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A NEW SYSTEM OF VARIATIONAL INCLUSIONS WITH
(H,n)-MONOTONE OPERATORS

JIANWEN PENG AND JIANRONG HUANG

In this paper, We introduce and study a new system of variational inclusions involving
(H, n)-monotone operators in Hilbert spaces. By using the resolvent operator method
associated with (H,7n)-monotone operators, we prove the existence and uniqueness
of solutions and the convergence of some new three-step iterative algorithms for this
system of variational inclusions and its special cases. The results in this paper extends
and improves some results in the literature.

1. INTRODUCTION

Variational inclusion problems are among the most interesting and intensively stud-
ied classes of mathematical problems and have wide applications in the fields of optimi-
sation and control, economics and transportation equilibrium, engineering science. For
the past years, many existence results and iterative algorithms for various variational
inequality and variational inclusion problems have been studied.

Recently, some new and interesting problems, which are called to be system of varia-
tional inequality problems were introduced and studied. Pang [17], Cohen and Chaplais
[8], Bianchi [5] and Ansari and Yao [4] considered a system of scalar variational in-
equalities and Pang showed that the traffic equilibrium problem, the spatial equilibrium
problem, the Nash equilibrium, and the general equilibrium programming problem can be
modeled as a system of variational inequalities. Ansari, Schaible and Yao (3] introduced
and studied a system of vector equilibrium problems and a system of vector variational
inequalities by a fixed point theorem. Allevi, Gnudi and Konnov [2] considered a sys-
tem of generalised vector variational inequalities and established some existence results
with relative pseudomonotonicity. Kassay and Kolumbén [13] introduced a system of
variational inequalities and proved an existence theorem by the Ky Fan lemma. Kassay,
Kolumbén and Péles [14] studied Minty and Stampacchia variational inequality systems
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with the help of the Kakutani-Fan—Glicksberg fixed point theorem. Peng {18, 19] intro-
duced: a system of quasi-variational inequality problems and proved its existence theorem
by maximal element theorems. Verma (21, 22, 24, 20, 23] introduced and studied some
systems of variational inequalities and developed some iterative algorithms for approx-
imating the solutions of system of variational inequalities in Hilbert spaces. Kim and
Kim [16] introduced a new system of generalised nonlinear quasi-variational inequalities
and obtained some existence and uniqueness results for solution of this system of gener-
alised nonlinear quasi-variational inequalities in Hilbert spaces. Cho, Fang and Huang
[7] intreduced and studied a new system of nonlinear variational inequalities in Hilbert
spaces. They proved some existence and uniqueness theorems for solutions of the system
of nonlinear variational inequalities.

As generalisations of system of variational inequalities, Agarwal, Cho and Huang
[1] intreduced a system of generalised nonlinear mixed quasi-variational inclusions and
investigated the sensitivity analysis of solutions for this system in Hilbert spaces. Kazmi
and Bhat [15] introduced a system of nonlinear variational-like inclusions and gave an
iterative algorithm for finding its approximate solution. Fang and Huang [9], Verma [25],
Fang, Huang and Thompson [11] introduced and studied a new system of variational
inclusions involving H-monotone operators, A-monotone operators and (H, 7)-monotone
operators, respectively.

Inspired and motivated by the results in [4, 13, 14, 18, 19, 21, 22, 24, 20, 23, 16,
7, 17, 8, 5, 3, 2, 1, 15, 9, 25, 11], the purpose of this paper is to introduce and study
a new system of variational inclusions with (H,n)-monotone operators, which contains
the mathematical models in [21, 22, 24, 20, 23, 16, 7, 9, 11] as special cases. By
using the resolvent technique for the (H, 77)-monotone operators, we prove the existence
of solutions for this system of set-valued variational inclusions and its special cases. We
also prove the convergence of some new three-step iterative algorithms approximating
the solution for this system of variational inclusions and its special cases. The results in
this paper extends and improves some results in [21, 22, 24, 20, 23, 16, 7, 9, 11].

2. PRELIMINARIES

We suppose that H is a real Hilbert space with norm and inner product denoted by
Il| and (-, -), respectively. Let us recall some definitions needed later.

DEFINITION 2.1. ([11, 12]) Let n :  x H — H and H : X — H be two
single-valued operators and M : H — 2% be a set-valued operator. M is said to be

(i) n-monotone if,
(z =y, n(u,v)) 20,Vu,v € H,z € Mu,y € M.

(i) (H,n)-monotone if M is n-monotone and (H +AM)(H) = H, for all A > 0.
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REMARK 2.1. (1) If n(u,v) = u — v, then the definition of 7-monotonicity is that of
monotonicity and the definition of (H,7)-monotonicity becomes that of H-monotonicity
in [10]. It is easy to know that if H = I ( the identity map on ), then the definition of
(I, n)-monotone operators is that of maximal 7-monotone operators and the definition of
I-monotone operators is that of maximal monotone operators. Hence, the class of (H, 7)-
monotone operators provides a unifying frameworks for classes of maximal monotone
operators, maximal 7n-monotone operators, H-monotone operators. For more details
about the above definitions, please refer (10, 9, 11, 12, 6] and the references thérein.

DEFINITION 2.2: ([10, 12]) Let Hyg : H — H, 5 : H x H — H be three
single-valued operators. g is said to be

(i) monotone if
{gu — gv,u ~v) > 0,Vu,v € H;

(ii) strictly monotone if g is monotone and
(gu—gv,u—v)=0

if and only if u = v;
(ili) strongly monotone if there exists a constant r > 0 such that

{gu — gv,u —v) > rflu —v|]},Vu,v € H.
(iv) Lipschitz continuous if there exists a constant s > 0 such that
llg(w) = 9()|| < sllu - vll, Yu,v € #.

