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A N E W SYSTEM OF VARIATIONAL INCLUSIONS WITH
(i/,»7)-MONOTONE OPERATORS

JIANWEN P E N G AND JIANRONG HUANG

In this paper, We introduce and study a new system of variational inclusions involving
(H, ̂ -monotone operators in Hilbert spaces. By using the resolvent operator method
associated with (H, 7/)-monotone operators, we prove the existence and uniqueness
of solutions and the convergence of some new three-step iterative algorithms for this
system of variational inclusions and its special cases. The results in this paper extends
and improves some results in the literature.

1. INTRODUCTION

Variational inclusion problems are among the most interesting and intensively stud-
ied classes of mathematical problems and have wide applications in the fields of optimi-
sation and control, economics and transportation equilibrium, engineering science. For
the past years, many existence results and iterative algorithms for various variational
inequality and variational inclusion problems have been studied.

Recently, some new and interesting problems, which are called to be system of varia-
tional inequality problems were introduced and studied. Pang [17], Cohen and Chaplais
[8], Bianchi [5] and Ansari and Yao [4] considered a system of scalar variational in-
equalities and Pang showed that the traffic equilibrium problem, the spatial equilibrium
problem, the Nash equilibrium, and the general equilibrium programming problem can be
modeled as a system of variational inequalities. Ansari, Schaible and Yao [3] introduced
and studied a system of vector equilibrium problems and a system of vector variational
inequalities by a fixed point theorem. Allevi, Gnudi and Konnov [2] considered a sys-
tem of generalised vector variational inequalities and established some existence results
with relative pseudomonotonicity. Kassay and Kolumban [13] introduced a system of
variational inequalities and proved an existence theorem by the Ky Fan lemma. Kassay,
Kolumban and Pales [14] studied Minty and Stampacchia variational inequality systems
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with the help of the Kakutani-Fan-Glicksberg fixed point theorem. Peng [18, 19] intro-
duced a system of quasi-variational inequality problems and proved its existence theorem
by maximal element theorems. Verma [21, 22, 24, 20, 23] introduced and studied some
systems of variational inequalities and developed some iterative algorithms for approx-
imating the solutions of system of variational inequalities in Hilbert spaces. Kim and
Kim [16] introduced a new system of generalised nonlinear quasi-variational inequalities
and obtained some existence and uniqueness results for solution of this system of gener-
alised nonlinear quasi-variational inequalities in Hilbert spaces. Gho, Fang and Huang
[7] introduced and studied a new system of nonlinear variational inequalities in Hilbert
spaces. They proved some existence and uniqueness theorems for solutions of the system
of nonlinear variational inequalities.

As generalisations of system of variational inequalities, Agarwal, Cho and Huang
[1] introduced a system of generalised nonlinear mixed quasi-variational inclusions and
investigated the sensitivity analysis of solutions for this system in Hilbert spaces. Kazmi
and Bhat [15] introduced a system of nonlinear variational-like inclusions and gave an
iterative algorithm for finding its approximate solution. Fang and Huang [9], Verma [25],
Fang, Huang and Thompson [11] introduced and studied a new system of variational
inclusions involving H-monotone operators, .A-monotone operators and (H, 77)-monotone
operators, respectively.

Inspired and motivated by the results in [4, 13, 14, 18, 19, 21, 22, 24, 20, 23, 16,
7, 17, 8, 5, 3, 2, 1, 15, 9, 25, 11], the purpose of this paper is to introduce and study
a new system of variational inclusions with {H, 7/)-monotone operators, which contains
the mathematical models in [21, 22, 24, 20, 23, 16, 7, 9, 11] as special cases. By
using the resolvent technique for the (H, 77)-monotone operators, we prove the existence
of solutions for this system of set-valued variational inclusions and its special cases. We
also prove the convergence of some new three-step iterative algorithms approximating
the solution for this system of variational inclusions and its special cases. The results in
this paper extends and improves some results in [21, 22, 24, 20, 23, 16, 7, 9, 11].

2. PRELIMINARIES

We suppose that % is a real Hilbert space with norm and inner product denoted by
||-|| and (•, •), respectively. Let us recall some definitions needed later.

DEFINITION 2.1. ([11, 12]) Let r\ : U x % —> U and H : U —> H be two

single-valued operators and M : H —• 2n be a set-valued operator. M is said to be

(i) T^monotone if,

(x — y,r)(u,v)) ^ 0,Vu,t/ 6 H , i € Mu,y 6 Mv.

(ii) (H, ̂ -monotone if M is »/-monotone and (H+\M)(H) = %, for all A > 0.
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REMARK 2.1. (1) If //(u,v) = u - v, then the definition of //-monotonicity is that of
monotonicity and the definition of (H, //)-monotonicity becomes that of H-monotonicity
in [10]. It is easy to know that if H = / ( t he identity map on fi), then the definition of
(/, //)-monotone operators is that of maximal //-monotone operators and the definition of
/-monotone operators is that of maximal monotone operators. Hence, the class of (H, rj)-
monotone operators provides a unifying frameworks for classes of maximal monotone
operators, maximal //-monotone operators, H-monotone operators. For more details
about the above definitions, please refer [10, 9, 11, 12, 6] and the references therein.

