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This packing problem is obviously equivalent to the problem 
of locating six points P.(l<.i<.6) in a- closed unit cube C such 

that min d (P . ,P . ) is as large as possible, where d ( P . , P . ) 

denotes the distance between P. and P . . We shall prove that 
i J 

this minimum distance cannot exceed —— (=m, say), and that 
4 

it attains this value only if the points form a configuration which 
is congruent to the one of the points R . ( l < i < 6 ) shown in fig. 1. 

1 i - ~ 
Note that d(R.,A.) = ~ ( K i < 6 ) , and so the six points a re the 

l l 4 — ~ 
ver t i ces of a regular octahedron. 

1) For our proof we shall need the solution of the 
analogous problem for three points in a r ight square p r i s m P 

1 1 
of side 1 and height -7 : 0 < y. < 1 (i = l , 2), 0 < y 0 < -7 . 

4 — 1 — — 3 — 4 
PROPOSITION!. For any three points Q , Q , Q of P, 

3\f2 
min d(Q., Q.) < = m, and equality holds only for a con-
• 1 • 1 j - 4 

*=N ± ± 
figuration congruent to the set of the points V ( — , 1, - j ) , 

A A 

V ( 1 , ~ , ~ ) , and V (0 ,0 ,0 ) . See fig. 2. Note that 

d(V.,V.) = m ( i 4 j ) . 
1 

Proof. Consider any best configuration T of three points Q , Q , Q in P . Of course 

1 
i . e . , a configuration for which min d(Q., Q.) i s maximum. 

i4i * J 
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(1) min d ( Q . , Q . ) > m . 

(A) Assume f i r s t that a point of T lies in a ver tex of P , 
say Q = V . Then by (1) no other point of T can lie in the 

A A 

convex hull H of the ver t ices V, , ( 0 , 0 , - ) , (1 ,0 ,0) , ( 1 , 0 , - ) , 
J 4 4 

(0,1,0), (0,1,^) of T, V V V ^ ' 1 , 0 ) ' a n d U 2 ( 1 ' ^ p 0 ) ' 
except possibly at V . V , U , or U . Note that r r 1 2 1 Z 
d(V0, V ) = d(V . U.) = m ( i = l , Z). Therefore Q, and <D mus t 

3 l 3 l 1 Z 
lie in the c losure of P - H. But this polyhedron assumes i ts 
diameter m only between the points V and V . Therefore 

{ Q l , Q 2 } = { V 1 ( V 2 } . 

(B) We a re left to show that at least one point of T mus t 
lie in a ver tex of P . If we assume the contrary, then Q , Q , 

and Q must lie on mutually orthogonal non-intersect ing edges 

of P . This follows from the basic lemma according to which on 
every face of P there must be at least one point of any best 

I 
configuration [ l ] . Thus we may assume Q = (y , 1>"T)> 

Q = ( l , y , 0), and Q = (0, 0, y ), with 0 < y. < 1 (i=l,2), 
1 2 2 X 

and 0 < y < - . By (1) d ( Q , Q.) > m (i=l, 2). This leads to 

y A > / 7 ' (7 - YJ" and yo > / £ - y 
2 „ A 2 

1 W 8 U >3< « d y 2 >7g 

But then d2(Q , Q ) = ( 1 - y J 2 + ( 1 - y J 2 + ^ 1 2 1 2 16 

< 2 +fy, - 2y; - z / f - é - y j 2 - 2 f - y ! . 1 2 
2^3 Y3 *V 8 v4 7 3' 

1 9 
For 0 < y < •— this expression is less than — , in contradiction 
to (1), q. e. d. 

This proves that if three points with mutual distances at 
3sTz leas t m = —— lie in a r ight square p r i s m of side 1, then the 

1 
height of the p r i s m must be at leas t -7 . 

4 
2 

The diameter of a closed polyhedron is obviously always 
assumed between two of its v e r t i c e s . 
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2) Let S be any s e t of s i x points P . ( l £ i < 6 ) of C 
such that 

(2) d ( P . , P . ) > m ( K i < j < 6 ) 
i J ~ ~ 

We shal l prove that {R . ( l< . i< .6 ) } of f ig . 1 i s , up to congruent 

ones , the only such s e t . 

The unit cube C: 0 < x. £ 1 (1 <j< ,3) i s the union of eight 
1 J 

c losed cubes G of s ide •— : a. < x. < b . , where e i ther a = 0 
k 2 j - j - j j 

1 1 
and b. = ~, or a. = — and b = 1 . Let us enumerate them such 

J 2 j 2 J • NT3 
that the v e r t i c e s A. € C ( l < k < 8 ) ( s e e f ig . 1). Since — < m, 
by (2) in e v e r y C there can at m o s t be one point of S. T h e r e -

fore we m a y choose s i x cubes C containing one point of S each, 

and two "empty" cubes that do not contain any point of S except 
p o s s i b l y on their in t er sec t i on with a "containing" cube. This 
cho ice may be not unique, but al l we need i s the e x i s t e n c e of 
(at l eas t ) two such "empty11 cubes C . 