(v) strongly monotone with respect to H if there exists a constant v > 0 such
that
{gu — gv, Hu — Hv) > 7|ju — v||%,Yu,v € H.

(vi) n-monotone if
(gu - 90,77('", 'U)) > O,V’U, vE H;

(vii) strictly n-monotone if g is 7-monotone and
(gu - gv,n(u,v)) =0

if and only if u = v;
(viii) strongly 7-monotone if there exists a constant 7 > 0 such that

(gu — gv,n(u,v)) > riju - v]|%, Vu,v € H.

DEeFINITION 2.3: ([12]) Let : H x H — H be a single-valued operator, then for
all u,v € H, 7(.,.) is said to be
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(i) monotone, if
(n(u,v),u—v) 20

(ii) Lipschitz continuous, if there exists a constant 7 > 0 such that
(u,v) € 7||u - vl}.

DEFINITION 2.4: ([11]) Let n : # x H — M be a single-valued operator, H :
4 —> H be a strongly 7-monotone operator and M : H — 2* be an (H,7n)-monotone
operator. Then the resolvent operator Rf,,'& : H — H is defined by

RiA(z) = (H + M) (z),Vz € H.
DEeFINITION 2.5: Let H,,H2,H3 be three Hilbert spaces, g1 : H1 — #; and

Ny : Hy x Ha x Hs — H,; be two single-valued mappings.

(i) Ni(-,+,-) is said to be Lipschitz continuous in the first argument if there
exists a constant £ > 0 such that

||N1(u, 8,t) — Ni(v, s, t)“ < &|lu — v||,Vu,v € Hy, 5 € Ha,t € Ha.
(ii) M (-,-,*) is said to be monotone in the first argument if
(Ni(u,s,t) = Mi(v,8,t),u—v) 20, Vu,v€ Hy,s € Hat€H,
(iii) M (-,-,-) is said to be strongly monotone in the first argument if there exists
a constant o > 0 such that
(Ni(u,s,t) — Ni(v,8,t),u - v) > allu ~ v|]?,Vu,v € Hy,5 € Ha, t € Hs.
(iv) MN(:,-,-) is said to be monotone with respect to g in the first argument if
(N1(u,8,t) — Ny(v,8,t), 1(u) — g1(v)) 2 0,Yu,v € Hy,s € Ha,t € Hs.

(v) MNi(,-,-) is said to be strongly monotone with respect to g, in the first
argument if there exists a constant 8 > 0 such that

(N1(u, 5,t)~ Ny (v, 5,t), g1 (1) =1 (v)) = Bllu—vl|?,Vu,v € Hy,s € Ha,t € Hs.

In a similar way, for ¢ = 2,3, we can define the Lipschitz continuity and the strong
monotonicity (monotonicity) of N; : #, X Hy x H3 — H; with respect to g; : H; — H;
in the i-th argument.

We also need the following result obtained by Fan, Huang and Thompson [11].

LEMMA 2.1. Letn: HxH — H be asingle-valued Lipschitz continuous operator
with constant 7, H : H — H be a strongly n-monotone operator with constant vy > 0
and M : H —2" be an (H, n)-monotone operator. Then, the resolvent operator R""’ :
H — H is Lipschitz continuous with constant 7/v, that is,

|R¥ (z) — REAW)| < —llz —yl,Vz,y € H.
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3. A NEW SYSTEM OF VARIATIONAL INCLUSIONS

In this section, we shall introduce a new system of variational inclusions with (H, n)-
monotone operators and construct a new three-step iterative algorithm for solving this
system of variational inclusions in Hilbert spaces. In what follows, unless other specified,
we always suppose that #,, H, and H;3 are three Hilbert spaces, H;,g; : H; — H,,
it Hi x Hi — Hi, Fi: Hy X Hy x Hy — Hs, (i = 1,2, 3) are single-valued mappings.
Let M, : H; — 2%t be an (H,,n )-monotone operator, M, : Ho — 2%2 be an (H,, np)-
monotone operator and M; : H; — 2%3 be an (Hj, 73)-monotone operator. For given
fi € Hi,fa € Ha, f3 € M3, 61 > 0,( > 0,(3 > 0, We consider the following system
of variational inclusions with (H,n)-monotone operators, which is to find (z,y,z) €
‘H, x Hy x Hj such that )

fr € Fi(z,y,2) + My (1(z)),
(3.1) f2 € Fy(z,y,2) + Ma(92(y)),
fs € F3(z,y, 2) + (s M3(g3(2)).
Some examples of problem (3.1) include the following.
(i) Fori = 1,2,3, if fi = 0,¢; = I; (the identity mapping on #;) and ¢; = 1,
then Problem (3.1) becomes the following system of variational inclusions with (H,7n)-
monotone operators, which is to find (z,y,z) € H; x Hz x H;z such that

0 € Fi(z,y, z) + M,(z),
(3.2) 0 € Fp(z,y, z) + Ma(y),
0 € Fs(z, y, Z) + M3(Z).

Problem (3.2) contains the system of variational inclusions with (H,7n)-monotone
operators in [11] and the system of variational inclusions with H-monotone operators in
[9] as special cases.