DEFINITION 2.2: ([10, 12]) Let H,g : U —> %, 7/ : U x U —• H be three
single-valued operators, g is said to be

(i) monotone if

(gu-gv,u-v) ^0,Vu,u G U;

(ii) strictly monotone if g is monotone and

(gu - gv, u - v) = 0

if and only if u = v;

(iii) strongly monotone if there exists a constant r > 0 such that

(gu-gv,u-v) ^ r\\u - u||2,Vu,i; € H.

(iv) Lipschitz continuous if there exists a constant s > 0 such that

\\g(u)-g(v)\\^s\\u-v\\,Vu,ven.

(v) strongly monotone with respect to H if there exists a constant 7 > 0 such
that

{gu-gv,Hu-Hv) > -y||u — u||2,Vu,u € U.

(vi) //-monotone if
(gu - gv, r){u, v)) 2 0, Vu, veH;

(vii) strictly //-monotone if g is //-monotone and

(gu-gv,ri(u,v)) = 0

if and only if u = v;

(viii) strongly //-monotone if there exists a constant r > 0 such that

(gu - gv, T)(u,«)) ^ r||u - v\\2, Vu, veU.

DEFINITION 2.3: ([12]) Let //: H x H —• K be a single-valued operator, then for
all u,v €W, //(.,.) is said to be

https://doi.org/10.1017/S0004972700035735 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700035735


304 J. Peng and J. Huang [4]

(i) monotone, if
(J?(U, v), u-v)^Q;

(ii) Lipschitz continuous, if there exists a constant r > 0 such that

T){U,V) ^T\\U-V\\.

DEFINITION 2.4: ([11]) Let 77 : "H x % —• % be a single-valued operator, H :
"H —)• t{ be a strongly 77-monotone operator and M : % —• 2n be an (H, 77)-monotone
operator. Then the resolvent operator R^i\ : U —> % is defined by

= (H + AM)'1^) , V* G U.

DEFINITION 2.5: Let Hu'H^'Us be three Hilbert spaces, 51 : %\ —> "Hi and
: %x x %2 x H3 —> Tii be two single-valued mappings.

(i) N\{-, •, •) is said to be Lipschitz continuous in the first argument if there
exists a constant f > 0 such that

s,t)|| ^ £||K -t;||,VU,« € « , ,« € ^ 2 , t € ft3-

(ii) ATi(-, •, •) is said to be monotone in the first argument if

{Nx{u, s, t) - Ni(v, s, t),u-v)^0, Vu, v € Hi, s € "W2, < € tt3-

(iii) M(*» •>') is said to be strongly monotone in the first argument if there exists
a constant a > 0 such that

(iV^u, s, t) - Nx(v,s, t), u-v) ^ a||u - v\\2, Vu, v € Hi, s G H2, t € H3.

(iv) iVi(-i •) •) is s a id to be monotone with respect to g\ in the first argument if

(M(u,s,<) ~ Jv!(i;,s,i),<7i(u) -5i(«)> ^ 0,Vu,t; G ft1)5 G ?i2,t G W3-

(v) N\(-,-,-) is said to be strongly monotone with respect to 5! in the first
argument if there exists a constant P > 0 such that

(^(u,a,t)-.Ni(t/,«,t),Si(tt)-0i(i/)) ^ /9||u-v||2,Vu,i; G « l t s G H2,t G ft3

In a similar way, for i = 2,3, we can define the Lipschitz continuity and the strong

monotonicity (monotonicity) of Ni : H\ x % x ^3 —^ W, with respect to & : % —> Hi

in the i-th argument.

We also need the following result obtained by Fan, Huang and Thompson [11].

LEMMA 2 . 1 . Let •q.HxH —• Hbea single-valued Lipschitz continuous operator

with constant T, H :% —> "H be a strongly •q-monotone operator with constant 7 > 0
and M : H —»2W be an (H, T})-monotone operator. Then, the resolvent operator R%j\ •

% —> % is Lipschitz continuous with constant r /7 , that is,

O * ) " RMW\\ $ T~¥ - Vll. Vx, y G H.
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3. A N E W SYSTEM O F VARIATIONAL INCLUSIONS

In this section, we shall introduce a new system of variational inclusions with (H, 77)-
monotone operators and construct a new three-step iterative algorithm for solving this
system of variational inclusions in Hilbert spaces. In what follows, unless other specified,
we always suppose that Hi, Hi and H3 are three Hilbert spaces, Hitgi : Hi —¥ Hi,
T}i:Hi*Hi —> Hi, Ft : Hi x H2 x H3 —> Hi, (i = 1,2,3) are single-valued mappings.
Let Mi : Hi — t 2ni be an (#1,771 )-monotone operator, M2 : H2 —• 2Ht be an {H^ifo)-
monotone operator and M3 : H3 —> 2%3 be an ( i / 3 , ^ - m o n o t o n e operator. For given
/1 G Hi, {2 G H2,f3 G H3,C,i > 0,C2 > 0,C3 > 0, We consider the following system
of variational inclusions with (H, r/)-monotone operators, which is to find (x, y, z) e
Hi*H2x Hz such that

Some examples of problem (3.1) include the following.

