., x,. For i € N* write a}mf] = 89[!21] e 351”]. Now given
any differential operator P we can write it locally as

Z sial-[md,
1€N"
where almost all ¢ are zero. Then we denote the adjoint operator
D)= v,
by P!. Finally, note that one has (PQ)! = Q'P".
PROPOSITION 6.2. Let S = RJt] for R smooth over a perfect field k and

M an S-module. Then for a set of local coordinates t, x1, ..., x, the right
Dg-module structure on ws @ F*M is locally given by

dt Ndzy A Ndx, @m)-P=dt Ndxi A -+ Adx, @ P'm
( 1 n ) 1 n

and the isomorphism wg ® FE*M — F(wg @ M) is D¢-linear. In par-
ticular, for 1@ v®m € wg/r @rRwWR ® F**M one has (1@v®m)-0, =
(1®v®—dum) for any 0<I<e— 1.

Proof. First of all, we reduce to the case M =S5. The Dg-module
structure on F*M = F¢S ®g M and on Fe!(wg ® M) =Homg(F£:S, ws ®
M) is given by the action of DG on FfS. Moreover, the isomorphism

wg @ F*M — F¢(wg ® M) factors as the composition of the canonical
isomorphisms

Y®id
ws ® F*M——swg @ F*S @ M——Fwg @ M——F(wg @ M),

where ¥ :wg ® F¢*S — F¢'wg denotes the isomorphism ds @ f — C¢(ds) -
f =z k(xfds)].

Now the claim follows from [3, Proposition 1.1.7(i), Corollary 1.2.6]
with M =wg and &= F¢S: Since k is perfect we have Dg/k:Df;. By
[2, Proposition 2.2.7] the image of Dge) in Dg corresponds to Dg so that
Berthelot’s results also apply to Dg-modules. 0
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COROLLARY 6.3. Let S = RJt] for a regular ring R essentially of finite
type over an F-finite field and M an S-module. Then F*M admits a
nontrivial (—iy, . . ., —ie)-eigenspace for the —9 if and only if F&' (M ® wg)
admits a nontrivial (i1, . . ., i.)-eigenspace for the 0.

Proof. The “only if”-part is immediate from Proposition 6.2. Conversely,
F(M ®ws) ® wgl is canonically isomorphic to F°*M and a similar
argument applies in this case. [

LEMMA 6.4. Let (M, ®) be a root of a unit R[F]-module M and ~:
Spec R — Spec S = RJt] a closed immersion and (y«M & wg/lR, ® ®id) the
corresponding root for vy M.

Then («(wp ® M), C) and (wg ® M, C) are naturally Cartier modules
and the map C:~,(wp ® M) — F'y,wp @ M is given by the composition
of Yx(wr ® M) = 7 F'(wp @ M) — F'(v.wr ® M), where the first map is
vC and the second is the composition of maps described in Proposition 3.3.
In particular, if N denotes the image of the natural map v, M ® w]}[lt]/R —

Fe* (v M ® w}_%[lt]/R) then wry ® N is the image of the natural map v« (wr ®
M) — F(yuwr ® M).

Proof. We shorten wr ® M to M'. Tt is easy to see that the Cartier

structure given on 7, M’ is the one induced from M’ by
~ YxK gt
Foy M ——~y F M ——~ M.

Hence, one may reduce the problem to checking that given a Cartier module
(A, k) with adjoint C' the adjoint of the structural map of v, A is given by
the composition of the map described in Proposition 3.3 with ~,.C'". This is
an easy computation which will be left to the reader. U

LEMMA 6.5. Let R be smooth over a perfect field and f € R a hypersur-
face. Let ~y: Spec R — Spec R|t] be the graph embedding along f. Given an
R-module M we have

WR(Y (024 ('D%[@l, Qp, cee apc—l]’)/*M X w}_Z[lt]/R)
= (7+wRr ® M)'D%[@l, Qp, ...,0 671].

»Ip

Proof. According to our established abuse of notation we have to
show that for m in the image of .M ®w};[1t]/R — P~y M ®w};[1t]/R
one has that w® P-m for any P& Dg[01,...,0,-1] is contained in
the Dg[01, ..., 0p—1]-module generated by the image of ~vi(wr ® M) —
Fe!'y*(w r ® M) and vice versa. We may verify this locally and then it follows
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from Proposition 6.2 and the fact that Dg[01,. .., 0,-1] is closed under
taking adjoints. This is clear for D% and for 6, one has for the transposed
operator (0,:)" = =1, = —(1 +6,:) by Lemma 1.1 (i). [