(i) If Mi(z) = Appr(z), Ma(y) = Ay p2(y) and M3(z) = Ay, p3(2) for all z € H;,
y € Hy and z € Hj, where p; : H; — R U {+o0} is a proper, n;-subdifferentiable
functional and A, ¢; denotes the 7;-subdifferential operator of ¢; (i=1, 2, 3), then prob-
lem (3.2) reduces to the following system of variational-like inequalities, which is to find
(z,y,z) € Hy x Ha x H3 such that

(Fl(z1 Y, Z), 771(0'1 12)) + <P1(a) - ‘pl(z) 2 O’VG € Hl,
(3.3) (Fa(z, 9, 2), m(b,y)) + 02(b) — @2(y) = 0,Vb € H,,
(Fs(z,y,2), m(c, z)) + @3(c) — pa(z) 2 0,Vc € H;.

(iii) If Mi(z) = 3pi(z), Ma(y) = Bp2(y) and M3(z) = dps(2) forallz € Hy, y
€ M, and z € H3, where ¢; : H; — RU{+o0} is a proper, convex, lower semicontinuous
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functional and dy; denotes the subdifferential operator of ¢; (i=1, 2, 3), then problem
(3.2) reduces to the following system of variational inequalities, which is to find (z,y, z)
€ H, x Ha x H3 such that

(Fi(z,y,2),a — ) + p1(a) — p1(z) > 0,Va € H,,
(3.4) (Fg(:c, y,2),b— y) + p2(b) — w2(y) 2 0,Vb € Hy,
(Fs(z,y,2),c — 2) + p3(c) — pa(z) > 0,Vc € Ha.

(iv) If Mi(z) = Bdk,(z), Ma(y) = Bk,(y) and M;(z) = 8dk,(z) for all z € H;,
y € H, and z € M3, where K; C H; is a nonempty, closed and convex subsets and dg;,
denotes the indicator of K; for i = 1,2, 3, then problem (3.4) reduces to the following
system of variational inequalities, which is to find (z,¥, 2) € H; X Hy x H3 such that

<Fl(zi Y, Z)7a - .’E) > O,Va € Kl)
(35) <F2(za Y, Z), b— ?I) 2 01Vb € K2)
(F3(z,y,2),c—z) > 0,Yc € K;.

Problem (3.5) is the system of inequalities in [4] with the index set I = {1,2,3}.

(v) U H; =H,=H; =His a Hilbert space, K; = K = K3 = K is a nonempty,
closed and convex subset, Fi(z,y,2z) = pT(y,z)+z~y, F2(z,y,2) = AT (2,y) +y—z and
F3(z,y,2) = oT(z,2) + z —z for all z,y,2 € K, where T : K x K — H is a mapping
on K x K, p,\,0 > 0 are three numbers, then problem (3.5) reduces to the following
problem: find z,y,z € K such that

(pT(y,z) +z —y,a~z) 2 0,Va € K,
(3.6) (AT(z,y)+y—2a-y) 20,Va€ K,
(oT(z,2)+z—z,a—2) 20,YVa € K.
Moreover, if ¢ = 0, Problem (3.6) becomes the problem introduced and studied by Verma
[23].
(viii) If #; = H2 = H3 = H is a Hilbert space, K1 = K; = K3 = K is a nonempty,
closed and convex subset, Fi(z,y,2) = pTi(y) + z — y, F2(z,y,2) = AT2(2) + y — z and
Fi(z,y,2) = 0T3(z) + z—z for all z,y, 2 € K, where T}, T3, T3 : K — H are three map-

pings on K, p, A, > 0 are three numbers, then problem (3.5) reduces to the following
problem: find z,y,2 € K such that

(pTi(y) +z - y,a~-z) >0,Va € K,
(3.7) (ATa(z) +y—2z6-y) 2 0,YVa €K,
)20,

(oTs(z) +z — z,0 - Va € K,
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Moreover, if Ty = T; = T3 = T and o = 0, Problem (3.7) becomes the problem
introduced and studied by Verma [21, 22, 24, 20].

It is worthy noting that problem (3.1)-(3.4), problem (3.6) and (3.7) are all new
mathematical models.

In brief, for a suitable choice of mappings 7;, H;, g;, M;, F;, the element f;, and the
space H;, it is easy to see that the problem (3.1) includes a number of mathematical
models studied in [21, 22, 24, 20, 23, 16, 7, 9, 11] and the reference therein.-

4. EXISTENCE OF THE SOLUTION

In this section, we shall prove existence and uniqueness for solutions of problem (3.1)
and its special cases. For our main results, we give a characterisation of the solution of
problem (3.1) as follows.

LEMMA 4.1. Fori=1,2,3, let n; : H; x H; > H; be a single-valued operator,
H; : H; = H; be a strictly n-monotone operator, M; : H; — 2% be an (H;, n;)-monotone
operator, then, (z,y,2) € H; x Ha x M3 is a solution of problem (3.1), if and only if

gl(z) = Rflll,,f})lql (pfl + ngl(z) - pFl(za Y, Z)),
92(y) = Rﬁ’,’,’,’\z(, (Afz + Hag2(y) — AFa(2,9,2)),
95(2) = Ry¥% (8f3 + Hsgs(2) — 6F3(z, v, 2)),

where

Ry, = (Hi+ p0M) ™ R = (Ha + M M) ™,
Rzﬂ;}a = (H3 +§C3M3)_1,P > 01’\ > 0:6 > 07(1 > 0)(2 >0 and C3 >0

are constants.
PROOF: (z,¥,2) € Hy x Ha x Hj is a solution of problem (3.1)