(i) For i = 1,2,3, if U = 0, & = U (the identity mapping on Hi) and Q = 1,
then Problem (3.1) becomes the following system of variational inclusions with {H,rj)-
monotone operators, which is to find (x, y, z) € Hi x H2 x H3 such that

fOeF1{x,y,z)

(3-2) {0€F2(x,y,z)+M2(y),

[0€F3(x,y,z)

Problem (3.2) contains the system of variational inclusions with (H, »j)-monotone
operators in [11] and the system of variational inclusions with H-monotone operators in
[9] as special cases.

(ii) If Mi{x) = Am<pi(x), M2(y) = AIB<p2(y) and M3(z) = Am<p3{z) for all x € Hu

y 6 H2 and z G H3, where <pi : Hi —> R U {+cx)} is a proper, r/j-subdifferentiable
functional and A^v't denotes the T/j-subdifferential operator of <# (i=l, 2, 3), then prob-
lem (3.2) reduces to the following system of variational-like inequalities, which is to find
(x, y, z)eHixH2x H3 such that

{ y,z),T)i{a,x)) + ipi(a) - Vl(x) ^ 0,Va e HU

(F2(x, y, z), 7/2(6, y)) + ̂ ( 6 ) - My) ^ 0, V6 e H2,

y,2),%(c,z)) + v?3(c) - tpa(z) ^ 0,Vc G H3.

(iii) If Afi(i) = d<pi(x), M2{y) = d<p2{y) and M3(z) = dip3{z) for all x G Hi, y

G Hi and z G H3, where <pi: Hi —> Ru{+co} is a proper, convex, lower semicontinuous
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functional and dfi denotes the subdifferential operator of <pi (i=l, 2, 3), then problem
(3.2) reduces to the following system of variational inequalities, which is to find (x, y, z)
e Hi x H2 x H3 such that

{ (z.y, z), a - x) + ip!{a) - iPl(x) > 0, Va 6 Hu

(F2(x, y, z), b-y) + v>2(&) - <p2(y) > 0, V6 G H2,

(F3(x, y, z), c-z) + tp3(c) - <p3(z) > 0, Vc G H3.

(iv) If M^x) = dSKl(x), M2(y) = d6Kl(y) and M3(z) = d5K3(z) for all x G Hu

y 6 H2 and z G %3, where K{ C Hi is a nonempty, closed and convex subsets and 8K{

denotes the indicator of Kt for i = 1,2,3, then problem (3.4) reduces to the following
system of variational inequalities, which is to find {x, y, z) € %\ x %2 x %3 such that

{
(F3(x>y,z),c-z)>0,Vc€K3.

Problem (3.5) is the system of inequalities in [4] with the index set I = {1,2,3}.
(v) If Ux = U2 = n3 = U is a Hilbert space, Kx = K2 = K3 = K is a nonempty,

closed and convex subset, Fi(x, y,z) = pT(y, x)+x — y,F2(x,y,z) = \T(z,y) + y — z and
F3(x, y, z) = aT(x, z) + z - x for all x, y, z £ K, where T : K x K —t W is a mapping
on K x K, p , A, a > 0 are three numbers, then problem (3.5) reduces to the following
problem: find x,y,z € K such that

f (pT(y, x) + x - y, a - x) > 0, Vo € K,

(3.6) <(\T(z,y) + y-z,a-y)2 0,Va<:K,

[ (crT(x, z) + z - x, a - z) ^ 0, Vo € K.

Moreover, if a = 0, Problem (3.6) becomes the problem introduced and studied by Verma
[23].

(viii) If Hi = %2 = H3 = % is a Hilbert space, Kx = K2 = K3 = K is a nonempty,
closed and convex subset, .Fi(x, y, z) = pTx(y) + x - y, F2(x, y, z) = XT2(z) + y — z and
F3(x, y,z) = oT3{x) + z -x for all x,y, z G K, where TUT2,T3 : K —• H are three map-
pings on K, p , X,cr > 0 are three numbers, then problem (3.5) reduces to the following
problem: find x,y,z 6 K such that

f (pTi(y) + x - y,a-x)> 0,Vo G K,

(3.7) I (XT2(z) +y-z,a-y)20,Va£K,

[( )
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Moreover, if Ti = T2 = T3 = T and a = 0, Problem (3.7) becomes the problem
introduced and studied by Verma [21, 22, 24, 20].