PROPOSITION 2 . If two ''containing11 cubes C., C. are 
i J 

adjacent, then the points of S which they contain have at l e a s t 
1 \/"l0 1 

a d i s tance T" - a f rom their common face , a = 1 - —7- < -7 . 
2 4 4 

1 
Indeed, cons ider the right square p r i s m of s ide *r and 

diagonal m which contains all of C. and as m u c h of C. as 

p o s s i b l e ( s e e f ig . 3) . Excluding i ts b a s e , which l i e s comple te ly 
in C , i t can, because of (2), contain at m o s t one point of S. 

J 
But i t contains a lready the point of S in C Therefore the 

point of S in C„ m u s t l i e in the indicated right square p r i s m of 
I J 2 1 2 2 

s ide *r and height a, a being defined by (1-a) + 2 ( ~ ) = m . 

q. e . d . 

COROLLARY, If a "containing" cube C i s adjacent to 

two other "containing" cubes , then the point of S in C i s 
1 

confined in a r ight square p r i s m of s ide a and height — with 

one edge c o m m o n with that edge of C which has no points in 
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c o m m o n wi th the two a d j a c e n t " c o n t a i n i n g " c u b e s . 

3) P R O P O S I T I O N 3 . The s ix po in t s P . m u s t l i e in 
1 * 1 

r i g h t s q u a r e p r i s m s of s ide a( < ~ ) and he igh t ~ , n a m e l y 
1 

( s e e f i g . 4) P . i n - < x . < 1 , 0 < x . < a ( j 4 i ) (i = l , 2,3) 
1 L* 1 J 

r e s p . i n O < x. 0 < ^ , l - a < x < l (j4± -3) (i=4, 5, 6) 

P r o o f . The two "empty 1 1 c u b e s C a r e not ad jacen t , no r 
K. 

c a n they have a c o m m o n e d g e . O t h e r w i s e t h e i r c e n t e r s would 
3 

have at l e a s t one equa l c o o r d i n a t e , s a y x = ~ , and the four 
1 3 4 

cubes C : 0 £ x < — would a l l be " c o n t a i n i n g " . By the 
K. «5 Ce 

c o r o l l a r y of P r o p o s i t i o n 2 the p o i n t s of S wh ich they c o n t a i n 
would be confined to 0 < x . < a or 1 - a < x . <. 1 (j = l> 2 ) . The 

J J 1 1 
four r i g h t s q u a r e p r i s m s of s ide 1 and he igh t — : 0 £ x . <— or 

- < x ( < l (j=l o r 2), 0 < x < 1 (h=fj), would t h e r e f o r e 

a l r e a d y con ta in a t l e a s t 2 p o i n t s of S e a c h . Thus by 
P r o p o s i t i o n 1 the two o t h e r p o i n t s of S, i . e . t h o s e wi th 
1 1 3 
~ < . x < l , would be r e s t r i c t e d to T < . x . £ - ~ (j = l , 2 ) . Bu t t h i s 
2 3 4 j 4 ^ 
i s i m p o s s i b l e , b e c a u s e t h i s po in t s e t i s a cube of s ide -r and 

^ 3 2 

d i a m e t e r ~~r< rn . 

T h u s the two " e m p t y " cubes m u s t l i e o p p o s i t e to the c e n t e r 
of C, e . g . l e t t h e m be C and C . We m a y then a s s u m e 

7 o 

P . € C. ( l < i < 6 ) . P r o p o s i t i o n 3 fo l lows now f r o m the c o r o l l a r y 

of P r o p o s i t i o n 2 . 

4) Using P r o p o s i t i o n 3 and applying P r o p o s i t i o n 1 to the 
1 

s i x r i g h t s q u a r e p r i s m s in C of he igh t - j , wh ich con t a in one 

f ace of C each , the l o c a t i o n of the P . can in add i t ion be 
1 3 

r e s t r i c t e d to P j f P ^ , P 0 a l l in 0 < x . <-7 ( K j < 3 ) , P , P r , P , 
. 1 2 3 — j — 4 ~ — 4 5 6 

a l l i n * 7 < x . < 1 ( l < j < 3 ) . 

5) A c c o r d i n g to the so lu t ion of the ana logous p r o b l e m of 
p l ac ing t h r e e p o i n t s in a cube [ l ] the only way to l o c a t e t h r e e 
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3s/"2 3 
p o i n t s wi th m i n i m u m d i s t a n c e —— in a cube of s ide — c o n s i s t s 

4 4 
in p l ac ing t h e m in v e r t i c e s wi th m u t u a l d i s t a n c e s yfZ 

Applying th i s r e s u l t to 4) and P r o p o s i t i o n 3 we deduce 
P . = R. ( K i < 6 ) . 

F i g u r e 1 

F i g u r e 2 
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Figure 4 
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