COROLLARY 6.6. In the situation of Lemma 6.5 we have an isomor-
phism
(Dgl61, - -+ Opet] M @ Wiy o/ DRIV, - s Ope ]9 M @ Wiy 1) @ Wpy
= (vawr @ M)Dg[01, . .., Ope-1]/(vswr @ M)tDR[01, . . ., Ope-1].
Proof. Note that

(ty M)DG[01, . . ., Ope 1] = 7u(FMDE) DR[04, - . . , Ope1]

so that the claim follows from Lemma 6.5 and tensoring the obvious short
exact sequence with wg. []

COROLLARY 6.7. The D[4, . .., 0je—1]-module

D61, - . Ope1]7M @ Wiy o/ DRlbr, - - - et ]t M @ Wiy o

has a nontrivial ¥-eigenspace with eigenvalue (—iy, ..., —i.) if and only if
the right DR[04, . . ., Ope—1]-module

(’y*wR (%9 M)D%[Gl, ceey 9pe_1}/(’y*wR & M)tD%[el, RN Qpe—1]

has a nontrivial 6-eigenspace with eigenvalue (iq, . . ., ic).

Proof. Note that the left module embeds into D%y M ® wé[lﬂ /R /M ®

wé[lt] /R and similarly for the right module. Then the claim follows from
Corollaries 6.3 and 6.6 [

REMARK 6.8. One should be able to obtain a similar correspondence
between right and left D%[01, . . ., 0,c-1]-modules under the weaker assump-
tion that R is regular, essentially of finite type over an [F-finite field.
However, in this case one cannot appeal to Berthelot’s results. Since Stadnik
works under the assumptions that R is smooth over a perfect field we did

not pursue this further.

We now have the necessary ingredients to state and prove the main results
of this section.

THEOREM 6.9. Let v :Spec R — Spec R|[t] be the graph embedding along
a hypersurface f and let (M, ®) be a root of a unit R[F|-module M. Assume
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that the Cartier module M ® wg is F-reqular® and that f is not a zero
divisor on M. Then if p. denotes the base-p expansions of the eigenvalues
of the 8, operating on the left modules

Dilbr, - s Oper ] M @ wigy  /DR[01, - - -, pe1]76tM @ Wiy o

and A. denotes the base-p expansions of the eigenvalues of 6, operating on
the right modules

(vswr @ M)D%[by, . . ., epefl]/(’)/*WR ® M)tDRlb4, . - -, ¢9pe71]
one has the following relation pe + Ae =p° — 1 and

A
lim 26 =1~ lim 2¢,
e—00 pe e—00 pe

In particular, the p-weighted limit of the . exists.

Proof. 1t 0, operates from the left with eigenvalue —i; —1 then by
Corollary 6.7 and the relation 6, +1 =4, we have that 0, operates via i,
on the right. So we get p, = le;ol (p — 1 —4;)p! as the base-p expansion for
the operation of the 6, on the left. Similarly, we have e = le:_(} ipt.

By Theorem 5.4 the p-weighted limit over the A, exists. Moreover,

e—1 I
-1
T Y il W
e—00 =0 p
so that the claim follows. [

We denote the limit for e — oo of the polynomials bf, f(s) introduced in
Definition 3.7 by bys £(s). With this notation we can now compare Stadnik’s
notion of Bernstein—Sato polynomial to our notion:

COROLLARY 6.10. Assume the situation of Theorem 6.9. Let A1, . .., Ay
be p-weighted limits of the base-p expansions of the eigenvalues of the 6,
acting on

(’}/*(,UR & M)D%[@l, cee epefl]/(’}/*WR & M)tDle%[Ql, Cee epefl].

Then EMJ(S) =11[;(s — Xi). In particular, I;M,f(s) =bar,f(s)

Tf M denotes the unique minimal root of M in the sense of [5, Definition 2.7] then
this just means that M is generically simple. That is, any submodule N of M for which
N — F*M factors through N — F*N which agrees at all generic points of SuppM with
M coincides with M.
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Proof. First of all, we use Theorem 6.9 to ensure that the p-weighted
limits actually do exist. Recall from the discussion before Theorem 5.4 that
for all e > 1 the base-p expansions of the eigenvalues of 6 are given by
[Ap€] — 1. This implies that b(s) is a Bernstein-Sato polynomial.

In the other direction we have to show that b(s) is minimal in the sense
that we may not omit any of the \;. Assume that we have omitted M\,
and for some n >0 the set {[A\,p°] —a|0<a<p"} is contained in the
set {[Aip°] —a|0<a<p",1<i<m—1}. In particular, the [A,p°] —1
are all contained in this set. Since all parameters except e of this set are
finite we may assume that [A,p¢| — 1= [\;p°| — a for some fixed a, i and
infinitely many e. Dividing by p® and passing to the limit e — oo yields
Ai = A\, — a contradiction. N
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