It is worthy noting that problem (3.1)-(3.4), problem (3.6) and (3.7) are all new
mathematical models.

In brief, for a suitable choice of mappings 7fc, Hu gt, Mi, Ft, the element fc, and the
space Hi, it is easy to see that the problem (3.1) includes a number of mathematical
models studied in [21, 22, 24, 20, 23 , 16, 7, 9, 11] and the reference therein.

4. EXISTENCE OF THE SOLUTION

In this section, we shall prove existence and uniqueness for solutions of problem (3.1)
and its special cases. For our main results, we give a characterisation of the solution of
problem (3.1) as follows.

LEMMA 4 . 1 . For i = 1,2,3, let ^ : Hi x Hi -»• Hi be a single-valued operator,
Hi : Hi —> Hi be a strictly rj-monotone operator, Mt :Hi -+ 2Hi be an (Hi,r)i)-monotone
operator, then, (x, y, z) e Hi x Hi x H% is a solution of problem (3.1), if and only if

f
9l(x) = RH

M\% {ph + Hifli(s) - pFx{x, y,z)),

92{y) = <V,A< 2 (Mi + H2g2{y) - AF2(x, y, z)),

(6h + H3g3(z) - SF3(x, y, z)),

where

RM$C3 = &» + 6&M3)-\p > 0, A > 0,6 > 0, Ci > 0, C2 > 0 and Cs > 0

are constants.

P R O O F : (X, y, z) e Hi x H2 x H3 is a solution of problem (3.1)

'7i eifli(a;,Vi

h 6 F2(a;,j/,-

pfi € pFx{x,y,z)

A/2 e A/?a(x,»,z) + \C2M2(g2(y)),

3 € *Fs(x,p,z) +6(3M3(g3{z)),

h + H^g^-pFi^y^) € (ff

A/2 + fl"2(ft(tf)) - AFa(a;, y, z) € {H2 + AC2M2) (g2(y)),

h + H3(g3(z)) - 6F3(x,y,z) e (H, + 6{3M3)(g3(z))
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f9l(x) = R%;%(ph + Hl9l(x) - PFx{x,y,z)),

92(y) = R%%7(A/2 + H2g2(y) - XF2(x, y, z)),
z) = « & & (5f* + ^ffa(*) - 6F3(x, y, z))

D
THEOREM 4 . 1 . For t = 1,2,3, let Tji : Hi x % -> "H; be Lipschitz continuous

with constant o~i > 0, Hi : % —>• % be strongly rji-monotone and Lipschitz continuous
with constants 7i > 0 and Tj > 0, respectively, gi : Hi -t Hi be strongly monotone and
Lipschitz continuous with constants /?< > 0 and 6t > 0, respectiveiy, M{ : Hi -» 2% be
an (if*, Tjj)-monotone operator. Let Fi : Mi x H2 * W3 -* tii be a single-valued mapping
such that F\ is strongly monotone with respect to g[ and Lipschitz continuous in the first
argument with constants n > 0 and S\ > 0, respectively, where g[ : Hi —* Hi is defined
by gi(x) = Hi o </i(x) = Hi(gi(x)),Vx € Hi, -F\ is Lipschitz continuous in the second
and third arguments with constants ti > 0 and ai > 0, respectively; F2 : 'Hi x H2 x "H3

-^ H2 be a single-valued mapping such that F2 is strongly monotone with respect to
g~2 and Lipschitz continuous in the second argument with constants r2 > 0 and s2 > 0,
respectiveiy, wnere gi-Hi^Hi is defined by g2(y) = H2 o g2{y) = H2(g2(y)),Vy 6 H2,
F2 is Lipschitz continuous in the third and first arguments with constants t2 > 0 and
a2 > 0, respectively; F3 : Hi x H2 x ?i3 —• W3 be a singie-vaiued mapping such that F3

is strongly monotone with respect to §3 and Lipschitz continuous in the third argument
with constants r3 > 0 and s3 > 0, respectively, where §3 : H3 ->• H3 is defined by
g"3(z) = H3 o g3(z) = ^ ( ^ ( x ) ) , Vz € W3, F3 is Lipschitz continuous in the first and
second arguments with constants t3 > 0 and a3 > 0, respectively. If there exist constants
p > 0, A > 0, and S > 0 such tiat,
(4.1)

7 i7273\ / 1 -2&+01+ <7i7273>/Ti20? - 2/W! + ^s? + cr3<J7172t3 + CT2A7X73O2 < 717273,

7i7273\A - 2 f t + ̂  + CT27I73\/72^ - 2Ar2 + A2ŝ  + <7iP7273*i + ff3(J7i72a3 < 7i7273

k 7i7273 y/T^2p\+l% + ^37172^73 d3 ~ 2Sr3 + <52s3 + cr2A7i73t2 + (Jip^2j3ai < 717^3