(fl € Fi(z,y,2) + (M (a1(z)),

<= { f2 € Fy(z,y,2) + GM2(3:(v)),

| f3 € F3(z,y,2) + G M3(gs(2)).

rﬂfl € pFi(z,y, 2) + p(1 My (91 (2)),

= M2 € AR(2,4,2) + Ao Ma(92(v)),

(0fs € 6F3(z,y,2) + 6(3 M3 (93(2)),

(pfr + Hi(91(z)) — pFi(z,y,2) € (Hy + p(i My) (01 (2)),
<> { Az + Ha(92(y)) — AFa(2, 9, 2) € (Hy + Ao M) (92(v)),
|83 + H3(g3(2)) — 6F5(z,y,2) € (Ha + 8¢ M3)(g3(2))
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a1(z) = RIZ™ (pfi + Hig1(z) - pFi(2,9, 2)),
== { 0:(y) = Ri2%. (M2 + Hago(y) — AFa(z, 9, 2)),
93(z) = RIA’{::'?(S (8f3 + Hags(z) — 6F3(z,y,2))

0

THEOREM 4.1. Fori = 1,2,3, letn; : H; x H; — H; be Lipschitz continuous
with constant o; > 0, H; : H; — H; be strongly n;-monotone and Lipschitz continuous
with constants v; > 0 and 7; > 0, respectively, g; : H; — H; be strongly monotone and
Lipschitz continuous with constants 8; > 0 and 6; > 0, respectively, M; : H; — 2% be
an (H;, 7;)-monotone operator. Let Fy : H; x Hy x H3 — H, be a single-valued mapping
such that Fy is strongly monotone with respect to §; and Lipschitz continuous in the first
argument with constants r; > 0 and s; > 0, respectively, where §; : H; — H, is defined
by gi(z) = Hiogi(z) = Hy (gl(z)),Va: € M., F, is Lipschitz continuous in the second
and third arguments with constants t; > 0 and a; > 0, respectively; F> : Hy x Hy x H3
— Ho be a single-valued mapping such that F; is strongly monotone with respect to
> and Lipschitz continuous in the second argument with constants r > 0 and s, > 0,
respectively, where 33 : Ha — H; is defined by §(y) = H; 0 g2(y) = Ha(g2(y)), Yy € Ho,
F, is Lipschitz continuous in the third and first arguments with constants t; > 0 and
ay > 0, respectively; F3 : Hy X Ha X H3z — H; be a single-valued mapping such that F3
is strongly monotone with respect to g3 and Lipschitz continuous in the third argument
with constants r3 > 0 and s3 > 0, respectively, where g3 : H3 — Hj is defined by
g3(z) = Hiyo g3(z) = Ha(ga(z)),Vz € M, F; is Lipschitz continuous in the first and
second arguments with constants t3 > 0 and a3 > 0, respectively. If there exist constants
p>0,2>0, and § > 0 such that,

(4.1)

’71’72’73\/1—_2—191'*'0? + 017273V TE0% = 201 + 252 + 03bimats + 02 A1 V382 < MY,
117273V 1 — 282 + 03 + 0213 V/7303 — 2Ar3 + A28 + o1pv2vsts + 036717283 < M2,
NY213V1 — 283 + 65 + 03 12/736F — 2013 + 825% + a2 ¥tz + 01p72Y30 < MY
Then, problem (3.1) admits a unique solution.
PROOF: For any given p, A, > 0, define T, : H; x Hy x Hz = H1,Sx: H1 x He
X Ha = Ha, Ps: Hy X Ha x H3 — H3 by
T,(z,,2) = 7 — g1(z) + R, (of1 + Hig1(z) — pFi(3, 9, 2)),
(4.2) Sx(z,y,2) =y — g2(v) + Rf{’,’,?\’(, (Af2 + Hago(y) — AFa(z,y, 2)),
Ps(z,y,2) = 2~ ga(2) + Rag R, (663 + Hags(2) — 6F3(z, 9, 2)),
for all (z,y,2) € Hi x Ha x Has.
For any (z1,%1, 21), (T2, Y2, 22) € H1 X Ha x Hg, it follows from (4.2) that

"Tp(xla Y, 21) - Tﬂ(xz’ Y2, 22)”
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= “1‘1 — gi(z1) + Rip™ (of + Higi(z1) — pFi(z1, 11, 21))
- (22 - a1(z2) + Rf»’ﬁ’l‘q, (pfr + Higi(z2) — pFi(z2, 2, Zz))) ”
< ”1'1 — 22 — (91(1) — gu(z2)) " + ”Rﬁ“’;’,‘(l (pfr + Higi(21) — pF1(21, 91, 21))

(4.3) ﬁ‘{,’,’,’g, (pfr + Higi(z2) — pFi(z2, 2, Zz))“

Since ¢, is strongly monotone and Lipschitz continuous with constants $; and 6,
we have

22 - 22 - ((z) - 2@

= [|z1 = z2l* — 2g1(31) = 91(22), 71 — 22 + ||91(31) — ()’
(4.4) < (1 =261+ )|z — 2%,

