THE DENSEST PACKING OF SIX SPHERES IN A CUBE
J. Schaer

(received February 22, 1965)

This packing problem is obviously equivalent to the problem
of locating six points Pi(isis()) in a closed unit cube C such

that min d(Pi’ Pj) is as large as possible, where d(Pi, Pj)
i4]

denotes the distance between Pi and Pj . We shall prove that

2
this minimum distance cannot exceed —Z— (=m, say), and that

it attains this value only if the points form a configuration which
is congruent to the one of the points R.i(1 <i<6) showninfig. 1.

Note that d(Ri’ Ai) = % (1<i<6), and so the six points are the

vertices of a regular octahedron.

1) For our proof we shall need the solution of the
analogous problem for three points in a right square prism P

. L - 1
of side 1 and height 2" OEYiﬁi (i=1, 2), 0§y3§4 .

PROPOSITION 1. For any three points Qi’ QZ, Q3 of P,
A2

min d(Q,, Q_)') < —— =m, and equality holds only for a con-
L1 - i -

4
it] L 4
figuration congruent to the set of the points V1 (Z, 1, Z) ,

i 1 .
Vz(i, 2 4), and V3(0,0,O). See fig. 2. Note that
AV, V) =m(it)).

Proof., Consider any best configurationi T of three
points Qi’ QZ’ Q3 in P. Of course

1 i.e., a configuration for which min d4(Q., Q.) is maximum.
- . 1

i4j
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(1) min d(Q, Q) > m.
] 17
i)

(A) Assume first that a point of T lies in a vertex of P,

say Q3 = V3 . Then by (1) no other point of T can lie in the
1 1
convex hull H of the vertices V3, (0, O'Z)’ (1,0, 0), (1, O,Z),
1 N2 N2
- —_— 0 d U_(1, —, 0),
(0,1,0), (0, 1,4) of T, Vi' VZ’ Ui( ap 1,0), an 2( 1 )

except possibly at V1, VZ’ Ui’ or UZ. Note that
Ad(V,,V.)=d(V_,U,) =m(i=1, 2). Therefore Q, 6 and Q_ must
31 3 i 1 2

lie in the closure of P - H. But this polyhedron assumes its
diameter m only between the points V1 and VZ. Therefore

Q. Q) ={v,V,}.

(B) We are left to show that at least one point of T must
lie in a vertex of P. If we assume the contrary, then Q1, QZ’

and Q3 must lie on mutually orthogonal non-intersecting edges

of P. This follows from the basic lemma according to which on
every face of P there must be at least one point of any best

configuration [1] Thus we may assume Q1 = (Y1, 1,-}}'),
Q2 = (1,y2, 0), and Q3 = (0, 0,y3), with 0 < yi< 1 (i=1,2),

and 0< Vs <i . By (1) dZ(Q3, Qi) > rn2 (i=1, 2). This leads to

/i L. 2 2
y1>8-(4 y3) andy2>8 Vg -

2 2 2 1
But then d (Q1, QZ) = ('1‘Y1) + (1‘Y2) + 16

1 2 1 1 2 1 2
<2 H3vy-2yg-2fg-lg-yy) - 2z,

1
For 0< y3 < Z this expression is less than % , in contradiction

to (1), q.e.d.
This proves that if three points with mutual distances at
least m = l\]—-% lie in a right square prism of side 1, then the

4
height of the prism must be at least —i— .

2
The diameter of a closed polyhedron is obviously always

assumed between two of its vertices.

276

https://doi.org/10.4153/CMB-1966-035-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1966-035-5

2) Let S be any set of six points P (1<i<6) of C
such that !

(2) d(Pi,Pj)zm(igi<j_<_6)

We shall prove that {Ri(iii_<_6)} of fig. 1 is, up to congruent

ones, the only such set.

The unit cube C: 0< Xj <1 (1<j<3) is the union of eight

closed cubes C, of side 1: a.<x.<b,, where either a =0

k 2 J J J J
and bj = %, or a.-j =% and b =1. Let us enumerate them such
J
that the vertices Ak € Ck (1<k<8) (see fig. 1). Since \_Q_B < m,

by (2) in every Ck there can at most be one point of S. There-

fore we may choose six cubes Ck containing one point of S each,
and two "empty' cubes that do not contain any point of S except
possibly on their intersection with a '"containing' cube. This
choice may be not unique, but all we need is the existence of

(at least) two such "empty' cubes Ck .

PROPOSITION 2. If two ''containing'' cubes Ci' Cj are

adjacent, then the points of S which they contain have at least

a distance %- a from their common face, a =1 - \/-%) <i—

Indeed, consider the right square prism of side % and
diagonal m which contains all of Ci and as much of Cj as

possible (see fig. 3). Excluding its base, which lies completely
in CJ,, it can, because of (2), contain at most one point of S.

But it contains already the point of S in Ci. Therefore the
point of S in Cj must lie in the indicated right square prism of
2

1
side > and height a, a being defined by (1-a.)2 +2(%)2 =m .

q.e.d.

COROLLARY. If a "containing' cube Ck is adjacent to
two other ''containing'' cubes, then the pointof S in Ck is
1 .
confined in a right square prism of side a and height > with

one edge common with that edge of Ck which has no points in
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common with the two adjacent '"containing' cubes.

3) PROPOSITION 3. The six points Pi must lie in
1 1
right square prisms of side a( <Z) and height > namely

1 1. .
(see fig. 4) Pi in ngig 1, O -<-Xj <a (3:}1) (i=1, 2,3)

; 1 1-a<x.<1 (j3i-3 i=
=, . j¥i-3) (i=4,5,6)
resp. 1n0_<_xi_3_<_2 =%= *
Proof. The two "empty' cubes Ck are not adjacent, nor
can they have a common edge. Otherwise their centers would

3
have at least one equal coordinate, say X3 =G o and the four

cubes Ck: 0<x _<_-;- would all be "containing''. By the

3
corollary of Proposition 2 the points of S which they contain
would be confined to 0 ng <a or 1-a ij <1 (j=1,2). The

4 4

%ij <1 (j=1 or 2), 0< X < 1 (h#j), would therefore
already contain at least 2 points of S each. Thus by
Proposition 1 the two other points of S, i.e. those with

four right square prisms of side 1 and height 1: 0< Xj 51 or

%§X3_<_ 1, would be restricted to %5 xJ. S% (j=1,2). But this

is impossible, because this point set is a cube of side % and

diameter %< m.

Thus the two "empty' cubes must lie opposite to the center

of C, e.g. let them be C7 and C8 . We may then assume
Pi € Ci (1<i<6) . Proposition 3 follows now from the corollary

of Proposition 2.

4) Using Proposition 3 and applying Proposition 1 to the
six right square prisms in C of height %, which contain one
face of C each, the location of the P. can in addition be

3
trictedto P ,P_, P 11in 0< < = <j s , ,
restricted to v B Py all in _xj_4 (1<j<3) I.-"'4 P,P

1 5" 76
all in Z_<_xj§'1 (1<j<3).

5) According to the solution of the analogous problem of
placing three points in a cube [1] the only way to locate three
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W2 3
points with minimum distance 5 in a cube of side 2 consists

/’-2

in placing them in vertices with mutual distances Z;—- .

Applying this result to 4) and Proposition 3 we deduce
Pi = Ri (1<i<6).

Figure 2
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Figure 4
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