Then, problem (3.1) admits a unique solution.
PROOF: For any given p,X,S > 0, define Tp : Hi x H2 x H3 -> Hi, S\ : Hi x H2

xH3^ H2,Ps:HixH2xH3^ H3 by

Tp(x, y,z) = x- 9i(x) + R*}^ (pfi + Hi9i(x) - pFi(x, y, z)),

(4.2) Sx(x,y,z) = y-g2(y) + R^7(\f2 + H2g2(y) - XF2{x,y,z)),

Ps(x, y,z) = z- 93(z) + Rfij^ (6f3 + H3g3(z) - 6F3(x, y, z)),

for all (x, y, z)eHixH2x H3.
For any (xuyi,zi), (x2,y2,z2) € Hi x H2 x H3, it follows from (4.2) that
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- (x2 - 9i(x2) , y 2 , z2)

(4.3)

-9i(x2)

- * £ $ . (p/i + Hl9l(x2) - pFfa, jft,

Since gi is strongly monotone and Lipschitz continuous with constants ft and 9\,
we have

- x i - (pi(^i) — 51(3:2)

= Iki - a;2||
2 -

(4.4)

It follows from Lemma 2.1 that

C. (Pfi + Hi9i(xi) - pF1(xl,yl,Zl)) -

^ — ||#i(

< —||ffi(
'1

, + Hl9l(x2) - pF,{x2,y2,z,)

- Fi(x2,y2,z2)

(4.5)

Since #1 and 31 are Lipschitz continuous with constants T\ and 0i, respectively, Fx

is strongly monotone with respect to 5! and Lipschitz continuous in the first argument
with constants ri and si, respectively, we have

(4.6)

+p2\\Fl(x1,yuz1) - Fi(ia,»i,«

- Pi(x2)||2 - 2pn\\xi - x2||2

- x2||2.

- x2||2

r ^ 2 - 2/JTX

Since Fi is Lipschitz continuous in the second and third arguments with constants
t\ and ax, respectively, we have

(4.7)

(4.8)

- I t e l l ,
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It follows from (4.3)-(4.8) that

(4.9)

\\Tp(x1,yuz1)-Tfi(x2ty2,z2)\\ \\Xl-x2\\

!, yu

Similarly, we have

\(xj:xyi, Zi) - S\(x2, J/2, 22)||

^ ||l/i ~ 1/2 - (52(1/1) - 52(1/2)) I

-RM$to (A/2 + H2g2(y2) - XF2(x2, y2, z2)) |

< ^ / l - 2 f t + 0jj||j/i - y2\\

+—||ff2(52(^1)) - #2(52(2/2)) - X{F2{xuyuz{) - F2(ii ,fe,zi)) |

02AM . . _ . N| |j .£?A|| ir^ ^ _ p ( \
72 ' ' 72

< ^ 1 - 2ft + 91 + ^JTPI - 2Xr2 + X's*) \\Vl - y2\\
72

72

And

- Z 2 -

- 6Fs(x3,2/2,

- z2\\

+^\\H3(g3(z1))-H3(g3(z2))-6(F3(x1,y1,z1)-F3(x1,y1,z2))\

+—\\F3(xuyi,Z2) - F3(x2,2/1,22)|| + —l l^ fo , l / i , Z2) - -̂ 3(12,2/2,22)
*3 73

- 2ft " 2 2 | | - x2||

(4.11)

It follows from (4.9)-(4.11) that
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- 2ft + e\ + S ^ f l j - 2pn + ̂  + 2 ^ + ̂ £ ) ||x. - x2||

- 2ft + 91 + l ^ / r ^ I - 2Ar2 + A ^ + ^ +

\ v
l-2/33 + 01 + ^JrW - 26r3 + 6>sl + ^ + ^ ^ - 22||

73 v 7i 72 /

(4.12) ^ *(||*i - x2|| + Hvi - Mil + \\zi ~

Where

7i Y 72 73

J l - 2ft + fli + ^x / r |0 2
2 - 2Ar2v 72 v

x / | 2 2 2
72 v 73 7i

- 2ft + * + ^yJriOl - 26r3

Define || • ||x on Hi x « a x "W3 by K x . y ^ ) ^ = IJxIU + ||s/tli + ||*||i,V(s,y,z)
€ Ki x H2 x W3. It is easy to see that (Wi x U2 x H3, || • ||i) is a Banach space.
For any given p , A, 6 > 0, define WPtX,s • Hi x H2 Y. Uz-* Ux x. %2 * U3 by

WW(a;,V,«) = (Tp(x,y,z),Sx(x,y,z),Ps(x,y,z)),W{x,y,z) E W ^ ^ x W3.

By (4.1), we know that 0 < k < 1, it follows from (4.12) that

xs(xi,yi,zx) - WpXs(x2,y2,z2)\\1

This shows that WPIA,,! is a contraction operator. Hence, there exists a unique
(i, y, z) € U\ x V.2 x "#3, such that

WpXS{x,y,z) = (x,y,z),

that is

,y, z)),

h + H3g3(z) - SF3(x,y,z)).