It follows from Lemma 2.1 that
||RZ‘,’,'L}1 phL + Higi(z1) — pFi(z1, 10, 21)) — R)I\i,f',’,',','g, (pfr + Higi(z2) — pFi(Z2, Y2, 22)) “
< ’_YT”Hl (91(-’51)) -H (91(12)) = P(Fl(zl,yl,zl) - Fl(Iz,yz,Zz»))”
< %“Hx (91(31)) - H1(91($2)) - P(Fl(zx,yl,zl) - Fl(zz,yl,zl))n
(4.5) +%”Fl($2,y1, z1) — Fi(z2, 42, 21) | + %?HFl(l‘z, Y2, 21) - Fi(z2, y2, 2)||-
Since H; and g, are Lipschitz continuous with constants ; and 6, respectively, F;

is strongly monotone with respect to g; and Lipschitz continuous in the first argument
with constants r; and s;, respectively, we have ’

“Hn (9:(z1)) — Hi(g1(22)) ~ p(Fi(z1, 31, 21) — Fi(z2, 1, 21))”2
< “H1 (91(z1)) — Hi(g1(z2)) ”2
-ZP<F1($1,!/1,21) - Fl(x'Zyylvzl)’Hl(gl(zl)) - Hl(gl(xz))>

+0*||Fi(z1, 01, 21) ~ Fl(zg,yl,zl)uz
< 72l|ou(z1) — @i(@)||” = 26millm — all® + p283|my — o2
<
~

(4.6) (176} — 2pr1 + P sD)lzy — zol%.

Since F; is Lipschitz continuous in the second and third arguments with constants
t, and a,, respectively, we have

(4.7) |Fi(z2, 112 21) — Fa(@a, 92, 21)|| < tallon — well,
(4.8) ”Fl(-'tz,yz,zl) - Fi(z2, y2, Zz)" < aiflz — 7).
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It follows from (4.3)-(4.8) that

(4.9)
| To (21, 11, 21) = Tp(22, ¥2, 22)|| < (\/1 =26, +9?+ﬁ 7807 — 2pr1 + p?s% ) ||z, — 2|

a101p
+ —|ln — vl + |22 = 2|l

Similarly, we have

|52 (Z 131, 21) = Sa(®2, 32, 20) |
Iyl v2 — (92(11) — g2(v2)) ” + "Rﬁ:"i’c, Af2 + Haga(y1) — AFa(21, %1, 21))
~Ri2™ (M2 + Haga(y2) — AFa(22, v, Zz))“
1 — 2B + 63lyr ~ el
+%“H2(92(y1)) - Hy(92(2)) — MEa(21,91,21) — Fa(21, 92, zl))”

A A
+ZLHF2(-’31,?/2, z1) = Fy(zo, 42, 21)|| + a—,;z—”Fz(-'Dz,yz, 21) — (22,32, 2|

( 1-28+63+ 7 7362 — 2Xr; + vsg) fln — vl
2
02

t
(4.10) + lzy — 22l + 2252 — 2o

And
| Ps(z1, 91, 21) ~ Pa(z2, 42, 22)|| < ”21 — 2z — (gs(21) — 93(32))"
+||Rﬁ‘;?(, 8fs + Hags(z1) - 6F3(z1,51,21))
~RIT (655 + Haga(z2) — 6F5(z2, 12, 2))|
1— 263+ 63||z1 — 2|
+%:"H3 (93(21)) — Hs(g3(22)) — 8(F3(21, 91, 21) — Fs(21, 11, 22) “

é é
+&||F3(1‘1, Y1, 22) — F3(z2, 41, 2)|| + %”F3($2;yl; 22) — F3(22, 92, 22 |

A t3030
( |~ 2ps+ & + 22/7288 — 26r + 5235) 21 = 2ol + 228z — o)
’Ya 7
03036
Y3
It follows from (4.9)-(4.11) that

(4.11) llvr — well.

“Tp(zl, y1,21) — Tp(z2, 92, Zz)”
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+”S,\($1,y1,21) - S,\(Iz,yz, 22)“ + ||P6($1,y1,21) - Ps(z2, y2, Zz)”

a0\ 13030
(,/1 - 26, + 2+ — 201, + p253 + 222 4 -‘i) llz1 — 22|
Y2 73

5t

(,/1 — 28, + 63 + 22./726% — 2Ary + A253 + %0 | ——“’"’) ly: — sl

73 v

t

(\/1 — 28+ 62 + /7262 — 261y + 6253 + T2 Lz") i — 2

73 M Y2 .

(412) < k(llz1 = zall + s — wall + 21 — 2]),

Where
k= max{\/1—2ﬂ1+92 202 2m+,,23g+%2_’1+@
72 B
V1262 + 63+ 22 /1262 — 24y + N5 + 3950 |, how
T3 "
a101p tzO’zz\
1-26;+ 02 + 22\ [r262 — 26r +5232+—+_}_
3 3 v \[3 3 3 3 " V2

Define ” ’ "1 on Hl X 7{2 X H3 by "(x!yvz)lll = "xlll + ”y”l + ||Zlh,V(:z:,y,z)
€ M1 x Hz x Hs. It is easy to see that (H; x Ha x H,|| - |l1) is a Banach space.
For any given p, A,0 > 0, define W, x5 : H1 X Ha X Hz = Hy x Ha x Hz by

Wp,/\,J(z’ Y, Z) = (Tp(za Y, 2)7 SA(x1 Y, z)’ PJ(Z’ Y, Z)),V(Z, Y, Z) € ul X 'H2 X %3-
By (4.1), we know that 0 < k < 1, it follows from (4.12) that
|Wonrs(@1, 31, 21) — Woas(z2, 82, 2) |, < kll(@1, 11, 21) — (22,12, 22) |-