By lemma 4.1, (x, y, z) is the unique solution of problem (3.1).This completes this
proof. U

REMARK 4.1. By Theorem 4.1, it is easy to get the existence and uniqueness of solutions
for the special cases of problem (3.1), now we give three examples as follows.
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For i = 1,2,3, let gt = It (the identity map on Hi) and ft = 0, then 0t = fa = 1, by

Theorem 4.1, we have

COROLLARY 4 . 2 . For i = 1,2,3, let 77, : Hi x Hi -» ft< be Lipschitz continuous

with constant cr, > 0, i/j : Hi -> Hi be strongly rj-monotone and Lipschitz continuous
with constants 7< > 0 and TJ > 0, respectiveiy, Afj : Hi -» 2W* be an (Hi,r)i)-monotone
operator. Let Fi : H\ x W2 x "#3 -* Wi be a singie-vaiued mapping such that F\ is
strongly monotone with respect to Hi and Lipschitz continuous in the first argument
with constants rt > 0 and S\ > 0, respectively, Fi is Lipschitz continuous in the second
and third arguments with constants t\ > 0 and a,\ > 0, respectively; F2 : Hi x Hi x "H3

—> Hi be a single-valued mapping such that F2 is strongly monotone with respect to
Hi and Lipschitz continuous in the second argument with constants r2 > 0 and s2 > 0,
respectively, Fi is Lipschitz continuous in the third and Grst arguments with constants
t2 > 0 and oi > 0, respectively; F3 : Hi x Hi x H3 -¥ H3 be a single-valued mapping
such that F3 is strongly monotone with respect to H3 and Lipschitz continuous in the
third argument with constants r3 > 0 and s3 > 0, respectively, F3 is Lipschitz continuous
in the Grst and second arguments with constants t3 > 0 and a3 > 0, respectively. If there
exist constants p > 0, A > 0, and 6 > 0 such that,

(<7l7273\/Tl2 ~ 2^"1 + ^ S l + CT3<57l72t3 + ^2^717302 < 717273,

(4.13) < o-27i73S/TI - 2Ar2 + X2s\ + (7i/ry273<i + <73̂ 7172O3 < 7i7273,

-3
2 - 26r3 + <J2s§ 4- <T2A7I73<2 + (Tipj2j3ai < 717273

tien problem (3.2) admits a unique solution.

For t = 1,2,3, if ifcfo, j/i) = ij - y,, /f( = /,• and Mi = dipt, then ai='yi = Ti = 1,
by Corollary 4.2, we have

COROLLARY 4 . 3 . For i = 1,2,3, Jet tpt : Hi —> R U {+00} be a proper, convex,
lower semicontinuous functional, Fx : Hi x Hi x H3 -»• "Wi be a single-valued mapping
such that Fi is strongly monotone and Lipschitz continuous in the first argument with
constants rx > 0 and si > 0, respectively, Fx is Lipschitz continuous in the second and
third arguments with constants ti > 0 and 01 > 0, respectively; Fi : Hi x H2 x H3 —• 7i2

be a single-valued mapping such that Fi is strongly monotone and Lipschitz continuous
in the second argument with constants r2 > 0 and s2 > 0, respectively, F2 is Lipschitz
continuous in the third and first arguments with constants t2 > 0 and a2 > 0, respectively;
F3 : Hi x H2 x H3 -> ^3 be a single-valued mapping such that F3 is strongly monotone
and Lipschitz continuous in the third argument with constants r3 > 0 and S3 > 0,
respectively, F3 is Lipschitz continuous in the first and second arguments with constants
t3 > 0 and a3 > 0, respectively. If there exist constants p > 0, A > 0, and 8 > 0 such

https://doi.org/10.1017/S0004972700035735 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700035735


[13] A new system of variational inclusions 313

that,

i 1 - 2pri + (Psi + 6t3 + Ao2

<Jl - 2Ar2 + X2s\ + pti + Sa3

l - 25r3 + 52s\ + Xt2 + pax < 1.

Tien, problem (3.4) admits a unique solution.

Let Hi — H2 = "Hz = W be a Hilbert space, A\ = A^ = # 3 = K be a nonempty,
closed and convex subset, Mx{x) = M2(x) = M3(x) = d5K(x), Fi(x,y,z) = pTi{y)+x-y,
F2(x, y, z) = XT2(z)+y-z and F3(x, y, z) = aT3(x)+z-x for all x, y, z e K, by Corollary
4.3, we have

COROLLARY 4 . 4 . For i = 1,2,3, let T{ : K —> U be strongly monotone and
Lipschitz continuous in the first argument with constants n > 0 and s* > 0, respectively.
If there exist constants p > 0, A > 0, and 6 > 0 such that,

(4.15)

4
Then, problem (3.7) admits a unique solution.

5. ITERATIVE ALGORITHM AND CONVERGENCE

In this section, we shall construct some three-step iterative algorithm for approximat-
ing the unique solution of problem (3.1) and its special cases and discuss the convergence
analysis of these Algorithms.

LEMMA 5 . 1 . ([11]) Let {cn} and {kn} be two real sequences of nonnegative num-
bers that satisfy the following conditions.

(1) 0 < kn < l ,n = 0 ,1 ,2 . . . andlimsupA;n < 1,
n

(2) c.,+1 ^kncn,n = 0 ,1 ,2 . . . ,

then Cn converges to 0 as n -> oo.

ALGORITHM 5.1. For i = 1,2,3, let Hi, Mt, Fi, # , 77,- be the same as in Theorem 4.1. For

any given {x0,yo,zo) € %i*'H2y.'H3, define the three-step iterative sequence {(xn,yn,zn)}

by

xn+i = anxn + (1 - an)[xn - gi(xn) + J t**^(p/x + HYgx{xn) - pFi(xn,yn,

(5.1) yn+l = anyn + (1 - an) [yn - g2(yn) + RH^2 (A/2 + H2g2{yn) - XF2{xn, yn,
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zn+1 = anzn + (1 - a n ) [zn - g3(zn) ™(3 (6f3 - 6F3(xn, yn,

where

(5.2) 0 ^ Qfn < 1, and limsupnan < 1.

THEOREM 5 . 1 . For i = 1,2,3, let H^M^F^gi,^ be the same as in Theorem
4.1. Assume that all the conditions of theorem 4.1 hold. Then (xn, yn, zn) generated by
Algorithm 5.1 converges strongly to the unique solution (x,y,z) of problem (3.1).

PROOF: By Theorem 4.1, problem (3.1) admits a unique solution (x, y, z), it follows
from Lemma 4.1 that

x = anx + (1 - an) [x - gi(x) + R*^ {pfr + Higi(x) - PFx{x, y, *))] ,

(5.3) y = any + (l- a n ) [y - g2(y) + R*^ (\f2 + H2g2(y) - XF2(x, y, z))] ,

z = anz + (l- an) [z - g3(z) + R ^ (6f3 + H3g3(z) - 5F3(x, y, z))].

It follows from (5.1) and (5.3) that

\\xn+i - x\\ = an(xn - x)

- x\\ + (

+(1 -

Xn,yn,Zn))

••».*))] |
^P ^^m* f\u I O^ 1 ^^^ I O ^ ^^^ ^^* I ^^ t i l l

*n ffll*cn^ ^ar 9l\x))

rV,rfi (/"/l + fflffl(xn) - PFlfrn, Vn, Zn))

(5.4) ~RM\%{Ph + JSTifli(x) - pFx(x,y,zj)\.

Since 51 is strongly monotone and Lipschitz continuous with constants /?i and 6\,
we have

(5.5) \\xn - x - {9l(xn) - 9l(x)) f < (1 - 2A + ^) | |xn - i||2.

By Lemma 2.1, we have

En, yn, Zn)) - /$VACI W 1 + ^ l^ lW ~ PFlfa V, *)

- p{F\{xn,yn, z^ - Fi{x,yn,zn)
IX 11

/T i f% ..

(5.6)

AC.
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Since Hi is Lipschitz continuous with constant TU FI is strongly monotone with
respect to g[ and Lipschitz continuous in the first argument with constants rt and si, we
have

\\Hl(gl(xn)) - t f i

(5.7)

- p(Fi(xn,yn,zn) - F^y^
< (r202 - 2pn + p2sf)||xn - x||2.

Since Fi is Lipschitz continuous in the second and third arguments with constants
ti > 0 and ai > 0, respectively, we have

(5.8) | |F1( i ) j / n ,zn)-F2(x,y,^) | |

and

(5.9) \\Fi(x,y,zn) ~ F2(x,y,z)\\ ^ ai\\zn - z\\.

It follows from (5.4)-(5.9) that

an||zn - x\

+(1 - an) ( ^ ^ 2 -

^ an||in - 1 |

(5.10) +(1 -

Similarly, we have

||?/n+i - J/ll = an(j/n - y

- y|| + (1 - a - , | |

- Qn)

+(1 -

<*n||yn - Vll +

+(1

g2(yn) - (y -

- AF2(in, yn> zj)

~ AF2(x, w, z))] |

n) - (y - g2{y))\

H2g2(Vn) -

, y, z

n - y\\

n - y\\ - z\\

https://doi.org/10.1017/S0004972700035735 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700035735


316 J. Peng and J. Huang [16]

- a . ) ( ) / l - 2 & + 0» + ^^6% - 2Ar2 + \*i$\ \\yn - y\\

/ r - i i \ 1 / 1 \ */£xy 2'* II II . / t \ UT£V ZrK II 11

(5.11) +(1 - an) \\zn - z\\ + (1 - an) ||a;n - x | | ,
72 72

and

| |2 n + 1 - z\\ = \\an(zn - z) + (1 - an) I zn - g3(zn) - (2 - g3(

VJ<3 - 5F3(x, y, z)