This shows that W, s is a contraction operator. Hence, there exists a unique
(z,y,2) € H1 x Ha x M3, such that

Wp,A,J(x) Y, Z) = (.’L', Y, Z)’

that is

) = Rﬁ‘,',’,’,‘(l (Pfl + Higi () — pFi(z,y, Z)),

92(y) = Rﬁ’,‘,’i}, (A2 + Hago(y) — AFx(z,9, 2)),

g3(2) = Rfﬂ'}’g (6fs + Hags(2) — 6F3(z,y,2)).
By lemma 4.1, (z,y, 2) is the unique solution of problem (3.1).This completes this
proof. 1]

REMARK 4.1. By Theorem 4.1, it is easy to get the existence and uniqueness of solutions
for the special cases of problem (3.1), now we give three examples as follows.
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For 1 =1,2,3, let g; = I; (the identity map on ;) and f; =0, then 8; = §; =1, by
Theorem 4.1, we have

COROLLARY 4.2. Fori=1,2,3, let 1; : H; x H; — H; be Lipschitz continuous
with constant o; > 0, H; : H; = H; be strongly n-monotone and Lipschitz continuous
with constants v; > 0 and 7; > 0, respectively, M; : H; — 2% be an (H;, 7;)-monotone
operator. Let Fy : H, x Hz x Hs — H; be a single-valued mapping such that F, is
strongly monotone with respect to H, and Lipschitz continuous in the first argument
with constants v, > 0 and s, > 0, respectively, F) is Lipschitz continuous in the second
and third arguments with constants t; > 0 and a; > 0, respectively; Fy : H) x Ha x H3
— H, be a single-valued mapping such that F; is strongly monotone with respect to
H, and Lipschitz continuous in the second argument with constants r, > 0 and s, > 0,
respectively, Fp is Lipschitz continuous in the third and first arguments with constants
ta > 0 and ay > 0, respectively; F3 : Hy x Ha x Hz — H3 be a single-valued mapping
such that F3 is strongly monotone with respect to Hs and Lipschitz continuous in the
third argument with constants r3 > 0 and s; > 0, respectively, F; is Lipschitz continuous
in the first and second arguments with constants t; > 0 and a3 > 0, respectively. If there
exist constants p > 0, A > 0, and § > 0 such that,

01’7273\/7'12 — 2011 + 0?81 + 0361 7ats + G2 A1 Y302 < MY2Yss
(4.13) o2NY3VTE — 2Ar2 + A283 + 01p72sth + 036717203 < 17273,
asny2V7E — 2073 + 828} + oA 7sts + 01p 1301 < N1 Y3

then problem (3.2) admits a unique solution.

Fori=1,23, if g(z;,s) =i —yi, Hi=Land M; = 8yp;, theno; =y, =1, = 1,
by Corollary 4.2, we have

COROLLARY 4.3. Fori=1,2,3, let p; : H; — RU {+00} be a proper, convex,
lower semicontinuous functional, F; : Hy x H, x H3 — H; be a single-valued mapping
such that F) is strongly monotone and Lipschitz continuous in the first argument with
constants r, > 0 and sy > 0, respectively, F, is Lipschitz continuous in the second and
third arguments with constants t, > 0 and a; > 0, respectively; Fy : Hy x Hy x Hz — H2
be a single-valued mapping such that F; is strongly monotone and Lipschitz continuous
in the second argument with constants ro > 0 and s; > 0, respectively, Fy is Lipschitz
continuous in the third and first arguments with constants t, > 0 and a; > 0, respectively;
Fy: Hy x Ha x Hz = H;3 be a single-valued mapping such that F; is strongly monotone
and Lipschitz continuous in the third argument with constants r3 > 0 and s3 > 0,
respectively, F is Lipschitz continuous in the first and second arguments with constants
ts > 0 and a3 > 0, respectively. If there exist constants p > 0,A > 0, and 6 > 0 such
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that,

Vv1—-2pr, +,023¥+5t3+A(12 <1,
(4.14) V1—2\ry + )\23% + pt1 + baz < 1,
V1- 2073 +62$§ + Ma + pay < 1.

Then, problem (3.4) admits a unique solution.

Let H;, = Hy = H3z = H be a Hilbert space, K; = K; = K3 = K be a nonempty,
closed and convex subset, M, (z) = Ma(z) = M;(z) = 3k (z), Fi(z,y, z) = pT1(y)+z—y,
Fy(z,y,2) = AT3(2)+y—z and F3(z,y,2) = 0T3(z)+2—z for all 2, y, 2 € K, by Corollary
4.3, we have : A

COROLLARY 4.4. Fori = 1,2,3, let T; : K — H be strongly monotone and
Lipschitz continuous in the first argument with constants r; > 0 and s; > 0, respectively.
If there exist constants p > 0, A > 0, and 6 > 0 such that,

0<p<r—<1,

(4.15) 0<A< =<1,

Then, problem (3.7) admits a unique solution.

5. ITERATIVE ALGORITHM AND CONVERGENCE

In this section, we shall construct some three-step iterative algorithm for approximat-
ing the unique solution of problem (3.1) and its special cases and discuss the convergence
analysis of these Algorithms.

LEMMA 5.1. ([11]) Let {c,} and {k,} be two real sequences of nonnegative num-
bers that satisfy the following conditions.

(1) 0<k,<1,n=0,1,2... and limsupk, < 1,
n

(2) cat1 € knCn,n=0,1,2...,
then c, converges to 0 as n — oo.