- z\\ + (1 - a , ) ! ^ - <?3(2n) - (« - 53(2)

+(1 - On

- z\\ + (1 - a n ) N / l - 2 f t + ^2l|2n - z\\

- a.) ( -

^ | n | | +
73 73

lk-j/||)

< an\\zn - z\\ + (1 - a.) ^l-203+e2
3 + ̂ r^-25r3 +S^sA \\zn - z\\

(5.12) +(1 - a n ) ^ £ | | x n - x\\ + (1 - a
X3

It follows from (5.10)-(5.12) that

\\xn+i - x\\ + \\yn+i - 2/|| + H^+i - z\\

+(1 - an)*( |K - x|| + \\yn - y\\ + \\zn - z\\)

(5.13) = (* + (1 - fe)an)(||in - x|| + \\yn - y\\ + \\zn - z\\).

Where A; is defined by

7i v 73 72

_ 2ft + 61 + ^-JTM - 2Ar2
7 v M 2
72 v 7i 73

61 + SLy/iQ - 26r1 + SLy/iQ - 26r3y/iQ 3 4 ^
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It follows from hypothesis (4.1) that 0 < k < 1.

Let a,, = ||xn - i | | + \\yn - y\\ + ||zn - z\\,kn = k + (1 - k)an. Then, (5.13) can
be rewritten as On+i ̂  knOn,n = 0,1,2 By (5.2), we know that limsupnfcn < 1, it
follows from Lemma 5.1 that

o,, = ||xn - x|| + \\yn - y\\ + \\zn - z\\ converges to 0 as n —>• oo.

Therefore, {xn,yn,zn) converges to the unique solution (x,y,z) of problem (3.1). This
completes the proof. D

We can also construct some new three-step iterative algorithms for the special cases
of problem (3.1). For examples, we give the following iterative algorithms for problem
(3.2), (3.4) and (3.7), respectively.

ALGORITHM 5.2. For i = 1,2,3, let Hi} M,, F<, »fc be the same as in Corollary 4.2. For any

given (x0,Sfo, z<\) € "Hi x %2 x U3, define the three-step iterative sequence {(xn,yn,Zn)}

by

xn+1 = anxn + (1 - an) [R*$ (ffi(xn) - pF^, yn, *

(5.14) yn+l = anyn + (1 - an) [ /£•* (H2(yn) - AF2(xn, yn, 2

(1 - an) [ i l^ ' J (H3(zn) - 6F3(xn, yn, z

where an satisfies the hypothesis (5.2).

ALGORITHM 5.3. For i = 1,2,3, let ipt, Fi be the same as in Corollary 4.3. For any given
(10,2/0,20) £ Wi x % x %3, define the three-step iterative sequence {{xn,yn,Zn)} by

xn +i = a n x n + (1 - an) [./£,(xn - pFi{xn>yn,Zn))j,

(5.15) yn+i = anyn + (1 - an) [J*,(yn - AF2(xn,yn, z,,))j,

zn+i = anzn + (1 - an) \JS
V3 (zn - 6F3{xn, yn, z n ) ) j ,

where J*. = (/ + d<t>i)~x, i = 1,2,3 and an satisfies the hypothesis (5.2).

ALGORITHM 5.4. For i = 1,2,3, let Tt be the same as in Corollary 4.4. For any given

{xo,yo,zo) G "Hi x "H2 x W-3, define the three-step iterative sequence {(xn ,yn ,zn)} by

x n + 1 = a n x n + (1 - an)[PK(xn - pTi(yn)],

(5.16) yn+l = anyn + (1 - an) [PK {yn - ^{zn))],
Zn+l = OnZn + (1 - <*„) [PK{zn - <5T3(xn)],

where Pg is the projection of % onto K and an satisfies the hypothesis (5.2).

By using similar argument with the proof of Theorem 5.1, we have the following

Corollaries.
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COROLLARY 5 . 2 . For i = 1,2,3, let H^M^Fi,^ be the same as in Corollary

4.2. Assume that all the conditions of Corollary 4.2 hold. Then (xn, yn, zn) generated by

Algorithm 5.2 converges strongly to the unique solution (x,y, z) of problem (3.2).

COROLLARY 5 . 3 . For i = 1,2,3, let pi, Fi be the same as in Corollary 4.3. As-
sume that all the conditions of Corollary 4.3 hold. Then (xn, yn, zn) generated by Algo-
rithm 5.3 converges strongly to the unique solution (x,y,z) of problem (3.4).

COROLLARY 5 . 4 . For i = 1,2,3, let Ti be the same as in Corollary 4.4. Assume

that all the conditions of Corollary 4.4 hold. Then (xn,yn,Zn) generated by Algorithm

5.4 converges strongly to the unique solution (x,y,z) of problem (3.7).

REMARK 5.1. It is easy to see that the results in this paper extend and generalise those
results in [21, 22, 24, 20, 23 , 16, 7, 9, 11] and the references therein.
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