ALGORITHM 5.1. Fori=1,2,3, let H;, M;, F}, g;,n; be the same as in Theorem 4.1. For
any given (Zo, Yo, 20) € H1xHzxH3, define the three-step iterative sequence {(zn, ¥n, )}
by

Tngt = OnTn + (1 — @n) [zn — 1(za) + Ry (pf2 + H101(Z0) — pF1(Zn, Un, zn))],

(51) Yn41 = @n¥n + (1 — an) [yn - 92(yn) + Ri2 (M2 + Hag2(yn) — AF2(Tn, Y, z,.))],
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Znt1 = Qnzn + (1 — 0n) |20 = g3(2n) + RIS (6f3 + Hags(zn) — 6F3(Tn, Yn, 2n)) |,
¢

where

(5.2) 0<an,<1, and limsup,a, <1.

THEOREM 5.1. For i = 1,2,3, let H;, M;, F;, g;,7; be the same as in Theorem
4.1. Assume that all the conditions of theorem 4.1 hold. Then (z,,yn, 2,) generated by
Algorithm 5.1 converges strongly to the unique solution (z,y, z) of problem (3.1).

PROOF: By Theorem 4.1, problem (3.1) admits a unique solution (z, y, z), it follows
from Lemma 4.1 that

T=apz+ (1~ ap) [I - a(z) + Rﬁt',',’,l(, (pfr + Hig1(z) — pFi(z,y, Z))],
(53) ¥ =0+ (- )y = 0:0) + BT, (0 + Hagaly) - ARa(a,3,2))),
z2=apz+ (1 - an) [z —g3(2) + Rf,’s’,'}’ca (6fs + Hags(2) — 6F3(z,y, z))]

It follows from (5.1) and (5.3) that

lzns1 — 2l = [lan(@n = 2) + (1 = a0} (20 = 91(2a) = (2 — 91(2)))
+R™ (pfr + Hig1(zn) — PFi(Zn, Yns 20))
~RI™ (ofy + Higr(2) - pF(3,3,2)))
< allzn = 3ll + (1 = an) 2 = 91(20) ~ (2 - 91(2)
+(1 = an)|| R ™. (0f1 + H191(n) — PFi(Tn, Yn, 2n))
(5.4) —Ri T (ofy + Hig1() - pFi(3,3,2)) |
Since g; is strongly monotone and Lipschitz continuous with constants §; and 6,
we have
(5.5) 20 =2 = (g1(2n) — (@) | < (1= 261 +8D)llzn - 2l

By Lemma 2.1, we have
”RZ‘,’K‘Q (pfi + Hig1(%n) — PFi(Zn, Un, 20)) — Rig% (pfr + Higi(z) — pFi(z, y, z))”
< 2 [E1(01 (20)) ~ H(61(2)) = (s ) = Pl s 20)|

(5.6) +%’3|IF1(z, Yns 2n) = Fi(2, 9, 20) || + g;TpllFl(x,y, ) ~ Fi(z,9,2)|-
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Since H; is Lipschitz continuous with constant 7;, F} is strongly monotone with
respect to §; and Lipschitz continuous in the first argument with constants r, and s,, we
have

| #2(61(@n) ~ Hi(01(2)) = A(Fi (@4 ) = Fa(z, v )|
(6.7) < (6] = 2pr1 + p*5])|zn — zlf®.

Since F is Lipschitz continuous in the second and third arguments with constants
t; > 0 and a; > 0, respectively, we have

(58) ”Fl(za Yn, Zn) - Fﬁ(za Y, zn)” S tl”yn _ylla
and
(59) ”Fl(z’yi zn) - Fz(-’b',y: Z)” < al”zn_z"'

It follows from (5.4)-(5.9) that

Wzns1 — 2ll < anllza — 2|l + (1 = an)y/1 - 261 + ||z — 2]

o g
(1 —an)(;IJTgee 297 + Plllzn - 2l + 122y g

LI zn)
N
o
< callza - zl| + (1 a,.)(\/l =261 + 6% + 261 - 20my+ 25t 31
p
(5.10) +(1- ) llyn yII+(1—an) 2% ~llz0 = 21l

Similarly, we have

an(yn =) + (1~ an) [(yn = 92(ym) — (v — gz(y)))
+R2% (A2 + Hago(yn) — AFz(Tn, Yn, 2n))

- Rip %, (Me + Hagay) = AFa(z, v, z))_ ”

Nyn+1 —~ ¥l =

< allyn = ¥l + (1 = @n)||yn = 92(vn) = (v — 92(¥))
+(1- a,.)”Rﬁ;"’f(, (M2 + Haga(yn) = AF2(Zn, Ya, 20))
~RE2% (M2 + Haga(y) = MFalz,9,2)|

< anllyn — yll + (1 — @n)y/1 - 262 + G3llyn — vl

(44
+(1 - o) (7—: V7368 — 22r2 + NesBllyn — yll +

t20’2/\
T2

llzn — Il
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o2
B
Y2
24 92 [ 242 2.2
< nllyn —yll + (1 - an)(\/l -2+ 62 + o 7305 — 2212 + A 32) llym — vl

ta02\
(5.11) +(1 - an) 222
Y2

0202)\

lzn = 2|l + (1 - @) llzn — I,

and

n(2n — 2) + (1 — a,.)[(z,. - ga(2) — (2 — 95(2)) )
+RyR, (8fs + Hags(2n) = 6F3(2n, Un, 20))
~Ry3 %, (0fs + Hags(z) — 6Fs(z, , 2))]

< onllze — 2|l + (1 - an)

llzns1 = 2ll =

20— g3(m) = (2~ 0 (2)|
Ry %, (83 + Haga(za) — 6 F3(Tn, Y, 2n))
~RES™ (5, + Hygy(2) — 6Fy(z, v, 2)) “
< onllzn — 2|l + (1 = @) /1 — 283 + 03|20 — 2|
+(1-an) (‘;—:\/rgeg — 2673 + 8282||z, — 2|
aaaaallyn yll)

< apllzn — 2| + (1 — ) (\/1 -28;5+ 0% + :y; 720% — 2673 + 62s§) ||z — ||

t30’36

+(1—ay)

t303(5

llzn — =l +

)
ll£n - zfl + (1 = an) ’,;’3

(5.12) +(1 - aa) lyn — vl

It follows from (5.10)-(5.12) that

lzns1 = 2|l + llynsr = yll + llznser — 2|
< an(llzn — 2l + llyn — yll + llzn — 2ll)
+(1 = an)k(llza — 2l + llva — yll + |20 — 21))
(5.13) = (k+ (1 = k)an) (120 — 2]l + llyn — yll + ll2a — 2I1)-

Where k is defined by

t
k= max{,/l — 2By + 62+ 22\ 7262 — 2ry + PE + 3;’35 + “’;”’\,
3 2

\/1—2[32+(9§+2 202 — 20ry + N2g3 4+ BTP 93080

N 73
Vi-28+6+ —\[ 202 — 267 + 6251 + tﬁi:'\ al;?p}'
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It follows from hypothesis (4.1) that 0 < k < 1.

Let ap = ||zn — )| + |lyn — 9l + llzn — 2ll,ka = k£ + (1 — k)ay,. Then, (5.13) can
be rewritten as ap41 € knan,n =0,1,2.... By (5.2), we know that limsup, k, < 1, it
follows from Lemma 5.1 that

an = ||zn — z|| + |lyn — ¥l + ||zn — z|| convergesto 0 as n — oo.

Therefore, (Zpn,Yn, zn) converges to the unique solution (z,y, z) of problem (3.1). This
completes the proof.

We can also construct some new three-step iterative algorithms for the special cases
of problem (3.1). For examples, we give the following iterative algorithms for problem
(3.2), (3.4) and (3.7), respectively. ’

ALGORITHM 5.2. Fori =1,2,3, let H;, M;, F;, n; be the same as in Corollary 4.2. For any
given (Zo, Y0, 20) € Hi X Ha X Hs, define the three-step iterative sequence {(Zn, ¥n, z) }
by

Tnil = QT + (1 - an) [Rzll’z,l (Hl(zn) - PFl(zm Yn, zn))] ’
(5.14) Yot = Gt + (1 = an) [REZ (Ha(Un) = AP (T, Vs 20)) |,
Zns1 = Qo + (1= @) [REP (Ha(zn) = 6Fs(, Uy ) |

where o, satisfies the hypothesis (5.2).

ALGORITHM 5.3. For i = 1,2, 3, let ¢, F; be the same as in Corollary 4.3. For any given
(0, Yo, 20) € H1 X Ha X M3, define the three-step iterative sequence {(:z:,., Yns z,,)} by

Tne1 = QnZn + (1 — on) [J{;, (zn — PF1(Zns Yn, zn))],
(515) Un+1 = QnlYn + (1 - an) [J;}, (yn - /\Fz(-’ﬂm Yn, zn))]a
Znt1 = Qpzn + (1 — ay) [.I:,s (z,. — 0F3(Zn, Yn, z,.))] ,

where J?. = (I + 3¢;)™',i = 1,2,3 and a, satisfies the hypothesis (5.2).

ALGORITHM 5.4. For 1 = 1,2, 3, let T; be the same as in Corollary 4.4. For any given
(Z0, Yo, 20) € H1 X Ha X M3, define the three-step iterative sequence {(zn,yn, z,.)} by

Tps1 = QnZn + (1 — aq) [PK(zn - PTl(yn)]a
(5.16) Yn+1 = QnYa + (1 — ap) [Px (¥n - /\Tz(zn))],
Zn41 = Onzn + (1 = aa) [P (2zn — 6T3(zs)),

where Py is the projection of H onto K and o, satisfies the hypothesis (5.2).

By using similar argument with the proof of Theorem 5.1, we have the following
Corollaries.
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COROLLARY 5.2. Fori = 1,2,3, let H;, M, F;,1; be the same as in Corollary
4.2. Assume that all the conditions of Corollary 4.2 hold. Then (Zn, yn, 2,) generated by
Algorithm 5.2 converges strongly to the unique solution (z,y, z) of problem (3.2).

COROLLARY 5.3. Fori =1,2,3, let ¢;, F; be the same as in Corollary 4.3. As-
sume that all the conditions of Corollary 4.3 hold. Then (z,,yn, z,) generated by Algo-
rithm 5.3 converges strongly to the unique solution (z,y, z) of problem (3.4).

COROLLARY 5.4. Fori=1,2,3, let T; be the same as in Corollary 4.4. Assume
that all the conditions of Corollary 4.4 hold. Then (zn,yn,2,) generated by Algorithm
5.4 converges strongly to the unique solution (z,y, z) of problem (3.7).

REMARK 5.1. It is easy to see that the results in this paper extend and generalise those
results in [21, 22, 24, 20, 23, 16, 7, 9, 11] and the references therein.
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